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ON THE ITERATED SUSPENSION 
By I. M. JAMES (Oxford) 
[Received 11 May 1953} 
1. Introduction 


Let f,, 


subgroup of rotations in the plane of the first » axes. In this note a 


be the group of rotations of S"*”-1 and let R,, c R,,,,, be the 


m 


homomorphism 
It 
P: 7,(R 


m 


R,) = Tr+n—1(S") 


auom 


is defined and also, if r < 2n—2, a homomorphism 


“7 = Yn 4 ad > 
Ft Rises +> aR. Re). 
I shall prove 

THEOREM (1.1). The following sequence is exact: 


‘ . Em 
o(S”) ia eS iad | ——> IF 


(S” + m) A 


“sn 


rrnerm 
H» oo 
> (Rms B,,) —> 7 4n-1(S") >... 
In (1.1), 2” is the resultant of m successive Freudenthal suspension 
operators (m-fold suspension). A number of applications will be found 
in § 5 below. 

When m = 1, the above sequence is a variant of the exact sequence 
which is the subject of G. W. Whitehead’s paper ‘On the Freudenthal 
theorems’ |(6), Theorem 1]. To make this statement precise, let 
7(R,,.,,R,) be identified with 7,(8") by the isomorphism induced by 
the fibre-mapping R,,,, > S". Let P: 7,(S") > z,,,,-,(S") be the White- 
head product-homomorphism given by 

Pax =[a,t,] (ae 27,(8")), 
where u,, € 7,,(S") is represented by the identity map. If r < 2n—2, let 
H be the generalized Hopf invariant (5) and let E”*" be the (n+ 1)-fold 
suspension isomorphism 


sca ena, 
7 »(S*+*) > Trins( St) <— 2,(8*). 


r+n 

With the definitions of P,,, H,,, given below we shall have 
(a) R=-—P l 
(b) H,=—E-""oH) 


Quart. J. Math. Oxford (2), 5 (1954), 1-10. 
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It follows from (5.3) of (6) that Whitehead’s exact sequence may be 
written in the form 


4 


(S") > 


E as E-10H ee , 
—_— > 7 (S*+1) —— 7,(S") eats T4n—1(S") one (1.3) 


T3n-2(8") > vee > Mean 





r+n+1 
and, because of (1.2), the sequence of (1.1) is obtained from (1.3) by 
changing the signs of E-"-1 o H, P. 


2. The function spaces 

On the sphere S”*" let y, be the north pole, S" the equator, and 2, ¢ S” 
a point on the equator. With the compact-open topology let F,,,, be 
the function space of maps (S"*+!,y,) > (S"*1,y,) of degree 1. Let 
G,, C F,,, be the subset consisting of suspensions of maps S” > S”, and 
let F,, c G,, be the subset which also carry x, —> 2%». It is convenient to 
identify G,, with the space of maps S” > S” of degree 1. Let 


p: (G,, F,) > (S", Xo) 


n? n 


1 


be the fibre mapping defined by pf = fx, (fe G,). I assertt 
THEOREM (2.1). [fr < 2n—2, then} 


(Gy; F,) ~ (Fa F,) 


under the injection. 


In the following diagram, where r < 2n—2, the lower sequence is 
(1.3). 





i’ h o 
coach 7,(F,) eee 7,(F, +1) ST 7(G,,, F,) — 7,-4(F,) WF see 
| | | | 
Ci 7 | Px | 4 | 
: Y Y Y 
? E _ E-"loH . Pp ‘ 
+9 Trin(S”) oni Trine(0"* ) ee — 7,(S") — Tr+n—1(S") — se 


Ps is the isomorphism induced by p, and ¢, 7 are Hurewicz isomorphisms. 
Finally i’ is the injection, @ is the boundary operator, and 


h=p,;10E-“oHoy. 
By (3.2), (3.10) of (4), as corrected in (8), we have 
Pop, = —f02, Eol=-—ynyovr. 


+ I am grateful to Professor J. H. C. Whitehead, who kindly read the manu- 
script, for improving the proof of this theorem. 


t In the homotopy groups of these function spaces the base-point is the 


identity map. 








wh 


(G, 


ant 


in si 
if so 





u- 


he 
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Because the lower sequence is exact starting witht 
EB: 773n-2(S") > 73, -4(S"*"), 
it follows that the upper sequence is exact starting with 
U: Ton—2(F,) > Ton—2( Fi +1)- 


Consider next the diagram 


. j . ; 
: s 7,(G,,) ammsinlin 7,(G,,, F,) ff 
\ i/ \e sf 
. J if | ~ / 

7,(F,,) k q h Fi : ,-4(F,,) 
* \ ks i’ vy 4 ’ é , a 
i 2 a / \ 
y ‘4 a j — x. 
a,(F,, +1) we TF 41, F,) 


which indicates the injection of the homotopy sequence of the pair 
(G,,, F,) into that of (F,,,,F,), together with h if r << 2n—2. Besides 
the naturality relations k oi = 7’, &’ ol = @, andloj = j’ ok, we have 
hok = —j from (5.1) of (5) [ef. (8)]. On comparing the sequence 
= Sam which is exact, starting with 7’: 7,,_.(F,) > ton-o(Frs)- 
against the exact sequence i, j, @,..., it follows from the five lemmat 
and (7.4) in (1) that k: 7,(G@,,) = 7,(F,,,) ifr << 2n—2 and that 
keten—e(Gn) = Fen-e( F441): 


However lohok= —loj= —j' ok, 

and, since & is onto if r < 2n—2, we conclude that 10 h = —j’. Hence 
it follows from the five lemma, applied to the sequences 7’, h, @,... and 
Af that 1: 7,(G,,, F,) = 7,(F,41,F,) if r << 2n—2. This proves 


(2.1) and incidentally 
CorROLLARY (2.2). The pair (F,,,,, G,,) ts (2n—2)-connected. 


It would be interesting to determine the first non-vanishing homotopy 
group 7,(F,,.,,@,). 


3. Proof of (1.1) 
Let R,,., c G, be the group of rotations of S” and let R, = F,N R 
be the isotropic subgroup. Consider the injections 


n+1 





V’ l 
(Rit R,,) er 7(G,, F,) —— 77, ( n +1» F,,). 
' 
+ That is to say, the sequence is exact at 73n-1(S"*!) and subsequently. 
t An exact sequence remains exact if some of the homomorphisms are reversed 
| insign. It follows that for the purposes of the five lemma ete., it is immaterial 
if some of the ‘commutativity’ relations are not commutative but anti-commu- 
tative. 
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Since p and p'(R,,,,, R,,) are fibre mappings, we have 
Px 7AG,, F,) = 2S"), 
Dy: 7,(R,, 41, R,) = 2,(8"), 
where py, = p, ol’. Hence /’ is an isomorphism onto and (2.1) can be 
restated as 
LEMMA (3.1). If r < 2n—2, then 
TA(Ri41,R,)  2(Fia1) F,) 


under the injection. 


We define F, ,,,, 
of degree 1 which leave the north pole fixed. We embed successively 
eee A ene oo so that R= FN Ry, if n<qcn+m. 
Applying the five lemma to the injection of the homotopy sequence of 
the triple (R R R,,) into that of (F,,,,,. F , &,) we obtain 


mt “arm 
from (3.1) an inductive proof of 


in analogy with F, ,, as the space of maps S"+”" — S”+m 
+m? 


n+m> n+m-1 


THEOREM (3.2). If r < 2n—2, then 
Pin? 77,.( R,, +m? R,,) =~ 7,(F,, +m? F,); 
where d 


m U8 the injection. 


In passing I make the following deduction} from (3.2). Consider the 
injection of the homotopy sequence of the pair (#,,,,,,, 2,,) into that of 


(F,,.,,,#,), a8 shown in the following diagram: 
1) ee eT) oe) ae) 
ory 1( n+m, tn) ——> 77, n) 77( n +m) == 3" 77 ( tn+m n) 
Pm | in ty +m bm } 


Y ’ y y 


Trill, +m? F, ) —> 7,(F,,) a 77,(F, +m) 7 = - HAF, sms Pn) 


a 


When 7 < 2n—3, both ¢,, shown above are isomorphisms onto by 


rm 


(3.2). Hence it follows from (7.1), (7.2) of (1) that 
iy 1 (0) Ur(tn 1(0)), 
ty 77,.( R,,) ip Mi, vm 77,( Rk, t wil ). 


Let J,:7,(R,) > 7,.,(8% (q¢ = n,n+m) be the composition of i, and the 


Hurewicz isomorphism. Then we obtain 


+ This can also be proved directly from (1.3). 
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THEOREM (3.3). Let r < 2n—3. Then we have 
(a) Jz3,,(0) = ip(Jn(0)) 
a(R,,) = E-™ (J, 4m (Ry +m))- 


in 77,( R, + m)s 


(b) J, 
Retaining the above notation I conclude this section by proving 
. ) 
(1.1). Let P, = d,, o@p, 
77,( R,, >m? R,) “ Ty i(2,,) oa « Trin (S"). 
ep J, 
An equivalent definition is P,, = { 0 é; 0 4,,, 
, op . _ ied sat . 
TR sms k= i TF ms Fn) = P ay i(F,,) t Trin (S"), 
m F 
Jy | ¢ being the Hurewicz isomorphism, because J, = ¢ 0 7, and 
m. i, OGp = Cp 0 d,,. 
of e : 
Provided that r 2n—2, (3.2) enables us to define 
Lin 
420% 1 
H,,, > dm O}p O i 
; , _ 
—> (Fm Fy) < _ S) ow mo 
m 


n wh” ”) = 77,4 F, vnl =~ r 
U] Jr 


a 
where » is the Hurewicz isomorphism. P,,, H,, are the homomorphisms 
referred to in § 1. 
It follows from (3.10) of (4) lef. (8)| that 9 ot, (—1)"E" 0 Z, 
(F,, a 


he , 
of 77 (F,,) 7 ae a 
r 
t 0 (3.4) 
mn DL ee 
(S”) ae. P Woche a 
(F,) 


F.) we identify = 
» 


Tron 
2n—2, 


In the homotopy sequence of the pair (F, ,,,, 
with 7,.,,,(S”) by ¢, 7,(F,,.,,) with 7,4, 4(S"*™) by », and, if r 
7 (fF, .,,,#,) with 7,(R,,.,,, R,) by 4,1. The result is the exact sequence: 
mE H,, 
> Ten em( Set) — 


Y Taal d 


i. 
re 77,( R, +m? R,) : 


(S")—>... 
1)"E" by £”, the exactness of the sequence in (1.1) is 


by - 
. “3n-2 
P 
a >, n (S") PF seer 


Replacing ( 





established. 
she 
4. Proof of (1.2) and other relations 
There are a number of relations involving the homomorphisms P,,, 7, . 
0 be an integer. In the following diagram i, j, @ are now the 


Let / 
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injections and boundary operator in the homotopy sequence of the 


triple (Rf, +m+l> R, +m? R,). 
“ Yn 4 
Trin—1(S") Trin +m-1(5" ae 
4 7 A * 
\ 4 he 
Fa m+l i] m 





j 
77,(R,, +m? R,,) ; > 77,(R,, +m+l R,,)- >7,(R,, tm+l R, raed > Tp. (fF, +m R,) 
Hint fA, 
‘ rf 


7 


(S" +m +) 


rt+n+m+l 
A short naturality argument shows that the triangles in the above 
diagram are commutative, as asserted in 
THEOREM (4.1). We have the relations 
SS 2 pe 
(a) iy? Pritt; 


(6) H=joH,w. ifr< 2n—2; 
(c) @=H,oP, ifr< 2n—1. 


m 
Clearly the composition 


> Trinsm(S*#™) —> (Baim By); 


r+n+m 
“n+m m 


— 
~ 


when defined, is equal to the injection j,. Also, from (3.4), it follows 
that Proj — (— 1)" Aim fe} P 


m+b 


j 
> ig > 
77( Rk, tm+ R,) miei 77,( Rasmib Rk, + “a 
Prnst | P; 
v v 
Em 
Trin—-109") i Teneo 


and, if r < 2n—2, that io H,, = (—1/H,,,,0 F, 


m m- 
E' ; 
Jn+m Yn+m-+ 
Trin+m(S ) a ee Tr+n+m+ ) 
| | 
Hi, | Fat 
Y P Y 
7 
(Bs ms R,,) peli (Br mst R,,). 











id 


rue 





the 


ve 
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These results are collected into 
THEOREM (4.2). We have the relations 
(4) jp=A,dnim Ur < 2n—2; 
(6) Boj = (—1)"E" o Ps 
(c) ioH, = (—1)/H,4,0 BY, ifr < 2n—2. 
Let / = 1. We regard S”*” as the factor space R,,.,,,.,/R,,.,, and we 
identify 7,(R,.n44,R with 7,(S"*") by the isomorphism induced 


by the fibre mapping. Then the injection j = t, © s,, 


n +m) 


> > > Yn 4 
TAR a smsas R,,) Ratt tos) 77,( Ry sms R,) ae eats 7,(S" ™), 
8x tx 
where s,, f, are induced by the natural maps, 
> sd . ’ 
Ri warms 1 Sr R, ms 1 R, nae “ Ss?” . wa 


Suppose that S”"*” admits an m-field. Then ¢ has a right inverse map 
and so ¢,, is onto; s, is an isomorphism since s is a fibre mapping; hence 
jis onto. By exactness it follows that 7 is an isomorphism into.t Hence 
we deduce from (4.26), (1.2@) and (4.2c) 


THEOREM (4.3). Suppose that S"+*™ admits an m-field. Then 
Pa {8**") = B” o F, @h Basasia: Ba) 


and, if r < 2n—2, 


Hy,(0) = EM(Ag 4h (0)) in ayn sm(S"*™). 


m 
It remains to identify P,, H, as in (1.2). (1.2a) follows at once from 
(3.2) of (4) [ef. (8)]. To prove (1.25) recall the relation 1oh = —j’ 
occurring in the proof of (2.1). Since the homomorphism 7’ in § 2 is the 
same as jp in § 4, we have H, = dy !0j’o 7-1. Therefore 


px 0 H, = py, ol oj’ on = —p, oho 7 
—E-""oH, 
by the definition of h. This proves (1.25). 


5. Applications 
By the ‘r-stem’ is meant the sequence of homotopy groups 7,.,,(S%) 
(q = 1, 2,...). The suspension maps the groups for which q > r+2 


isomorphically onto; the limit group is called the stable group of the 


+ In fact 7 has a right inverse and 7 has a left inverse. 
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r-stem. There follows from (1.1) 


THEOREM (5.1). Let r > 0. Suppose that the stable group of the r-stem 
is trivial. Then we have, for m = r—n+2 > 0, 


od 


(@) Pi %ras( Rese, R,,) = 7,4,(8"), ifr < 2n—3; 


r 


(6) P,: 2,(R,.2, R,) > 2, 


m* aH 


rs 2n—2 
Similarly there follows 


THEOREM (5.2). Letr > 0. Suppose that the stable groups of the r-stem 
and of the (r+-1)-stem are trivial. Then, forany n such thatn < r+-3 < 2n, 


we have 
> ° ~ 
Pag: FialBse, B,) SS 2, 


rn 


(S"). 


ren 


According to (2), (3) the stable groups of the 4-stem and of the 5-stem 
are trivial, so that the hypotheses of (5.1), (5.2) are not unrealizable. 
Another application of (1.1) is 


THEOREM (5.3). Let m, n, r be integers such that 


E mn Tp »(S") =~ Tp 4 “ rm(S" m). 
Then, if ¢q < mand r < 2(n+q)—3, there is a direct-sum decomposition 
_ Yn + . % y 2 
“rin igi” %) a“ E ‘Tr, en(S") + Fane a(R, , m? R n +a) 


in which E4% is an isomorphism into. 
For, because #” is an isomorphism, it follows that 


E4: z,,,(S") > 


ri 


(S"+4) 


Ty THhtTrqd 
is an isomorphism into and that E'"~¢: 7 S"+2) > a, 4m(S"*™) has 


a right inverse E40 E-™. If we use this inverse in (1.1) with n-+-q 


r+n AG 


an” 


instead of n and m—gq instead of m, (5.3) follows at once. The same 
kind of argument used with the relation (4.2a@) proves 


THEOREM (5.4). Let m, n, r be integers (r < 2n—2) such that 


TAR, .m) a(R 


r 


R, ) 


n+m? 
under the injection. Then there is a direct-sum decomposition 


r+n+ ml a * — a : (S ")+J, n+m 77,( Rk, +m)> 


7 


in which J, ,,, is an isomorphism into. 


warm 


(S") is an tsomorphism into, if 





fre 


bo 


in 


de 


in 


tl 


tem 


Mn 





ON THE ITERATED SUSPENSION 9 
A third condition leading to a direct sum, proved on the same lines 
from (4.1 c¢), is the subject of 
THEOREM (5.5). Let 1, m, n, r be integers (r < 2n—2) such that the 
boundary homomorphism 
C. 7 (RP, +m+l> R, ) ~ 7,(R,, +m* R,,). 


rr ivm 


Then there is a direct-sum decomposition 


7 (S" — E"7, t »(S") T P,z, t (FR, +m+ls R, +m) 


‘r+n+m 


in which P, is an isomorphism into. 


We notice 

COROLLARY (5.6). Let m, n, r be integers (r < 2n—3) such that 
t(Rnim B,) = 0 ifp=r,r+l. Then, if q < m, there is a direct-sum 
decomposition 


ee Yn 4 74 Y > 
4 (S” ¢) E%,,,(S") T Ta a7Fril(h, n> Base) 


‘r+n+q 


in which E%, P,,_, are isomorphisms into. 
For it follows from the homotopy sequence of the triple 
(BR mr Reser B,) 
that 8: Mra (Rasim: Rusg) FS AA Rasrg Rn) 


lp 
and directly from (1.1) that #% is an isomorphism into. 
We have that 7,(R,,.,,,.R,) © 7(Vi nm), Where V,..,., is the Stiefel 
manifold of m-frames at the origin in Euclidean (n+-m)-space. More- 
over by Theorem 3 of (7), if 7 < 2n—1, we have 


a dV. 


AV, gmm) &% 7,(Ph_1) (l= min(r+1,n+m—1)), 
where P!,_ , isthe space obtained from real projective /-space by shrinking 
an (n—1)-dimensional linear subspace to a point. In (1.1), 7 << 2n—2, 
so that this last isomorphism is applicable. Extensive computations of 
these homotopy groups by G. F. Paechter are to be published shortly.+ 
According to these, for any m > 0, the injection 7,(R;) > 7,(R,,.;) is an 
isomorphism into and 7,(R;) = 0. Hence z,(R,,,;) = 7(R,,.;, R;) 
under the injection, so that (5.4) gives 

COROLLARY (5.7). Letm > 0. Then there is a direct-sum decomposition 


Tm +131 oo *) E™7,3( S°) T J, +5 77 y( R,, +5) 


in which J,,,., is an isomorphism into. 
j 
+ I am grateful to Dr. Paechter for allowing me, to quote results from his 


thesis. 
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Also according to Paechter’s computations, if n = 5(mod 8), we have | 


7,(R,,.,,R,) = 0 for p = n+-4, n+5. Assuming this, we deduce from 
(5.6) 


COROLLARY (5.8). Let n 5(mod 8) (n > 13). Then, if q < 7, there 
is a direct-sum decomposition 


7 ra(S” * _ E%z,, a(S") +P, aTn+s5\ Rk, +7 R ) 


2n+q - fe 7? n+q 


in which E%, P,_, are isomorphisms into. 
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HYDRODYNAMIC FORCES ON OBSTACLES 
DUE TO LINE SOURCES 


By J. WILLIAMS (Exeter) 


[Received 24 June 1953; in revised form 23 September 1953] 


1. Introduction 

It has been shown by Milne-Thomson (1) that the force F and the couple 
G, about the origin r = 0 experienced by an obstacle immersed in a fluid 
moving steadily and irrotationally in the absence of body forces can be 
written as 


Fip => [Tdas+/Tds, Gop s [raTds+[raTrds 
t=1 (%,) (BE) t=1 (§,) (E) 

(1) 
where T = q(n.q)—4ng’, the S; (i = 1, 2,..., k) being k surfaces tightly 
enclosing the k singularities of flow such as sources and doublets, ete., 
whilst / is the fluid envelope and n the unit normal at any point of S; 
or E drawn into the fluid. It is also proved in (1) that, when the fluid 
velocity q behaves like O(r-*) when r is large, the contribution of the 
envelope E to both F and G, tends to zero when r — 00. However, this 
sufficiency condition is of no use in streaming-motion problems, so that 
in general we have to assume a slightly more complicated form for the 
velocity at large r. Consider 


q = u-—-vr-2- wr 3_} O(r 4), 


where u, V, W are at the most O(1) as r > oo. Then 


[ rds [ {u(n.u)—$nu?} dS + 
(é) (E) 
( fu(n.v)+v(n.u)—n(u.v)ir-2dS +-O(r-'). 
(E) 

A sufficient condition that this integral of T over E should tend to a 
finite value as the envelope increases indefinitely is that u should be a 
constant vector, i.e. uniform streaming motion at infinity. Furthermore, 
the contribution of Z is zero as r > oo if in addition vis also a constant 
vector. However, in the case of a line distribution of sources or sinks it 
is found that v = Af (f being the unit vector in the direction of r and 


Quart. J. Math. Oxford (2), 5 (1954), 11-27. 
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A a constant scalar). If £ is taken as a spherical surface centred at the 
origin, then n = —f, so that 


[ PdS = —4nAu+O(r-). 
(é) 
In the case of the couple I have to consider 
[ r\TdsS = | rA{u(n.u)—jnu*} dS + 
(E) (EB) 
-| rA{u(n.v)+v(n.u)—n(u.v)jr? dS 


+ |r, {w(n.u)+u(n.w)—n(u.w)}r-3 ds 
(BE) 

+O(r-"). 
Again, taking £ as a large spherical surface centred at r = 0, we have 
n = —F and, since 

[ rAfu(r.v)+v(r.u)'dS = 0 
(BE) 

when u and ¥ are constant vectors, it follows that the contribution of 
the envelope to G, will be finite when u and v are constant vectors. 
On the other hand, if u is a constant and v = Ar, where A is a constant 
scalar, then the contribution is still finite. 

The hydrodynamic singularities considered in (1) are the point source 
and doublet respectively. If m is the strength of a source at r; and Q, 
the fluid velocity at this point due to all effects excepting the source 
there, the force due to this source is 47mQ,. Similarly, in the case of a 
doublet of strength and direction represented by w, the force is 4z(u. V)Q,. 
In this paper I derive expressions for the force and couple due to a 
straight-line distribution of sources of variable density, the results being 
given as integrals of the fluid velocity Q due to all other effects excepting 
the line source. The effect of the envelope EF has not been included in 
these results since it will vary from one problem to another. However, 
the procedure in any particular case has been described in the preceding 
paragraph. 

The result is utilized at the end of the paper to solve the mutual- 
interference problem of 7 airship forms placed in a line parallel to a 
uniform stream. The method is an extremely useful one in dealing with 
interference problems of this type. I hope eventually to publish corre- 
sponding results for other source configurations and also the horseshoe 
vortex, which will possibly open up the way to the solutions of certain 
unsolved problems. 





the 
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2. The velocity potential 

Let the straight-line distribution of sources lie along the i-axis from 
r= 0 tor = ai, the density at oi being f(c). The velocity potential of 
fluid motion due to this system is the integral 


| a) do 
r—oi, 


2) 








If f(c) = 1, this integral, denoted by J, is simply 


rtr,+a 
1 ‘ 
I, = log.| -—— }, (3) 
rtr,—a 
wherer, = r—aiand r, r,. Again, if f(o) = o” (na positive integer), 


then denoting the integral in (2) by J, we find that the following 
recurrence relationship holds 
nI,, = (2n—1)aI,_,—(n—1)r*f,,_.+a""'7, (n > 2) 
I, = #i+r,-—17 
so that the form of J, can be written as 


L, = P,(a,r)Ig +S, (2.7) 


n 
where P, (a, 7) is polynomial in 2 and r?, and both P, and S,, are certainly 
defined and finite in the immediate neighbourhood of the line between 
r — Oandr = ai. If on the other hand we take f(x) as a function having 

x 
a Maclaurin expansion > a, 2” with radius of convergence R, then, since 
0 
the series is uniformly convergent in the open interval (— R, R), we may, 
provided that a < R, integrate term by term having divided throughout 
by r—oii, i.e. 
a 
F f(c) do 


Ya,1, (a< R). 
r—oi n=0 


. 


0 
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Denoting by ® the velocity potential of the fluid motion due to al] 
other effects excluding the line distribution we can write the final velocity 
potential as 


d = O+-¢,(2z, r)log, (a +¢4,(2, r) | 


r+r,—a P 
’ (i ) 
wD x 
— Dita os Te 
where do = > ty Fy(es7), dy - 2% S),(x,7r) | 
so that ¢, and ¢, are defined and finite in the immediate neighbourhood 
of the given line singularity and ¢, is a function of r through r°. 
If f(2) be polynomial in 2, relations (5) hold with the added advantage 
that no limit need be placed on the value of a. 


3. The fluid velocity 
The fluid velocity q can be written down from (5). In fact, if Q is 
the fluid velocity due to the velocity potential ®, 





Q = ~—grad 9, (6) 
so that 
q = —grad¢ 
r+r,—a a l | m 
Q—aglog (= *) +e é)( caer p> =;)eo+4 ~ a9 
rt+r,t+a r+r,—a r+r,+a 
where Go = —grad dy, q, = —grad¢, 


4. The surface of integration 

I shall take as the tight surface enclosing the line distribution the 
right circular cylindrical surface having the source, i.e. i, as axis and 
of length equal to that of the distribution. The radius of the circular 




















r=€ 


section is taken as € (small enough to exclude all other possible hydro- 
dynamic singularities in the vicinity) and the surface is made con- 
tinuous by the introduction of hemispherical caps S, and S, whose 
equations arer = |r| = eandr, = r—ai| = e respectively. For future 
work I shall refer to the cylindrical part of the surface as S,,. 





) all 
city 


« »d 


ue 
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5. The integration of T over S, and S, 

First, 1 examine the expression for the velocity q on S, and hence 
obtain an expression for T. On this surface r = en, where n is the unit 
normal icos @+w sin 6, w being the variable unit vector perpendicular 
toi and @ the angle which r makes with i. Now on S, it can be shown 





that sit isi 
log| - a = loge+O(1), (8.1) 
r+r,+a 

. l 1 n—i i 
5 Se, ne ee 4. — 1h. Gfe). 8.2 
“ (= r—a r+r,4 :} e(l—cos@) ‘a («) ta 
(2,7) = do(0, 0) + Ole), (8.3) 
G) = O()), d, = O(1), q, = O()). (8.4) 


Hence, from equations (7) and (8), it appears that, on S,, I can write q as 
S, loge+S,/e+0(1), 
where S, = O()), S, (n—i)d,(0, 0)/(1—cos 8). 
Now, it is quite straightforward to show that 
r = q(n.q)—$nq = T,e-?+ O(e“Noge) 
where r, = S,(n.S,)—}nS? = —y7%i/(1—cos 6) }. (9) 
and Yo = b9(0, 0) 
By using the same argument a similar expression can be obtained for 
Ton S,. For on this surface r = ai-+en, where n is the unit outward 


normal 7 cos 6-+-w sin 6 as before, so that 


loo) = log «4 O(1), (10.1) 

r+r,+a 

or" | l n-+i P 

cdi A(- 1-8 F —-,| “sane | 
d(x, 7) = bo(a,a)+ O(e), (10.3) 


and, since relations (8.4) hold on S,, then on this surface 
q = S,loge+S$}/e+ 0(1), 
where Sj, = O(1), S; = (mn—i)d,(a, a)/(1+- cos 6); so that, finally, 


Tr = Me ?+ Ole loge), 
where Tr, = §}(n.S})—inS? = y2i/(1+ cos @) }. (11) 
and Va = b9(4, 4) 


Now, the force due to the line source is 








F p | rds + pf rds 4 p | rds, (12) 


Se S S 
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so that, by using the expressions for T on S, and S, as given by (9) and 


(11) respectively, and from the fact that on these surfaces 


dS = —2ze*sin 0 do, 
sind d ” sin 6 d0 
°° r si 6 0 * 9 i sin r y 
F = 2npiy; malin 2m piy* oth le p | TdS+O(eloge) 
1—cos 6 | 1+cosé J 
7 der Se 
2rpi(y? —y2)log 2+-p | I'dS + O(e loge). (13) 
Se 


6. The expression for T on the cylinder S, 

The position vector of a point on S, can be written as r = vi-+ew 
where 0 < x < a and w, as before, is a unit vector perpendicular to i 
and which on S, represents the unit normal n to the cylinder. It is 
impossible to find a suitable representation for T valid over the whole 
cylindrical surface. In fact I found it best to split this range into three 
parts Sj, S,,, Ss. governed respectively by 0 < x < 6,8 <x <a—8, 
and a—és < x <a, where 34 is infinitesimally small and chosen to be e! 
and hence greater than e, the radius of the section. The reason for this 
choice of 6 (which will become more evident in the ensuing analysis) is 
that it certainly makes e/x less than unity over the cylinder S,, so that 
r can be expressed as a binomial expansion in e. 

Taking first the range 0 < x < 6 = e! it can be shown that 


log (2) ~ loe("5,) + Oe. (14.1) 

“\r-+r,+a 2a 

Se | l €W i 

(e+ f)( eee tanec Nias ~—-+0(1). (14.2) 
r+-1;—-a@ f-+,+24 r(r—z) fr 


Hence, from (7), the expression for q on Sj, is 


= — 7) aolog(“5*) +00, 
ra) 2a 


where ¢, and q, are to be evaluated at r = xvi+ew (0 < k < 8). 
Again, the expression for T will be 
T = q(w.q)— jug" 
€ l ei . 
= {$eo( © __-)__© _lgare 4 O(etloge). (15) 
\° \r2(r—a2)? or? r(r—a)| ; 
Since for the elemental strips of the cylinder bounded by the planes 


x = constant and 2+dx = constant, Jwds - 0, it follows that the 





co 


on 


and 
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contribution of w to the integration of T over S,, is zero. Also, since, 


on Soo, S = Ofe?), dS = 2zedx, 


ry 
” ” »” 
Tds — —2ne% [ Pol: 


Ss 0 


2(r— f dx + O(e' loge). (16) 


Since, as was stated in § 2, ¢,(x,7r) is a function of r through r?, then 


bo(x, 7) = p(x)+ O(e?), (17) 
where p(x) = d(x,x). Furthermore, by expanding about x = 0, since 
= # & 4%, bo(x,r) = p(O)+-ap’(0)+- Ole). (18) 


It is not necessary to expand further since, in the given range of 2, 
r-*(r—ax)-! has the maximum value of 3v3/4e3. Furthermore 





8 
Py ee ee 
r>(r—2) e | nl 
0 9 
5 ; . (19) 
and eé? = = = (8? e*)—e+6—etan-"(d/e) = O(e!) 
J r*(r—z) 





0 
Combining the results from (16) to (19) and using the notation in (9), viz. 
u(O) = 6(0,0) = yo, we see that 
| T'dS = 2xy~ilog }e+ Ole! loge). (20) 
Sro 
From symmetrical considerations it follows that the integral of T over 
the third range a—5 < x < ais 
| T'dS = —2ryzilog te+O(e' loge). (21) 
Soe 
It remains now to evaluate the integral of T over the central portion 
of the cylinder, viz. S,, described by 8 < x < a—6. Since I have chosen 
5 = e! > e, then r can be expressed as 
r (e?+- 2?) = 2+ fe2x-!— fet 3+ O(e#), 


with a similar expression for r,. Hence it appears that 


rt+r,—a e 
a — en ee 22.1 
oe (= r+ “) °8\4z(a—2)| Dee ( 
—— l ] 20  2-a,,p " ne 
(f+7,)(- a Peo —i+ P(xjw+R(x)i, (22.2) 
r+r,—a r+r,+a € x(a—x) 
where P(x) — $e{x3 + (a—x)*}/{ax?(a—zx)*} 


and R(x) is a function of x which at the most is O(e*). 


3695 .2.5 Cc 
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By using (7), as before, it follows that, when 5 < x < a—&, the ex- 
pression on S,, is 
q = Q—{2 loge — log|4x(a—z)]|}qy+ 
(29  2x— 


oe { <n 


| € ey 


+ P(x)w+ R(x)i] 


where Q, qo, 9; G:, ¢; are all to be evaluated at r = xi+ew. As before, 
on this cylinder, 

do(x,r) = p(x)+O(e?), where p(x) = ¢d,(2, x) 

Q(xi+ew) = Q(zxi)+ Ole) \ 


Furthermore, since 


oo +G,+Ole), (23) 


(24) 


Ota. Oba> 
Go = —grad ¢,(x,r) = i. bop 
Cx cr 


its value on the cylinder is simply 
where the prime denotes differentiation in x. Similarly, if ¢,(x,2) is 
denoted by A(x), then on S,, 
q, = —A'(x)i+ Ole). (26) 
Consequently, on S,,, the fluid velocity q takes the form 
q = t, loge+t,e1+t,+ O(e'), (27) 
where, on using the previous four relations, 
tp = 2p’ (z)i, t, = 2u(r)w, t, = Q(xi)+ L(x)i+P(x)w, (28) 
L(x) being the function defined by 
L(x) = —p'(x)log{4a(a—x)} + p(x)(2a—a)/[a(a—x)|—2' (2). 
Now, on §8,,, 
T = q(w.q)— }w¢q? 
= I, (loge)?+T,e-loge+ Tye? +Tye!4+O(e), = (29.1) 


where 
= (W.ty)t>—Jwl§ = —2yn"(x)w, (29.2) 
= (w.t,)ty+(w.ty)t,—(ty). tw = 4y(x)p'(x)i, (29.3) 
Tr, = (w.t,)t,— sol} = 2p?(x)w (29.4) 
I, = (w.t,)t,+(w.t,)t,—(t,. te)eo = 2u(x){Q(vi)+ L(x)i+ P(x)o}. 


(29.5) 

Before proceeding further towards the final result I shall now identify 
the functions p(x) and A(x) in terms of the density f(x) of the source 
distribution. 
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7. The identification of (2) and A(x) 

It will be remembered that the functions p(x) and A(x) were obtained 
from the functions ¢,(2,7r) and ¢,(z,r) by putting r = x. These latter 
functions in turn are defined by the relation 

a 
F f(c) do 


r—oli 


r+r,+a od 
= ho(x, nog T=") + 4,(2,7r) (30) 


0 


on the cylinder r = xi+ew, so that the right-hand side is 


u(x){—2 log e + log| 4a(a—.x)|}+-A(x) + O(e?). (31) 
By the first mean-value theorem 
fo) = f(x)+(o—x)gle, 0) \ nn 
where g(x,o) = f'{0A+(1—@)x} (O< @< 1) J 
so that the left-hand side of (30) is 
f(x) ; do_ e [ (o—2x)9(2, 0) do (33) 
3 ol "oc 


f(x){—2 log e + log| 4a(a—.x)]}4+ K+ O(e?), (34) 
where A denotes the second integral in (33) and is free from a logarithmic 
singularity at e = 0. Hence, on equating coefficients of log « in (31) and 
(34), p(x) = f(x). (35) 
It follows also that A(x) = A + O(e?) and, since A(w) is independent of «, 
this relation can be replaced by 


a 


’ (o—x)g(x, 0) do (36) 





A(x) lim AK = lim 


e—0 e—0 (o—x)i+ew 


. 


0 

If the range of integration (0,a) is split into three parts by the closed 
intervals (0,«— 7), (w—n,x+ 7), (w+y,a), where 0 < 7» < e, then in the 
first range the integrand is —1-+ O(e?), whilst in the third range it is 
1+-O(e*). Furthermore 

rin rin 

es (o—<, o) do <1 g(x, a)| do. 
(o—2x)i+ew ae bi 

z—7 <-1 
But g(x, co) is bounded in (x— y, 2+ y) since, by (32), g(x, c) has the same 
radius of convergence as {(x) which is greater than a. Hence, if we keep 
e fixed, L will tend to zero with », so that 





K [ - (2x, a) do + | g(x, a) do +- O(e?). 


0 r 
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Hence, by using (32) and (36), 





a C 


=! 4 [LOL ac i 
ne) = f+] (37) 


t—o 
e 
« z* 


8. The final expression for F 

I shall now integrate the T given in equations (29) over the portion 
of the cylinder S,,. It is obvious that I, and T, contribute nothing to 
the integral of I and neither do the terms in w in T,. Since, on this 
surface, dS = 27 dx, 


a-8 
| Tr, dS Szei p(x)’ (x) dx = 4rei{u?(a—d)—p.?(5)} 
Su 5 9 9 3 
, 4rei(y? —y;)+-O(e?). (38) 
Also [ PydS = 4re [ py(x){Q(xi)—d'(x)i} da + drei, (39) 
Sn Fy 


where 





a—s 
I= | anne log ar(a—2) Jule (x) dx 
) 
= J—}{p*(a—d)—27(5) log 48(a—8) 
= J—}(y2—yf)log 45(a—8) + O(5 log 8) (40) 
and cll 
«it aretha 
ae | all “oer a} ” 
r) 
= (yi—ys)log| (a—8)/8]+-H(), (41) 
a—s 
where H(8) = : | fuA(r)—K(a) _ w(x) —n*(0)) dz. (42) 
2. | a—2x x } 


so that H(é) is O(1) when 8 > 0. 
Hence, from (29) and (38)-(42), 
a-—$ 
| [dS = 4n | ue(x){Q(xi)—A’ (x) i} da + 


Sa r) 


+ 4riH (5) + 27i(y? — yg)log fe + O(8 log 8). (43) 
Combining this result with (13), (20), (21) we can see that the logarithmic 
singularity at « = 0 disappears leaving the force F as 
a—$ 
F = 4p p(x){Q(xi) —A’(x)i} dx + 4rpH(8)i+ O(8 log 8). 
8 








(37) 
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38) 


39) 
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If now 6 is made to tend to zero, i.e. the tight surface shrinks into the 
position of the line source, the expression for F, in terms of f(x), etc., by 
using (35) and (37) can be written as 
r: 
F — 4zp | f(x)Q(xi) dx +47pi R(x), 
0 


a 


where R(x) = H(0) — { f(x)A'(a) dx 
0 
a 0 ; 
and A(x) = if | f(x)—flo) do. 
| | x—a 


If we integrate by parts the integral in the expression for R(x) and use 
to) e ~ 
(42), F can finally be written as 








F 4p ( {f(x)Q(xi)+- T(x)i} dx 
where . (44) 
voy UL —AOP [f2)—-AOPV, pf fF fo) 
aaa 1 -<- °°} x | y 7) | +] L— 


9. An expression for the moment 
The moment of the hydrodynamic forces on the obstacle taken about 
the origin is simply 
Go=p [ rATds, (45) 
(So+Si+S82) 
where the expressions for T on S, and S, are given by (9) and (11) respec- 
tively, and on the three sections by (15), by its symmetrical equivalent, 
and by the relation (29). 

Since, on Sy, r = O(e), T = O(e-*), and S, = O(e?), the contribution 
to G, from S, tends to zero with e. On S,, r = ai+en and T is given by 
(11). Hence, on S,, rA T = O(e-'loge) so that, since S, = O(e?), there 
is no contribution to G, from S, when e tends to zero. Again, from (15), it 


appears that, on Sy, 
* 2 2 F . | 
sida alo oo ) eo >I" \w)3(, 1) + Ole loge), 


i.e. [ r\TdS = O(e!loge)>0 ase+0. 


Seo 











22 J. WILLIAMS 
Similarly it can be shown that 


rA\TdS—0 
Soe 
with « like eloge. Hence the only contribution, if any, to Gy comes 
entirely from S,,. On this surface r = xvi+-ew (6 < x < a—S) and using 
I as given by (29) we have 


, 9 


rAT = {2ap’*(x)(log €)?+ 4y(x)y'(x)log «e—2xp?(x)e-*— 


2ap(a)P(ax)e}(w A i)+ 2xp(x)i A Q(vi)e-! + O(log €). 

The term in w (i vanishes on integrating over the surface and, since on 
this surface dS = 2ze dz, 

a-6 

G, = 47p xp(x)i \ Q(xi) dx + O(c loge). 

8 

Now allowing « > 0 and remembering that p(x) = f(x) we get 
a 
G, = 47p x f(x)i A Q(xi) dx. (46) 


0 


10. The combination of the line source with an end-point 
source 

In order to work out the examples I have chosen I need to find an 
expression for the force due to a combination of the previous line source 
with a point source of strength m at the end point r = ai. The technique 
used will serve as an example of the procedure to be used in similar 
problems. 

The combination of line source and end source can be obtained as the 
limiting position of the line source between r = 0 and ai and the point 
source of strength m at r = (a+-e)i (« > 0) when « > 0. Since « > 0, 
the point source does not intersect the line source, so that the fluid 
velocity q is made up of three contributions, viz. Q, due to the line 
source, Q, due to the point source, and Q due to all other effects. Then 
the contribution to the force on an obstacle due to the line source and 
point source is F defined by 


F/(47p) = f {f(x)Q + T(x)i} dx + 


dx +-mQ,{(a+-e)i} +mQ{(a+ )i}, (47) 
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where 7'(x) is defined by (44) and 
Q,(xi) = m(x—a—e)i/|w—a—e 3? = —mi/(a+e—2z)? (48) 


when 0 < a2 <a. Expanding f(x) in the neighbourhood of x = a by the 


second mean-value theorem gives 


f(x) = f(a)+(a—a) f(a) +(x—a)?v(x, a). (49) 
a ) 
Hence | f(x)Qs(2i) dx = —miz, 
where, by (49), ' 
== Fit - f(a. —Z) +F'(lox +1) + pr. (90) 
J (a+e—z)* e a ; “a | 


+ | re de +00 
(a+e—2)* 
0 
Again, to find Q,{(a+e)i} put r = (a+e)i, r, = <i, Q = 9 in (7), so 


that Q,{(a+e)i} = iQ,, where 
Qn =fa(~— ) +f (a)(log t. ) _N(a)+O(eloge), (51) 
€ a a 


where A(x) is defined by (37). Consequently, from (47), (50), (51) 

F (4p) = | £ F(ar)Q (ai) + T(a)i} dx — 

- 7 

r (x—a)?v(x, a) dx 
(a+e—x)? 


— mixX'(a)+mQ (ai) + Ole log €). 





—mi 
0 
If now ¢ > 0, so that the point source attains its limiting position at 
r= ai, 


a a 


F/(47p) = [ { f(x)Q(axi) + T(x)i} dx — miyX“(a) + [ v(a, a) ac} +mQ(ai). 
( i 
0 c (52) 
However, from (37), 


a 


Bic as | E a Rated f"(a) 


— ( v(o,a) do +-2f'(a), 


0 
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so that the final expression for F is 


a 


F/(4zp) [ {f(x)Q(xi) + T(x)i dx +-2mif'(a)+mQ(ai). (53) 
0 
11. The mutual interference of n airship forms placed in line 
in a uniform stream 
Consider n line sinks arranged in line and in order along the i-axis, 
the kth of which (k = 1, 2...., n) lies between the points a,i and b,i 
(5, > a,) and is a uniform distribution having strength m,/(b,—a,) per 


unit length and possessing an isolated source of strength m, at each of 








the end points 6, i (k = 1, 2,..., n) respectively. 
m, m, my yin 
imeem =i x---————-* 
ai bi ai bi al bi Qpl byi ae 
u 
Fic. 3 


If a uniform stream — Ui is introduced, the Stokes stream function 
of the flow is given by 


n 


in-_ > (m(~7—b,) , m(%— RN 


5 Uw?, (54) 
font | t. b,.—a, | 
where r, = r—b,il, R, = r—a,i, w being the polar cylindrical co- 


ordinate. 

It can be shown that the dividing streamline 4 = 0 consists of the i-axis 
and n bodies of revolution each enclosing one of the line singularities 
when the m’s are small enough compared with the length b, —a,. A suffi- 
cient set of conditions is 

&a,<1 (= 2....,2—N), 
w here , . (55) 
4, = 2 Bmns(b.—a,) [ U (a, +b;,_, —2b,)* \a;,+b,,_, — 2a, |] 


j 
In this case the velocity at large r is simply q = U+ O(r-%), so that 
the effect of the envelope (discussed in the introduction) on the force is 
zero. Consequently by using the result (53) it can be seen that the force 
F. which the body of revolution surrounding (a,,, b;,.) experiences is simply 
be 
mk Q(xi) dx +m, Q(b, i). (56) 
(b6),.—a,.) , 


Uk 


F,./(4zp) = — 








Sin 
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Since T(x) = 0, f(a) = 0 when f(x) = constant = —m,/(b,—a,) and 
 Q vi) is the fluid velocity due to all contributions excepting the line sink 


53) | and point source between (a,,5,). Furthermore, it can be shown that 


r . a (k—s) { l l l - 
7 Oe) tee heap OY 


where the asterisk in the summation denotes the exclusion of s k. 

















cis 
» + | Hence, by (56), the final expression for F,. is 
A | 
per | “ = 
«  (k—s)f 1 (MA) tft 2 2 
St | Ba Apmy 5% mS gS) A(t 4 tt, 
Fs | k—s Cr \ Cys ‘sx | B, Crs Cs Bry 
| (58) 
where 
A, = &y a;,.—a,|, B= 8, b,.—b, 
Crs b,.—a, |, Cu. = |6,—4a,|. 
, .. 
It is well to remember that > F. = 0. 
on 
2) 
i 
is | 
7 b 
Fic. 4. 
») 12. The force on an airship form in a uniform stream due to a 
sphere 
' Another interesting example can be constructed using Weiss’s 
theorem (2). 
The velocity potential 4 due to a uniform stream Ui, a source of 
strength m at bi, a uniform line sink between bi and (a-+-6)i of total 
strength m in the presence of a sphere r c, where c < b, can be 
written down, by using Weiss’s theorem and the identity 
) 
rierro—Ai| = A\|r—c?oA—i|, 











J. WILLIAMS 





as 
a+b 1 
4 Uy m_™ | dx prow _me me f do 
=U Ep = = ak”. Tan je dee ae a ae =e Se ee ae 
mn a r—Ai fP'or, 6 r—c*b—oi 
b 0 
a+b 1 a+b 
me dx _ me dx - 
_—— ee Te, qo aaa do Ee EST . (59) 
aJjn2 cA“ a, J Ajr—c®oA“hi 
b 0 b 


The corresponding Stokes stream function % can be written immediately 





as 
a+b 
_—a m f[ (a—A)daA aw me . 
ub —40 w* + — (x—b) —— | ee BU 8 — 4. —— (x —c%-!) — 
r a Air—v| *? rs” br, 
b 
1 a+b 
me [ (a—c*b—1c) dame (a—c?A-1) dr 
b r—c*b—oi a A\r—c?A“i| 
0 b 
1 a+b 
me ’ (xa—c?aA-!) dd 
+— do | vege ser 
a J A\r—c*oA-i 
0 b 


If now OP =r and A’ and B’ are the inverse points of A and B 
respectively in the sphere r = c, then, denoting PA, PB, PA’, PB 
by rs, 71, 7, 7; respectively, we simplify the expression for % to 


3 
b= —1er{1—S) +" ep) + 
2 r3 , 


Y 


(e—e%- : : 
ee (1) + (a +b)(r,—12). (60) 
b " ac . 


ry a 


It can now be verified that 4 = 0 whenr = corw = 0. Furthermore, 
when 6 is sufficiently large compared with c, we get a closed airship form 
as part of the dividing stream function % = 0. The force on the sphere 
is given, by (53), as 

a+b 
ed.) fl soled J, 
F — ais eli Q(zxi) dx}, (61) 
a | 
b 
Q(xi), as before, denoting the fluid velocity at zi due to all singularities 
excluding those in AB, i.e. calculated from the stream function 


, gw  mcl(x—c*bh-! m ee 
p= 4 09 FE) + Cat Nr 8). 


ry ac 














(59) 


ately 


) dr 


d B 
PB’ 


(60) 


bre, 
rm 


lere 
: 


61) 


pies 
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To save space I quote the result of this calculation as 
. (| Vac3(2a+- 3b me{b3— (a+-b)c*} 
F : mmpil a 9 ) 2 _ 9 { ) 2 
| 263(a+-b)? (b2—c?)*{(a +-b)b—c?! 
m(a+lt a+-b)b—c?\ ((a+-b)b—c? 
moro 9 Nog { - 9 am 2 \ (62) 
a*c (a+b)?—c? b?—c? | 
Since there are no singularities outside the two bodies and since the 
effect of the envelope at infinity is zero in this case, this F does represent 
the force on the sphere and also —F is the force experienced by the 
airship form. When 0 is very large, the asymptotic form for F is simply 
F ~ —6rmpUc®ab-4i, (63) 
so that the two bodies repel one another. 
Numerous other problems and their solutions can be constructed on 











similar lines to these. 

In conclusion I wish to thank Professors V. C. A. Ferraro and A. T. 
Price for the kind interest they have taken in this paper and I am 
grateful to them for their helpful advice. 
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ON THE INHOMOGENEOUS MINIMA OF 
CERTAIN CONVERGENT SEQUENCES 
OF BINARY QUADRATIC FORMS 


By H. J. GODWIN (Swansea) 
[Received 10 July 1953] 


1. Let f(x,y) be an indefinite binary quadratic form and let M(a,b) 
denote min f(x,y) for all values of x and y congruent modulo | to the 
given numbers a and 6 respectively. Let 1/,(f) be the least upper bound 
of M (a, b) for all values ofa and b. Then M,(f) is called the inhomogeneous 
minimum of the form / and is said to be taken at (a,b) if M(a,b) = M,(f). 
This quantity has been evaluated for a number of forms {see Barnes and 
Swinnerton-Dyer (1), where a bibliography is given]. If we exclude a 
certain set of points (a,6), then in many cases the least upper bound of 
M (a,b) in the remaining set is less than M,(f) by a definite amount and 
is called the second minimum M,(f). For a few forms it has been shown 
| Davenport (3), Varnavides (4), Barnes and Swinnerton-Dyer (2)| that 
there exists an enumerably infinite set of discrete minima with a limit 
point below which the minima form a non-enumerable set. 

The problem may be expressed geometrically as follows. Let 

S(x,y) = E(x, y)y(x,y), 

where € and » are linear functions of x and y. To the integral lattice in 
the (x, y)-plane corresponds a lattice in the (€, 7)-plane; each point of this 
lattice is made the centre of a hyperbolic region |€)| < K and M,(/) is 
the greatest lower bound of those values of K for which the regions cover 
the plane. If there is an infinity of lattice points with € or 7 coordinates 
arbitrarily near to any given one (as in the cases cited above), then the 
set of points left uncovered when K is less than J/,(f ) is nowhere dense, 
no matter how small K is. If, however, the coefficients of x and y in é 
and 7 are rational, then the values of € and 7 at the lattice points have 
only a finite number of residues modulo | and for values of K less than 
M,(/) the set of points left uncovered consists of a number of domains: 
consequently the set of minima is connected. 

In this paper V/,(/) is evaluated for each of a sequence of forms tending 
to a form for which the set of discrete minima is known; this is done for 
two cases, the limit forms being x?+ay—y? [see Davenport (3)] and 
a?—2y? [see Varnavides (4)|. If the sequence of forms is f,, fs,... con- 
verging to f and if 1/,(f,,) is taken at (a,,6,), then it is found that the 
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| limit points of the sequence (a,,,,) are points at which M,(f) is taken, 
{ while for each sequence for which (a,,,6,,) converges to a limit point the 
values of M,(f,,) converge to a value lying between M/,(f) and M,(/f). 

A referee who read the first draft of this paper has pointed out that, 
if M,(f) is taken at (a,6) and (x,y) is sufficiently near to (a,b), then for 
sufficiently large n, 

M(f:a,b) > M(f,:2x,y)—e 
so that, if liminf M,(f,,) > /,(f), then we must have 
lim inf M,(f,) < “(/), 

and also the limit points of sequences (a,,6,,) at which ,(f,,) is taken 
must be points at which /,(f) is taken. He has also told me that 
Dr. C. A. Rogers has proved that under certain conditions (which obtain 
in the cases discussed in this paper) lim sup 1/,(f,,) << 1,(f). For these 
comments and information I should like to express my gratitude. 


2. In § 3 we denote by q,, the denominators of the convergents to the 


continued fraction [1,1,...] = 4(1+5) = a, 
so that Y=%=1 and 4g, = In-1ta-2- 
This gives In = {w"t1—(—w) "4/5, 


and it may be verified that 


da = (—1)"9-a-2 (1) 

JaG—Va-1 941 = (—1)"F-a» (2) 

Ya ToT Va+1 1o+1 = Ca+b+2° (3) 

Jats t+Ia = 2Ga+2 (4) 

Ya+3—Va = 24a+ (5) 

5daW = Ta+os2t Varo t (—LI)(Go-at+W-a-2) (8) 
Ga+atGatet+Va-2t+Ia-4 = 109q, (7) 
Ja+3—Va-3 = 49a (8) 


We have also 
LemMA 1. The sequence qq+2¢/Qp+2- (€ = 1, 2,...) 08 strictly increasing if 
b > aand ais odd or if b < aand bis even, and strictly decreasing if b > a 
and a is even or if b < aand b is odd (b > —2). 
Proof. From (2), 
qa+20+2 Tb+20—Va+20 In+2e+2 = (—1)"(n-a-2—Y-a) 
— (- 1 "“h-~s-~s 
= I 
= (—1)"qa+-1 by (1). 


Also @)..9,, Jps0,.9 are positive. 
b+2c b+2c+2 
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In § 4 we denote by p,,, g, the numerators and denominators of the 
convergents to the continued fraction 


[1, 2,2, 2,...] = V2. 
If p = v2+1, then 
?, = {p™+1+(—p)-"-}} i qd, = {p"t!—(—p) n TN /2V2, 


and it may be verified that (1), (2), and (3) still hold, while we have also 


Pa = Vari —Va = Vat Va-v» (9) 
PaPo»-a—Pe = (—1)*-124§ -a-1; (10) 
24a Ib —Pa Po = (—1)"Pa-v-> (11) 
24adot+ Pa Po = Pa+o+1 (12) 


We need also a lemma on continued fractions. 


LemMa 2. Let the convergents to the continued fraction for 6 be 


PolVo> Pi! Vis 
and let {r@} denote the difference between r@ and the integer nearest to it, i.e. 
{r0} = |ré—[r@+-4]|. Then, forn > 2, {r0} < {q, 0} if and only if r equals 
» » =e Jn as Bo . 
Inti Inti tT dn> “Int “Inti Ino-> Yn+2> Inte TInt In+eT Inti t (n> ete. 


If @ is rational and equals py/qy, we requiren < N—2. 


Proof. Let 0 = [do, 4y,...], €y = [0,4n41,4n49,---]. Then 
Pnt€n Pn-1 € 
6 cael acer some eee Fn 9} = Gn9—Py, = = —a__., 
In T En In-1 In T En In-1 


If |r8@—s| < {q,,6}, then 


M(Put+€n Pr1)—S(Ip +€n Yn-1) < En: 


Hence rp,,—8n; 'Pn-1—84n- are of opposite sign; if we put 


ITPn—84n| = %, Pn-1—84n-1 = B, 
then r = aq, -,+q,, and we require to find a, 8 such that |a—Be,| < €,, 
i.e. 
] 
af On 4, + ———— ]—B/ < 1. 
Bniot-.- 











\ 


} 


Th 


wh 


cot 


If 
bet 


Wi 





ON BINARY QUADRATIC FORMS 31 


This gives the following table of values for «, f, r. 


ef B r 


the 





] Anat Yn+1 

l Anyitl Instn 

2 2a n+1 2dn +1 

9 9 Sm 2 =f 

- “On41 ! l “Inst | Yn 
0) 

An+e2 Qn+24n41 An+2IUn+1 
9) An+2 An+24 nit] Yn+2 

Ansetl Anyi(4y42+1)+1 Inset In41 
( | 16 ' | 
) Aniot | Anit(Anygt+1)+2 Qn+2T Inti t In etc., 
!) | which completes the proof. 


I shall say that two regions 
(€—E)(n—m)| <K, — \(E—E:)(N—12)| SK 
cover between their centres if they cover the rectangle whose sides are 
&= &, € = £3, » = 4, 7 = YN. The condition for this is 
, = 2 
K > $\&:—£2!|\m—e- 

If strict inequality holds here, I say that the regions completely cover 
between their centres. 
8 For conciseness of expression the terms ‘above’, ‘to the right of’, etc., 
will be used in an obvious way about configurations in the (&, 7)-plane. 


3. In this section we denote by H(2», yo) the region 


i || Ris Bn as 
(2) + 424 (y—y) || (@— ag) — 2 y—u)| < K, 


n | n 
by H,(v) the region H{4+-4(—1)’—q3,, 1(—1)"q5,-4}- 
by H,(v) the region H{4(—1)’-"g3,_,, 3+43(—1)’—"q3,} 
(note that q5,_, is even and q3, odd). 
by R, the rectangle 


0< g sald +(Fn41 Yn)¥ < $, 0 < ae X—(Tp -1 In) < 1, 





and by R, the rectangle 0 < € < qyi3/Gns —Qn-1/2dn SS 9- 


} By (1), (2), (3) the centre of H,(v) is, in (€, n)-coordinates, 


(ae -3v In ( a. no 


5) ’ ) 
“Fn “In 
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and the centre of H,(v) is 


(fen EIS Mesees a 


9 ? 5) 
“In “Un 


We begin by proving some lemmas on the covering of R, and R, by 


these regions. 
Lemma 3. Jf K > 21/100, then adjacent members of the sequence 
H,(1),..., Ay{[4(m—1)]} overlap without gaps in R,. 
Proof. The region 
E—£9|\|\n—3—19| <K 
covers the strip 
eee ee 


1 PP eae 
2 No 27 10 


Hence the required condition is 
9 9k 
2Kq, | 2Kq,, Yn-3v — In-3v-3 
_ + <n__ > =n y Ant 
Yn TUn+av Int In+3v+3 “Un 
for v = 1.,,..., [4(n—4)]. 
By (4) and (5) this is equivalent to 


(09<y <1). 





K> Yn-3v- (In +n+3v)(In+In+3v+3) 
si 2 ‘ 
497 (In+In+3v+2) 





This expression is less than 
Yn-3v- (In +n+3v)In+3v+3 
5) 
4q;, Yn+3v+2 


<_— G+ Yn-s3v-2 In+3v In+3v+3 by Lemma I, since v = 1, nz 














~ dy 407 In+30+2 and 97/419 < 48/411» by (2), 
Ps Yu T9s dia In-sv-24n+sy by Lemma 1, 
Wu = 113 4q7, 
- QutIs a Vent+Gon-2t(— 1)"-2( 96,42 + er) by (6) 
G1 = Vis 2097, — 
< WT 4s is Tan +Ian-2t Von-6 t+ Ion-s 
~ dn hs 2097, 
= Wut{s ia Y2n-4 by (7) 
’ Pq2 ’ , 


Vi 13 <dn 


Wits V4 Tn-2t In—3 by (3), 


_ 7 D772 . 
Wu = Vis “dn 
| 2 2 
Gg ¢ ¢ ¢ 
< pam Ce mal a+) by Lemma I, 
V1 %13\-%s = =97 


= 0°20289... < K. 
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LemMaA 4, If K > 21/100, then the intersection of the boundaries of 
H(0,0) and H(1,0) in R, lies in or to the right of H,(1), if n > 3. 


Proof. The point of intersection is 
(4{1—(1—4K)}, 1+, (1—4K)}) 
and the required condition is 


lo Yn+1 1 l if lo Gn-1 1 | q | - q 
2 —4n+1_ 4/1 (1 —4K))2 4. ™1__ 1(14..1—4K))| < K 
dn (Ty WS dy slit ) 


since /7,(1) is H(2, —1), ice. 


] ¢ ¢ -\fGnsi1t In - 
.— In+1 In 4 3/(1 4K) ( tat oth 4) < 0. 


. 2 
- dn 


Now, for n > 4 Inti Tdn-1 — Words _ ° 


Gn ~ ds + 
and Vn+1dn 1 > 1543 -_ 24 
S ° « 25 
l : ' 4 
Hence : Vn+t In 1, 1(1—4K flee) 
“ In qn 
1 4 129 1 
-s7 at ee 
> 95° 2°5'4 100 ~ 


It may be verified that the result is true for n = 3 also. 


Lemma 5. Jf K > 21/100, then adjacent members of the sequence 
H,(1),..., Ha({4(m—2)]) overlap without gaps in Ry. 


Proof. The required condition is 


K > Yn-sv-alInsr tT Ins svi Insr Insets) for y = 1,..., [}(n—5)]. 
4G (In ti 1 dn +3v+3) 


This expression is less than 


Yn-3v-3 In+sv+4, 
" 4q2 (In+1 + In+sv41) 
Yn Tn 3v+3 


9113 115 % 
= 0-20206... < K. 


3695.2.5 D 


= hots he I G% . % 
= 2\q5 
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Lemma 6. If K > 21/100, then the intersection of the boundaries of 
H(0,0) and H(0,1) in R, lies in or below H,(1) (n > 4). 


Proof. The point of intersection is 


(S245, /(2 14K heaa)| | Se145, [B24 2=)))) 
| 24, 2 Ti Yn-1 J { 2dn 2 Ti In+1 J 


Hence the required condition is 
p43 Gri! t1_ 4K tns1)) , 
| 2 Tn 2 Tn Yn-1) J : 


3 l s . ‘ 
x en Bake = a ee 5, (25 fe 4K a2-1}) < K 
“Yn ~ In Yn+1 J 


since H,(1) is H(1, 2), ice. 


9 9 Ini Ins 1 Inti T In ‘/( 4k _) < ©. (13) 
2 qi 24, a Sera 
Now, for n > 4, sath Ze? < 4644 = il 
Yn q5 64 
and InsitTIn-1 < Wet _ 9 
Yn qs + 


Hence the left-hand side of (13) is less than or equal to 


moe ees 
2 64 88 100 65 
= —(-0009... < 0. 


THEOREM 1. For the form 
(x + Somes v)(x— ty) (m > 1), 
Yam Yam 
M, 18 3G6¢m—3/V3m> taken at x = 3, y = 0 (mod 1). 
Proof. We take n = 3m in the definitions of H(x,y) and R, and 
suppose that m > 3. The proof falls into two parts: we have first to 
show that 


M(3,0) = “fee 3 
3m 


and secondly to show that regions H(x, y), with 


= 346m—3 
2 
493m 


> 








co" 


wl 
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so 
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cover the plane. Now 


(x a I rs V3m+1 v) (x cal ] oe int) aa . (u oa w)(v— w), 


9 “ 5) a 2 
~ Y3m \ - I3m 493m 





there » = of } 9 rs — Since 
where U = 2(Ggm%+4amiiY)> UV = 2(dam¥—Uam—-1Y)> WV = Iam. Since 
(2m —V3m—1 Jama. = (—1)8", by (2), uw is obtained when and only when 
— 3 ie 3m-1 
= 3(—1)" U3, —Ad amir» y = 3(— 1) gsr + Adam 
where A (and later A’) is an arbitrary integer. Hence 
’ 3 2 2 » 
v = (—1) ™U(I3am T 73m—1)— 2A(dam V3m+1 7 Tam Y3m-1) 
- 3 » » £4 
a (— 1) “dem U—2Adem+1) by (3). 
Hence, when wu = wr, 
v= (- 1)? "dem ¥—22'demsi tv, by (2), 
so that min|w—w||v—w| is min|r}|rg¢,,,—2A’dens1.- Now the convergents 
to the continued fraction for q¢,,/gm+1 ATE Jo/41> W1/Je, ete., and, since r is 
odd (because w is odd and u even) and 2)’ is even, the value of r following 
43, Which gives a smaller value for |rq¢,,—2A'dg,.1| is, by Lemma 2, 
43,+3 With 2A’ equal to q3,,,.. Hence 


; . > 
min? dem —2A Vém+1 


= mm 3, T3u Yom —W3u-1 Yom+1) 


0<ps2m 


= min I3u V6m- 3 


0<pam 


— 3 i ’ 
MIN $4J6m+2+ Vem + (— 1)?" (dem—6u +Vem—6u-2)} 


" 


93 V6m-3 

346m 3° 

which completes the first part cf the proof. For the second part it is 
sufficient to show that a fundamental parallelogram of the lattice is 
covered. Now, if R, and R, are covered, then so, by symmetry about 
the points (4,4) and (q,,.4/2¢n,s —Un-1/24,), are the rectangles 


$<é<l, O0<n<1 


‘ « — — » 
and 0 E > Yni/In> —Qaldn S 7S Yn-1/29n- 


These with R, and R, contain the triangle bounded by the lines € = », 
€= 1—n, and q,-1€+4n417 = 0, and, by symmetry of the lattice 
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about the lines = +7, it follows that the covering of R, and R, is 
equivalent to the covering of the plane. Now 


. . | 
346m—3 343m —2(U3m—1 + 13m—s) 


445m 443m 
he: 397/99 , 7 
: ao 

21 


—} 0:2445... ae 


100° 


so that Lemmas 3, 4, 5, 6 apply. 

Now H,(m—1) and H($+43(—1)"—1q5,-3, 3(—1)"-*¢gm-—4), ie. the 
reflection of H,(m—1) in the point (4, 3), cover between their centres so 
that, by Lemmas 3 and 4, R, is covered. 

Also the regions H,(m—1) and H,(m) overlap without gaps in R, if 














K > (am +17 Tom 2)(Yam+1 i Yom+1) ; ( l 4) 
443m (Y3m+1 a Jem) 
Now 
(Yam +1 T Yom-2)(V3am +1 TY6m + 1) < (Yam+ 1 TYI6m 2)Vem+1 
(Vam+1 + Yom) dem 
< &(93m+1+Tom—2) 


iA 
/\ 


fio | as) 


tam-2°| 1 
M15 915 


9.76 
= 76446, -3 


/\ 


aed 
< 34em-s> 


so that the inequality in (14) is correct and, by Lemmas 5 and 6, R, is 
covered. This completes the proof of the theorem for m > 3. If m = 1 
or 2, it can be verified that it is still correct, although the arguments 
used above are no longer valid. If m = 0, then M,(f) = }, taken at 
x =4,y=0(mod])). 


THEOREM 2. For the form 
q: Gq 5 
(= of. 13m y) (x — 13m ‘y), 
V3m-1 V3m-1 


M. = Tem -4 T6m—2(Tem 1—2) 
493m—1(Vem-2— 1)? 

















is 


| 
| 
| 
| 


SO 
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eels ieee =: 5} —fem-t____, = y = 0 (mod 1) 
= <YU3m 1(Vem- ea 1) 


if m is even; or at 





. re omnia Vem—4 
4 2 ~~ 2(dam +4 m—2 (¢ n-2— 1) 

13 13m-2)(Yem—2 (mod 1) 
y — Vem—4 





(3m I3m- 2)(Yom -2 1) 


if m is odd. 


Proof. Take n = 3m—1 and consider the cases m > 2. Just one of 


the points at which J/, is taken lies in R,; we denote it by P, and its 
coordinates are 
l _ dem 4 l — (—1 )"dem—4 


> » ? ae fi eae 
as =Y3m (Yom i 1) ” =YU3m (Yom 2 1) 


It has to be shown that P is not completely covered when 


y » 
K Gem 416m -2(Yem —1 2) 
> > 
443m (Jem I ° 


For every lattice point, qs,,_, € and q,,_, 7 are integers, and 


-1 
V3m-1 7 (—1)"""G6m—293m—1€ (MOd gm —1) 
so that, if g5,,-1€ = 34sm-1+'!; then 
1 1 ff a= ly 
G3m-1 1 273m is 246m 1! ( 1)” dem 2 (mod q¢,, 1) 


Denote 346 —~4/(Yem-2—1) by t; then }w* <t < }. It is required to 
show that 


. Vem—4 Tom -2(Yem —1 —2) 
min |r-+t) |rqgm—2—t—(s+4)4 > = SS 
—- 16m-2 2)%6m-1 4(qen2—1)? 








Since |t} < 4, the sequence of least values of |rqg,,-2—!—(8+})dem-—1. 28 
r takes the values 0, 1,... or —1, —2,... is given by the same values of r 
as if t were 0, viz. r = 0, 1,..., $¢g,-15--- OF —1, —4,..., —3Qgu—1>--- Hence 
the minimum is the smaller of 


. 1 | 1 3u-1 a 
Min | 343,-1+#|/3(— 1)? "dem-sn-1—! 
0O<pa2zm 


and min = |3q3,,-1—#||3(—1)®*-"qem—su-1 + #l- 


1<p< 2m 
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If we consider together the values » and 2m—y, this gives the smaller 


ad t(4dgm—-1—t) and min ¢(,), 
1<p<m 
where P(H) = (345p-1—t){24em—sp—1 + (— 1)9*-M}. 
We have 
A(u-+1)—d4(u) 
== ig, -su-3t (—1)#(346m—eu-a+'ay+1— 27), by (6) and (7), 
> 4 6m—sy-3— $96¢m-eu-4— tsu+1— 2¢? 
> tdom—3u-3— 346m—6u-4— I3p+1— 24), since t > 4, 
> ¢(46m—3n-3 — 346m—3u-7 — Yom—su-—s— 2¢) 
24 6m-3u-8— 24) 
>0 forp <m—l. 
Hence 





_2 
min (1) nae ¢ (1) = Yom—4 Fom—2(Fom—1 2) 
1<pom 4(46m—2—1)° 
: t(346m—1—), 
which completes the first part of the proof. 
Now, for m > 3, 


— | 4 
F6m—4 Vom—2(V6m—1— 2) _ Ym-a(Vom—1— >) 


9 a 


9 
493m —116m-2 


495m 1(Yem-2— 1) 








s.—2 & | 2 
~ 17—- Wam-2T IW3m—3 





i 4416 Ya 
> hi =( . f) 
~ 4g \G8 95 


= 0-2131..., 


while for m = 2 the value is 0-2167.... Hence Lemmas 3, 4, 5, and 6 


apply. 


If m is even, then P is on the line € = 7: the centres of H,(m—1) and 
H,(m), on whose boundaries P lies, are respectively above and below &,. 


Now, since the centre of H,(m—1) is nearer the line 7 = 0 than is the 


centre of H,(m), the increase in the horizontal width of H,(m—1), as y 


increases from the value 0, is more rapid than is the decrease in the 


width of H,(m). Consequently the portion of R, above the line € = 7 


is covered and hence, by reflection in this line, so is the portion below. 


A similar argument applies when m is odd. 








ller 
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H,(m—1) and its reflection in (443,,/¢3m—1» —343m-2/Yam—1) completely 
cover between their centres if 
K ig dem ~3 
493» -1 
2 4 > 
493m—1K _ Yom—4 Yom—2(Fom—1— 2) 


Now aa ( (« —] 2 
1é6m-3 16m—3\16m-2 








and 
Yem—4 Yem—2(Yem—1 — 2) —Vem-3(Yom—2— | is 
= Vem—2(Vem—4 Yem—1 — 16m -3 Yem—2) — 2I6m—2(Vem—4 — Tem—3) — Vem—3 
= Yem-2— em-3 T 2dem ~2 V6m-5 


Hence, from Lemmas 5 and 6, R, is completely covered and the theorem 
) 


is proved for m > 2. 
It may be verified that it is correct also if m = 1. 
THEOREM 3. Let A be the smaller root of the equation 
$(A) = 246m+2A?>—(Gom—1 Vem+2+ 24em+2+Iemt3)A + 
+ (Yem—1 V6m+ 24em—Yem-a) = 9. 


(x ry T3m+2 n\(2 i V3m_ v) (m > 1 ), 
V3m+1 Y3m +1 


\ 


Then, for the form 


M, t8 Yom A(2—A)/443m+1: this is taken in Ry at the point 


P (fee lym > Yom 2A ~Gom—Tam Honan) 
243m+1 24 3m41 
Proof. 
Jem+2¥(Yom/Iem+2) = Jim —Tom—4 V6m+2— 346m 
— ¥(Qiom +2 V12m-2— 16—1 5dem)> by (6), 
> 3(d44—Ain— 16—15q5), by Lemma 1, 
= §2 > 0. 


Since the sum of the roots of 4(A) = 0 is greater than 1, and 


< - 1 
Vem V6m+2 = We/Vs ~ 2 
( — 
we have A> V6em__ (15) 
Vém+2 
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Also 
1 Sy) ‘ .9 
) Tem 2\ l 2dem+ | ( = = (Yem—3)(Yoem +2) G 
=e ee ed ad ee — Vem-4 
Vem+2 - Vem+2 16m +2 
9 
Vem +1 1 ' dém 
So ina — Vém-4 
Vém+2 6m+2 
oe ee 1 = 
\ w+ 34V6m— 2¢6m—1— Yem—4 
a sunk +. ets rr 2 
S wt +1303) —307'— 7) 
<0. 
Vem $ " 
Hence Ac SS. (16) 


Vem+2 


By (15) and (16), P lies in R, as stated. 


(Vem oc 3)A —Yem-4 
dem-1+2—2A 





Since Vem+2 A—em — 
we have, from (16), 


« 1 1 
(Jem es 3)(Jem 3 ) —Yem—4 Tem+2 


a) > 
(Jem -1T 2)dem+2— “Vem l 








Vem +2 A — Wem 4 





< V6m— T6m—4 16m+2— 276m ’ (17) 
Vom—1 16m+2 
Now 443,,.,;M(a,6), evaluated at P, is the smaller of 
min r—A —1Jon+2+8Ien+3—B (m even) 

and min r+ A} |7q6n42—SYem+3—B| (m odd), 
where B = qgn124—,,, 7 is even and s is odd. Since r takes the values 
0, +2, +4.,..., the two minima are the same. 

Since, by (15) and (16), |A| < }, |B| < } we have, by reasoning 
similar to that used in the proof of Theorem 2, that the minimum is the 


least of 
A(den+3— B), min 4¢,(), min ¢,(), 


1<p<2m+1 1<p<2m+1 
$,(u) = (F3y.—1 —A){dem—sp+3+ (—27*-* Bj, 
d2(u) = (93n-1 +A ){Yom—ay+a— (— 1)8#-1 B}. 
For pu even, ¢,() is greater than ¢,() and need not be considered. By 
(6), (7), (8), 
$2(2A+ 1)—¢,(2A—1) = —846m—12+3 — 4AGom—6i+3—4BY6y-1, 
so that only ¢,(2m-+-1) need be considered. By (6), 


$;(u+ 1)—¢,(p) = 2A dom -3y41 + 2(— 1 *(Yem—6u + B43n41—A B), 


where 
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and, since this is positive for 1 even, we may disregard ¢,(j) if « is odd 
and greater than 1. By (8), 

$;(2A+2)— —¢$ (2A) = — 4 Adem 6\+ 84¢m—12)- 3—4Bd6+2, 
and, since this is a steadily decreasing function of A, the minimum is 
one of ¢,(1), ,(2), (2m), $.(2m+1), and A(q,,,,3—B). 
Now . , ‘ , 
$;(2)—¢,(1) — 2A6m—2—246m-6—10B+2AB 
ae 2Adem-2— 24em-6— ? 
> 2Aqy—24q,—5, if m > 2, 
> 2w-*diy—29,—5 


— 


Also 


$,(2m-+-1)—¢,(1 
= as 





9 ° . 
dém Jé6m— Tem—4 T6m+2— 26m > rR : " 

> Vem oT lic Titel q —l, by (15), (16), (17), 
6m+2 €m-1 

a se 

Vém+246m-1 ‘ 


where 


y 9 9 ” ’ ”» 
l > Wm—1 V6m+2t 6m L6m—1— 16m Vem+2 tT Yem—s 16m +2 


i 


Jim—1%6m+2+-Yem—4Vem~+2—24em> by (5), 
= Pim —1 Vom+2+Vom—4 Vem +2— 2Fom(Yom—2 Fom+2— 1), by (2), 
> Jom+2(Vem—1—Tom—2 16m + Yem—4 Yem+2— 6m Tem—2) 
= 246m+2 > 
so that ¢,(2m+-1) > ¢,(1). Finally, 
$;(2m) = (Yem-1—A) (Vem +3—Wom+2 4) 
= Yom+24A°—A(Fom+3+Yom—1 Yom+2) +Iom—1 Vem+ 246m —Vom—s 
= Yem+2 4(2—A)+y(A) 
= ¢,(1), since f(A) = 0, 
= A(Yen+s— 8), 
which completes the first part of the proof. 
-— Vom+2 A(2— A) 
4G 


0, 





Now take K= 
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Since 1 > A > w-?, we have 
- -2(9 2) /4g2 
K > Vem+2 (2—w )/493m +1 
G2mei +9 
. 2(2—w-?) 3m 2 tJ by (3), 
93m + 1 


> fw *(2—w*) ds/G4 


so that Lemmas 3, 4, 5, 6 apply. 
Also H,(m) and its reflection in (4,4) completely cover between their 


centres if Ks} 2 
> £46m+1/T3m+1° 


Now Jom+2© *(2—@*)/Joms1 = Tom+2/Fem+1 > |, 
so that R, is covered completely. 
Let R, denote the rectangle 
—Yam <Iamei19 <0 with 0 < WaniiE < dame if m is odd, 
and Yam+2 < 24am+1€ < 24sma_g if m is even. 
Let H,(u) denote the region 
H(3(—1)"¥ 5,42 3—3(— 1)" "Gay s1); 


whose centre, by (1), (2), (3), is at the point 





(Zomts co ( sas 1)" 3m—34-1 ae Yam 2 ee 1)" *dam+ mca), 
243m+1 2d3m+1 
I shall show that each adjacent pair of the sequence 
H,(0), H,(1),..., H3(m—1), 
overlap without gaps in R,. This is so if 
K> 3m 3u(3m +43m+3.)(I3m+V3m+3.+3) for ju — | 
493 + 1(Y3m TY3m+3p-4 2) 


But this expression is less than 


Ueto the hatde+det% _ 9.1952... 

Yo Wu 209; 
and K > 0-21. 

Now the boundaries of H,(m—1), H,(m—1), and H,(m) meet in P. 
Since the centre of H,(m—1) is nearer to P than is the centre of H,(m), 
H,(m) and H,(m—1) cover the part of R, below the level of P. By 
Lemmas 5 and 6, the part above it is covered. Hence R, is covered and 
so is its reflection in (44342/%3msi> —3%am/Vame1)- Thus R, is covered 
and this completes the proof of the theorem. 


The use of Lemmas 2, 4, 6 restricts the proof to the cases m > 1. 











a 











a 
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When m = 0, the theorem is false and in this case MW, = § taken at 


a= +3,y¥ = +$(mod]). 


4. For approximations to the form 2?—2y? there is only one case to 


be considered and we have 
+. 


2 
e 


THEOREM 4, For the form 2*—p2q;*y?, M, is }4p2,9;7, taken at 


a = 0, y = 4 (mod)). 
Proof 2 Pi, 1\2 . 
roof. |7* ——> (y—3)*| = ie U—D,y||U—Pn|> 
Yn Vn 
he ne, = 6 . 5) ee ae —- © 
where u = —2q,27+2p,y, v = 2q,27+2p, y- 


Since, by (9) and (2), 


» 1» — +1 
~“Gn Puhr =Prdn- = =( a 1)" ’ 
we have 
; » f +11 ’ . + ' 
lime -dni(— l r 2UPy1t AP», } + 2pyi(— 1)" , Uy i Aq} 
(—1)"* Gan + 2Agonsr> 
by (9) and (3), where A is any integer. 
Hence, if wu = p,+r, then 
v= Py t(—1)"* gan +(2At lens 
and min|\u—p,|\v—p, = min!r |rqs,—(2A+1)dena1'- 
Since p,, is odd and w is even, r is odd. 

Now the convergents t0 qoy,/Jon+1 8V€ Yo/41> W1/Ge,--- and, from Lemma 2, 
in the sequence of minima of 'rqy,, —8q2,41!, the term |4,, 1 Jon —Tu—2Y2n+1 
is followed by 

. » 
Vu Wan — Vp -1 Van+1 ’ Puen Pu-1 I2n+1 ’ 24. Ian — =U 172n+1 > 
and Tu+1 Wen — Up Van+1'- 

Since we must choose r and s odd, and since q,, is even when q,,, is 
odd and vice versa, the required minimum is 

min Pu Pu don — Pu 1 Jon +1 


MIN Py Popp by (9) and (2), 
0 pon 


min {p,+2(—1)#-q,_,-1}, by (19), 


n 
Po Pan 
os Pan: 


This completes the first part of the proof. 














4 H. J. GODWIN 


As a fundamental region which must be shown to be covered we take 
the fundamental parallelogram of the lattice for which 0 <2 <1, 
0 <y <1. Because of the symmetry of the lattice and hyperbolas 
about the linesx = },y = },itisenoughtocover0 <a4 <},0 cy <}, 


We shall ig fact cover the larger region 


S(0 <& S3+43Paltn, —&§ <0 < 1-8). 


Let H(x, y)) denote the region 
(%—2p)?—(pn/Gn(Y—Yo)"| < K. 
Let H,(v) denote the region H((—1)’~1q,, }+4(—1)’p,) with centre at 
[PaSPe =A ti—'F Pae-t) 
24n j 24 
by (11) and (12), and H,(v) denote the region H({—1)*q,, }+-4(—1)""p,) 


with centre at 


> 


(P= Pn —v-1 Pn im toa l Pn 21) 


24, 24, 
I show that the regions H,(—1), H,(0)...., H,(n—1), H,(n—1),..., H,(0) 
cover S. For each of H,(0),..., H,(0) the centre satisfies |€+| > 2 and 


so lies outside S. Also the centres lie alternately above and below S. 
Now H,(v), H,(v+-1) completely cover between their centres if 


K ~ (Pnsvt2t Pnsvit)(Pn—v-1— Pn-v-2) 
2 16q° 


_ In+v+2In-v-2 


4q°, 
Io +(—1)"-"-2p, 
= Ponsit(—})"™ Pr+3 by (11) and (12). 
16q- : 
For v = 0, 1,..., »—2 this expression is less than or equal to 
Pon vit Pont fan — Pan _ K. 
16q-, 4q° 4q5, 
H,(n—1) and H,(n—1) cover between their centres if 


K ~s P2n 
— »° 
49), 
which is the case. 
H,(v+-1) and H,(v) completely cover between their centres if 


 — (Pnsviat PnivitPn—y 1 Pn y—2) 





> 


169? 
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ce which has-been verified above to be correct for v = 0,..., n—2. Thus 
1, | the portion of S for which p,—p,-, < 2¢,€ < 2q, is proved to be 
is | covered. 

| Now H,(—1) covers the portion of S for which 0 < € < vA, and 
VK = SPon/24n = y(Pn—24n-1)/24n» by (10). 
Now 


2 D2 2 
Pr— = In a (Pa Pa~s) 
— 2 9,2 
= =Pn Pn-1—Pn-1— -In-1 
| n 
49,-1Prnrt(—1) 
“> @ 


I 


> 


so that VK > (Py—Pn-1)/24n- 








H,(0) covers the portion of S for which 1 < é < }+4p,/q, if the 
point $+4p,,/¢,,4—4p,/¢, lies in H,(0), since the line € = n+ p,/q, 
either meets the lower right-hand quarter of #/,(0) in two points sym- 
metrical about the line + = 2 or not at all (in which latter case 
there is nothing to prove). 

But (4+4p,,/¢,,4—42,/7,) lies in H,(0) if 

_ 
K> _1, Pn 1 Pn _— Pn—~In 
- 9! %& 2! % ~ 4g2 * 

\ - =“{n/ \= =n Zn 

Now p2—q@ < p?—2¢2_1 = Pen, and this completes the proof of the 
theorem. 


5. The limits to which 1/,(f), and the values of a and b for which 
they are taken, tend as m tends to infinity in Theorems 1, 2, 3 or as n 





tends to infinity in Theorem 4, are as follows. 

In Theorem 1, M, tends to 3v5/4wt = 0-2446..., a equals } and b 
equals 0. 

In Theorem 2, M, tends to v5/4w? = 0-2135..., a tends to } and 6 tends 
to 0. 

In Theorem 3, M, tends to v5/4w? = 0-2135..., a tends to 0 and b 
tends to }. 

Davenport (3) shows that, for the limit form x*+-ry—y?, M, is } taken 





°° 


In Theorem 4, J/, tends to v2—1 = 0-4142..., a equals 0 and b 


ata = 3,b = 0, ora = 0, b = }, ora = }, b = j, while J, is } 


equa!s 3. 
Varnavides (4) shows that, for the limit form 2?—2y?, M, is }, taken 
| ata = 0,b = 3, while V/,is }. He also shows in (5) that the form 2?—2y? 

is exceptional in the sense that for any form whose coefficients are only 
slightly different, M/, (suitably scaled for comparison) is less than 12/25. 
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This is a special quantitative case of Rogers’s general qualitative 
result mentioned in § 1 above. For forms of the type considered by 
Varnavides which occur in Theorem 4, M, < 239/576 = 0-41493.... 


6. Theorem K of Barnes and Swinnerton-Dyer (1) enables the proof 
of Theorem 4 to be shortened somewhat, but fails to give the results 
of Theorems 1, 2, 3. 
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[Added 23 January 1954] 


At the suggestion of the referee I have evaluated the inhomogeneous 

minima of the forms 
Je asi {r+(p, Yi )Yx a (1 —PnlM)¥}; 

where p,,/q, is a convergent to $(v¥13+1) = [2,3,3,3.,...]. 

As n> &, fr w>f= 2+2y—3y’, 
and this form is of special interest since it is the only known norm-form 
for which the first minimum is taken at an infinity of points in each 
fundamental region. The result is that 

M,( fn) > 4(11V13—39) = 0-3305... << 4 = M(f), 
so that the inequality 
lim sup ,(f,,) < ,(f) 


holds in this case also. 


The proof is similar to that of Theorem 3 above. 
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INTEGRAL TRANSFORMS AND 
EIGENFUNCTION THEORY 
By D. B. SEARS (Cape Town) 
[Received 7 August 1953] 


1. Ler L? denote the space of functions f for which 
x 
f\? = [ \f(a)|? dx < a. 
0 
Let k(t) be a non-decreasing function defined for all ¢, continuous at 
t= 0, with k(0) = 0, and denote by #? the space of functions F for 


which 


a 
F\? = | |F(t)|? dk(t) < 0, 
—@ 
this being a Lebesgue-Stieltjes integral. (All intervals involved in the 
Lebesgue-Stieltjes integrals are supposed open on the left and closed 
on the right.) Then #?, as well as L?, is a Banach space with inner 
product [(2), § 42]. Let d(x, w) be real, and continuous over any finite 
rectangle with x > 0, and define the kernels p, x by the relations 


= 





p(x,t) = | d(y,t) dy, (1.1) 
0 : 
x(x,w) = | d(x, t) dk(t). (1.2) 
0 
Then the equations 
[ F(t) dk(t) = | f(x) x(x, w) dx, (1.3) 
0 0 
[ fly) dy = [| FO plx,t) deo, (1.4) 
0 — a 
under appropriate conditions, will define a transformation Tf = F from 


[? to ¥*, and its inverse. Conditions on p, x will be obtained which 
ensure that 7’ is unitary. 
This problem is of a familiar type in the theory of bounded integral 
transforms. W 
sforms hen ties (t (t> 0), 
\O0 (t< 90), 


Quart. J. Math. Oxford (2), 5 (1954), 47-58. 
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it reduces to a case solved by Bochner [(1), Theorems 77, 78], from 
which may be derived very simply a number of special results such as 
Plancherel’s theorem for Fourier transforms. Again, it is well known 
that a function k(t), and so a space #?, may be associated with a second- 
order linear differential equation, subject to suitable boundary condi- 
tions, in the singular case. This suggests that the Parseval relation 
and the expansion theorem for such an equation may be derived from 
the general theory of (1.3), (1.4). It is shown below that this may be 
done quite easily. A number of transforms in the sense of (1.3), (1.4) are 
given, and finally these are applied to derive a theorem of Hartman and 
Wintner on the spectrum. 


2. It is obvious that the following general theorem may be obtained 
by trivial changes in the proof given by Bochner. In fact, as remarked 
by Bochner, further generalizations are easily derived by his methods, 
It is convenient to use the abbreviation k(w, w’) to denote k(W-+-0), if 
W = min(w,w’) > 0, zero if w, w’ have opposite sign, and —k(W’+0) 
when W’ = max(w, w’) < 0. 

THEOREM 1. The following conditions are necessary and sufficient for 
the transformation Tf = F, as defined by (1.3), (1.4), to be unitary from 
I? to #?: 


{ plx,t) ply,t) dk(t) = min(x,y) (all x, y > 0), (2.1) 
( x(x, w) x(x, w’) dx = k(w, w’), (2.2) 


0 
at all points of continuity of k(t). 
Suppose that these conditions are satisfied. If f ¢ L*, and 


a 


F(t) = | fx) d(x, 0) dt, (2.3) 


0 
then F, > F = Tfin #2 normasa>o. If Fe £?, and 
b 


Farle) = | F(t) d(x, t) dk(t), (2.4) 


a 
then f.» >f = TF in L* norm as a> —2, b>. 
3. Consider now the differential equation 


d* ; 
dx? (A—q(x)}y = 0, (3.1) 




















d 
d 
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where q(x) is areal function, continuous for 2 > 0,Aa complex parameter, 
and d(2) = d(x, A), O(c) = (x, A) those solutions which satisfy, for all A, 
the real boundary conditions 


d(0) = sina, ¢d'(0) = —cos x, 4(0) = cosa, 0’(0) = sina. 


It will be clear that other forms of the differential equation may be 
treated in a similar manner, for the half-line x > 0. The basic Sturm 
Liouville theory and Weyl’s theory of the limit-point and the limit-circle 
cases will be assumed, as given by Titchmarsh | (7), §§ 1.5-2.2]. Following 
Levinson (4), (5), use is made of Helly’s selection theorem, the Helly 
Bray theorem, and related results [(8), 26-33]. Otherwise, §§ 4, 5 are 
self-contained. Subsequently some standard properties of (3.1), available 
in (7), are used. 

From Weyl’s theory we need the following results. Let y,(a,A) be that 
solution of (3.1) which satisfies, for givenA = u-+-iv(v + 0), the boundary 
emaetiben Ws, (b, A)cos B+-,(b, A)sin B = 0 
with £8 real, and define /(b,A) by the equation 


es, (x, A) = O(a, A)+-1(b, A) d(x, A). 


For b, A fixed, as 8 varies, /(b, A) describes, in the complex plane, a circle C, 


with radius 
4 


R(b,A) = [20 | ib(a, A) 2 da 


. 
0 


When b + «, the circles C, converge, if v + 0, to a limit point or a limit 
circle. In either case, as b > a, 
I(b,X)| < K(A) (3.3) 


if A is not real, and, for given 6, /(b,A) is a meromorphic function with 


(3.2) 


poles on the real A-axis. Hence, in the limit-point case, 


m(A) = lim 1(b, A) 
b 


~ 
exists as an analytic function, regular in either half-plane. Titchmarsh 
[(7), §§ 2.2, 3.1] uses this function also in the limit-circle case, and thus 
requires no distinction in his theorems between the two possibilities. 
This seems to require some further discussion. Levinson appears to 
abandon the limit-circle case in his second paper |e.g. (14) of (5)]. While 
the function k(t) is not unique in this case, the whole theory may in fact 
be put in a form in which the type of the equation is immaterial, except 
for a few details. This will be done by a modification of the approach 
used by Levinson, making necessary a review of his preliminaries. 
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4. By the Sturm-—Liouville theory for the interval (0,6), there exists te 
an increasing sequence of eigenvalues X,,,, the poles of 1(b,A), andan 
orthonormal set of eigenfunctions r},, (x, A,,,,). Denote by k,(t) the lower 
semicontinuous step-function which increases by r,,,, as t passes through 
A,», is otherwise constant, and k,(0) = 0. By (3.1), the boundary con- 
ditions for (0,6), and the Parseval formula, 
b I } 
4 : dk,(t) 1(b, A)—U(b, p) 
(x, A)b, (a, w) dx = nt tt gee tee I 
| J (A—t)(u—t) p—A ; 
0 Z fi 
if A, » are not real. In particular, by (3.3), we obtain the results 
* dk,{t . . ‘ 
a <K,  |k,(t)| < K(1+8), (4.2) 
5 a W 
due to Titchmarsh. By the theorems of (8) previously quoted, we may , 
find a sequence of values of b, tending to infinity, for which k,,(t) tends to 
a limit function f(t), with the properties listed in § 1, and such that 
* dkit ; oie ‘ 
" ie < kK, k(t)| < A(1+#?*). (4.3) 
no a 
By (4.2), (3.3) we may select a subsequence of this sequence of values : 
such that, as b > co through the subsequence, t 
( 
* dk,(t) ; 
Tia > ay, I(b,t) > dg, (4.4) i 
: oo2%5 ‘ C 
for some constants a,, a. In the sequel, “b> ax’ will mean through this 
sequence. 
Suppose now that C(t) is any continuous function which tends to zero 
as |t} > oo. Then, asb> om, , 
i 
" L(t) dky(t) L(t) dkit 
C( ) Et) : G( bu. ) (4.5) 
a ] +#* 1+-¢° 
x x= ) 


For we may fix A so large that the integrals over (—oo, —A), (A,o) 
are dominated by eA, using (4.2), and then apply the Helly-Bray theorem 
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to the integral over (—A, A). From (4.1) with » = cand v > 0, we have 


as 
1(b,d) = Ub, i) +62) | | acy Ta dk, (t) + 


 dky(t) 


+(i—A) re 


. 
x 


It now follows from (4.4), (4.5) that, as b + 0, 1(b,A) tends to a limit 
function m(A) (say), satisfying 





m(A) = a,+(i—A) | ae jt e- A)as, 
where a, = a,— | eM 
provided that v > 0. If also im(yz) > 0, then 
m(A)—m(u) _ [ __ amt) i. (4.6) 
pA (A—t)(u—t) © * , 


Clearly m(A) is an analytic function of A, regular in the half-plane v > 0, 
and /(b,A) - m(A) uniformly in any bounded region in which v > 6 > 0. 
If u(x, A) = O(a, A)+m(A)d(zx, A), 
then, by (3.3), (4.1) and Fatou’s theorem, #(x,A) is an L? solution of 
(3.1) when v > 0. 

Similarly, we mav define a function m,(A) with the above properties 
in the half-plane v < 0, but m(A), m,(A) are not in general analytic 
continuations of one another. It will therefore be convenient to restrict 
our attention to the upper half-plane. Note, however, that (4.6) holds 
also with » = A, if m() is interpreted as the conjugate of m(A), since we 
may repeat the argument, beginning with (4.1) with » = 4. This con- 
vention will be used frequently. It is shown later that the constant a, 
in (4.6) is zero. 

Now take » = A in (4.6), integrate with respect to uv over (u,, u.), and 
make v0. This is justified in § 3 of (4) by the procedure used below 
for (5.2). It follows that 


. 


- P a 
—— lim | im{m(u+iv)} du = k(ug)—k(u,) (4.7) 
Tr-0, 
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holds, if u,, wu, are points of continuity of k(t), in both the limit-point 
and the limit-circle case. Also the function k(t) has been shown to be 
unique, except for an additive constant, in the limit-point case. This 
brings the theory into agreement with Lemma 3.3 of (7), apart from the 
constant factor due to differences of definition. 

We have now defined the functions m(A), %(x,A), k(t). The notation 
of § 1 will be supposed to refer to these functions, and to the solution 
(x, t) of (3.1). It may happen, however, that k,(0) = k(0) = 0 does not 
hold, but the difficulty may be avoided by a suitable change of the 
A-origin and q(x). It is now necessary to verify (2.1) and (2.2). 


5. These results may be proved in various ways. The shortest method 
for (2.1) appears to be to prove first of all the Parseval relation for 
functions of L? which vanish for x >a. The following is taken from 
Levinson’s paper (4). Let 


Li f(x)5 = a(x) f(x) —f"(@), (5.1) 


and suppose that f(x) has a continuous second derivative, but vanishes 
in the neighbourhood of x = 0 and for x >a. With the notation of 
(2.3), we have P 


h(x, t) Li f(x)} dx = t F(t), 





. 


0 


these being continuous functions of ¢. Applying the Parseval relation 
for (0,5), 


| F(t)? dk,(t) < zi #2|F (t)|? dk,(t) 
R R 
1 


and similarly for the integral over (—oo,—R). Making b - oo in the 
relation b 


[ f (x)|2? dx = 


0 “x 


F(t) |? dk,(t), 





and using the Helly—Bray theorem for the integral over (— R, R), we 
see that |f|| = |F,). Then (2.1) may be deduced by the usual procedure 
for integral esate. 

In proving (2.2), it will be convenient to use the notation 


R 1 


f(y) ie = | [ fley)l2 ae} 




















| 
| 








r 


n 
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(where x is always the variable of integration), and to collect together 
some preliminary results in the form of a lemma, for the functions 


x(x, w) = | ola, t) dky(t), 


u 
e 


o,(z,A) = — . im | op (x, wiv) dw, 
—_ 
. 
a(x, A) - =o im | d(a,wtiv)dw (A= u-+iv, v >90). 
vag 
LEMMA. 


(i) |\x,(@,w)|, < K(w), x(x, w) e L*, and ||x,(x,w)—x(2,w) p> 0 as 
b—> oo with R fixed. 


(ii) |s,(a,A)!, << K(u)/v, and |\,(x,A)—(x, A), > 0 as b> a, v > 0. 
(iii) o(a,A) € L? for v > 0, and |\o(x,r)| < K(u) as v > 0, 
(iv) |o(a,A)—x(x, u)|| > 0 as v > 0, at all points u of continuity of k(t). 
With the notation of (2.2), we have, from the Sturm—Liouville theory, 
or by Theorem 1, 
: 
| xn(X, w) xp(x, w’) dx = h,(w, w’). 
0 
The first part of the lemma follows from this result and (4.2). The second 
part follows from (3.2), (3.3), (4.1), since 
l(b,A)—m(A)| < R(b,d). 
Also (iii) will be obvious from the followmg proof of (iv). 


Let r},,s(u,A,,,) denote the ‘Fourier coefficient’ of y,(z7,u). By the 


Parseval relation, we have 
x u 
” 1 v dw ° - 
o,(x,A)— xp (2, u) b= [ 2 [ (w—t? aa) dk,(t), (5.2) 
0 


where s(w,A,,,) is +1 if 0<A,, <u, —1 if u <A,, < 0, and vanishes 
otherwise, so that, as v > 0, the integrand tends to zero if t 4 u. To 
avoid the difficulty of the discontinuous integrand, we assume that wu is 
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a point of continuity of all k,(¢), and of k(t). If A > 2\u|, so that t > 4 
implies t—w > 3t, then 
| | | v dw | dk, (t) < 4v?u? — < cinta 


(w— t)- +y2 | ye 


by (4.2), and similarly for the integral over (—o,—A). As 
o,(%,A) > o(x,A), xp (x, U) > x(x, w) 
for given x, A, it follows from (5.2) that 
4, 
m [ }1 [ v dw 


a(x, A)— x(a, u) | < meee) dk(t) + — — 


For this it is sufficient that uw be a point of continuity of k(t), and (iv) 
follows by R> a, v> 0. 


— 
a 
. 


~ A 


As an immediate consequence of (i), (ii) of the lemma, we have 

b b 

| Xp(x, w){b, (a, A)—Y(x, A)} dx + | h(x, A){x, (x, w)— x(x, w)} dx = o(1) 

0 0 
as b>, v > 0. By the Parseval relation, 

» " 

| Xp(@, W)ypb, (x, A) dx = | ——, 
0 0 


Combining these results, we obtain 


[ (x, A)x(a, w) ae — —, (5.3) 
0 . 

ox, d)x(a, w) de = * ane | —2ay 

J o@A)x(e, sa ame aa 

0 3 


By (iv) of the lemma, we may make v - 0 in this result, and this proves 
(2.2), and the following theorem. 


THEOREM 2. With the meanings assigned above to the functions p, x, 4, k, 
the hypotheses and conclusions of Theorem 1 hold in both the limit-point 
and the limit-circle cases. 


This formulation includes Levinson’s Theorems | and 2 of (4), and 
the completion of Theorem 2, proved in (5) in the limit-point case. 
Another proof for the restricted case q(x) € Z appears in (6). 











— s ———— — 
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6. Let G(x, y,A) denote the Green’s function, defined as 


b(x,A)b(y,A) (y<x),  — P(w,Al(y.A) (y> a) (vw > O). 


Then G(x, y,A) is L? (0 << y < o@). Also, for any fe L?, v > 0, 


a) 


O(x,A,f) = [ G(x, y,A)f(y) dy (6.1) 
f) 
is of class L?. 


We write fe W if fe L*, Lif} = q(x) f(x)—f" (x) 2, and f’(x) is an 


integral, and associate with such a ri 


A = f(0)cosa+/f’(0)sin a, (6.2) 
18 {0 — (limit-point — (6.3) 
UW, {&(a,A), f(x)} (limit-circle case), 
where W{ys(a, A), f(x)} = w&(a, A) f'(x)—p'(x, A) f(x). Then, with the usual 


procedure, G ps pdr the differential equation, except at y = x; 
so, substituting AG = q@—G"’ in (6.1), and integrating by parts, we 


obtain, for v > 0, fe W, 
AD(x,A,f) = fe) + O(w,, Lf)—A Wlw,A)+pA)d(x,r), (6.4) 
the last term being absent in the limit-point case, since then ¢ is not L*. 
Transforms Tf = F, fe L?, Fe #? 
(2) Fit) 


fl] 1(0<2%<a),0(x%><a) p(a,t) 
ja>0, 1(0 <x <a), 0 (otherwise), 


2] x(a) la<0, l(a<2 <0), 0 (otherwise) 
[3] o(x,A) (v > 0) 1/(A—t) 
[4] G(x, y, anil > 0) p(y, t)/(A—t) 


[5] eG(a,y,Aléy(v>0) $y, t)/A—8) 

[6] @(2,A,f)(v>0,feL*?) F(t)/(A—t) 

[7] (x,A) (limit-circle case) 4,(t,A) = [ h(a, A)b(ar,t) dx 
0 


[8] Lif(x)} (fe W) t F(t)+A—(A—t)p(A)¢d,(t, A) (v > 0). 


Another form for [8] is given by the relation 


(A—t)p(A)pu(t, A) = Wf p(w, t), flw)} (6.5) 
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in the limit-circle case. The transform [3] is given by (5.3). By the 
method used to obtain (5.3) we may obtain [4], [5], beginning with 
b 


G(x, Y,A)xp(%, w) dx = | Hy) db =, 


~ 


0 0 
(,, being the Green’s function for (0,6). By [4], and the Parseval relation 
of Theorem 2, we then have the general form of Theorem 2.17 of (7), 


for any fe L’, 


(x, A, f) 





a | Fit sh 


. (6.6) 
— “x 

the integral being absolutely convergent. Then [6] follows, and [8} and 

(6.5) are obtained by replacing each function in (6.4) by its transform. 

Also, on substituting in (6.4) from (6.6), the expansion theorem follows. 


THEOREM 3. Let fe W. Then, for any A = u+iv with v > 0 


> 


. r f 
fe) = | Fo + p(A)pa(t, 2) —~s} fx, t) det) + 


. 


+-A ob(x, A)— p(A)d(zx, A). 
The next four results, required in § 7, are derived by applying to the 
appropriate functions the Parseval formula of Theorem 2. They are 
valid for im(A) > 0, im(z) > 0, but « = A is permissible, the functions 
of » becoming the conjugates of the functions of A. Also f, g € L*, and 
F, G are their transforms. 








, } se r dk(t) __ m(A)—m/(p) T 
b(ar, A)eb(ar, po) dav = | oan ualaamee at (6.7) 
from (4.1) and the lemma. 
r yf $etED ane 

| G(x, y, A) G(E, y, w) dy = J Au 1)‘ (t) 

pm +(x, 3 A)—G(z, é, H) (6.8) 
p—A 
| g(x) @(x,r, f) dx = | <—_ ) ak(t). (6.9) 
: FG) 7 

fo O(x,A, f) P(x, u,g) dx = J A—)(u— dk(t). (6.10) 




















i 
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7. The spectrum, being the complement of the set of points in the 
neighbourhood of which k(t) is constant, is a closed set. (Naturally the 
spectrum in the limit-circle case depends on the sequence through which 
h > x, but the considerations of this section still apply.) Suppose that 
\= u-+-iv, where wu is not in the spectrum. Then integrals with respect 
to k(t) over (—9o0, ) are actually integrals over (—20, u—8), (u+58, 0), 
for some 6 > 0. Hence, by (4.3), (6.7), m(u) = lim m(A) exists, and 

r—0 
y 


m(u) m(p) q dk(t) 
J (u—t)(p—ty’ 


n 


im(z) > 0. 


ee u 
Now define 


&(a,u) = limd(ax, A) = O(x, u)+-m(u)d(a, uw). 
0 


By (6.7) with p A, &(a,u) € L? since now im{m(A)! = O(v) as v > 0. 
By the Parseval relation and (4.3), with v, v’ > 0, 


> 1 1 


ju+iw—t u+iv’—t| 


d(x, utiv)—b(a,u+iv’) ? — 





* dk(t) 


—— Slo, y’ [20 
= Of'v—v’'|*}. 


Making v’ + 0, it follows from Fatou’s theorem that x(2,A) converges 
to d(v,u) in L? norm as v +0. By (5.3), the transform of (x, uw) is 
1/(w—t). A similar argument applies to (6.8), and finally we may define 


O(x,u,f) = i G(x, y,u)f(y) dy = lim O(x,A,f). 
0 v0 
By (6.10) with f = g, » = A, this function is L?. 

THEOREM 4. Jf A = u+iv, and u is not in the spectrum of (3.1), then 
the results of § 6 hold with » replaced by u; p(x, u) € L* and satisfies (3.1) with 
A= u, and O(x,u,f) is L? if fe L*, and satisfies 

d*y | 
at tu—qa)jy = f(x) 
dx? 


at all points of continuity of f(x). 


The existence of the functions (x, u), O(x,u,f) has been used by 
Hartman and Wintner (3) to prove, in the limit-point case, the following 
theorem. - 
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THEOREM 5. The spectrum of (3.1) contains values of t clustering at t = x. 


With the reservation at the beginning of this section, the theorem 
holds also for the limit-circle case. What is still required for the proof 
is (6.9). 

For, suppose that the spectrum is empty for ¢ > c. Then, by Sturm’s 


theory, we may fix u > c so large that #(x,u) has a zero in x > 0, and 
so an interval (a,b) exists in which (x, uv) has one sign and 4(x, uv) the 
opposite sign. Let f be any real function of L?, vanishing outside (a,b). 
We then have, from (6.9) with g = f, A = u, 
Stee : 4 
a —2 | SF (axyp(a,u) dx | f(y)d(y, u) dy. 


« « . 
x a a 


This is impossible, since the integrals differ in sign if f > 0. 
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SOME PROPERTIES OF EIGENFUNCTION 
EXPANSIONS 


By E. C. TITCHMARSH (Ozford) 
[Received 22 September 1953] 


1. Ix a previous paper? I considered the summability of the eigen- 


function expansion 


f(x) — > Cy ws,,(2), (1.1) 
n 0 
where c,, | f(t)d,,(0) dt, associated with a differential equation 
0 


]? 
: Y a(x) =§ @< 2 < @), (1.2) 
dx* 
with the boundary condition 
(O)cos at-b'(O)sin a = 0. (1.3) 


It is assumed that the spectrum is discrete. The expansion is said to be 
‘summable (R, A, p) to f(x)’ if 


_ > (1) en ate - f(x). 
A ¥ 


A->« x 
It was shown that the expansion is summable (R, A, 1) to f(x) wherever 


7 

| |f(a+t)—f(x)| dt = o(n), (1.4) 

0 
as 7 > 0, and so almost everywhere, provided that f(x) is L?(0,00). In 
the general case it seems difficult to avoid this condition; but, if g(x) is 
subject to special conditions, the same result can be obtained for more 
general functions f(x). If g(x) tends steadily to infinity, each eigen- 
function y,,(2) is exponentially small at infinity,t so that the ‘Fourier 
coefficients’ c, exist in much more general circumstances. Actually 
I shall show that, if g(a) satisfies certain conditions, the series is 


+ Quart. J. of Math. (Oxford) (2) 2 (1951), 258-68. 


t See Lemma 10.3 of my book LHigenfunction Expansions associated with 


Second-order Differential Equations. 


Quart. J. Math. Oxford (2), 5 (1954), 59-70. 
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summable (#,A,p) almost everywhere if f(x) is integrable over any 
finite interval, and if, as 7’ x, 
r 
| | f(t) dt = o(T*) (1.5) 
0 
with a suitable value of a. The value of a required increases indefinitely 
with p, so that any condition of this form is sufficient for summability 
of some order. 

With regard to the function q(x), I assume various conditions which 
make it roughly similar to a polynomial of degree k. No doubt these 
conditions could be varied considerably without affecting the results, 

In the latter part of the paper I consider the extension to these 
expansions of the Riesz—Fischer and Young—Hausdorff theorems in 
the theory of Fourier series. 


2. In this section I shall assume that q(x) is non-decreasing, and that 
there are positive numbers A and / such that, as x > %, 

q(x) ~ Azk, giz) =x 2", q'(z) = Of"), sq" (z) = Az*~). 

(2.1) 

Let d(2,A) and u&(x,A) denote, as before, the solutions of (1.2) which 

satisfy (1.3), and are L* up to ~, respectively. I write as before 

r—8 r i t 65 . 

M(x, A) = we, d/ }+ | Jou. asio dt +(e, | | + | Joa dt 


0 r-o £ +8 


x 


?,+0,+0,+9,. 


Now, in dealing with ®,, ®,, and ,, all that we really assume is that 
f(t) is L(0, 2+). The condition that f is L?(0, 00) is relevant only to ®,, 
since here the relations (4.2) of the previous paper are used. What we 
do now is to consider the function (t,A) directly under the special 
conditions assumed, and we have to consider its behaviour when both 
t (real) and A (complex) may be large. 

Let z(t) = A—q(t), where imA > 0, and make the substitution 


E(x) = | {2(t)}? dt, n(x) = {z(ax) (a). 


Here {z(t)}2 denotes the value of the square root whose imaginary part 
is large and positive when t is large; and similarly for {z(x)}s. It is then 
easily seen that im{z(t)}: > 0 for all t, and hence that im &(x) is a 
steadily increasing function of x. 











iny 


dt 
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The equation (1.2) transforms into 


dy r (5z'*(u) =z 2"(u) | 0 (2.2) 
; 2.2 


1623(u) 427(u)| 7 
This is formally equivalent to the integral equation 

n(x) = e4 ( sin{é(t)—E(x)} R(t) y(t) dt, (2.3) 

2"(t 52’*(t 

where R(t) a a | . 

4z2(t)  16z2(t) 
Let A = pe'v (0 < yp < y <7). Then 

A— q(t)? = p*+-q7(t)—2pq(t)cos y 

> (l—COS y9){p* I q*(t)}. 


Hence, if y, is fixed, as p > 1, 


r (fp -2dt 2h =H 
R(t)| dt = 0} | ——, fe ' - O(p--*), 
| J (p*+ =] "l. (p> 
‘ : (2.4) 
We can now solve (2.3) by iteration, puttingt 
m(x) = efi 
and ” 
Mnirlx) = e+ | sin{E(t)—E(x)} R(t)y, (0) dt (nm = 1, 2,...). (2.5) 


xr 


We obtain 


L 


No(x)— y, (x) | [ sin{&(t)— E(x)! Rit) i€O dt | e-imfx)j(z), 








where j(x) R(t). dt; 
im£(r)jn—-1 r) 
and, if x)—n._.(z Mace fle 
Ny ( ) Nn 1 ) (n—1)! 
then 
,—img(x) imé(r)jn 
Mn s(t) —,(x)| < ——— | |R)|j"(H dt dbase 
(n—1)! : n! 
Hence »,,(2) tends to a limit (x); and 
n,(x)| <¢ img(r)+j(7) <— @ imE(r)+j(0) (2) < e-im&(x)+j0). 


(2.6) 


+ Cf. D. B. Sears, Proc. London Math. Soc. (2) 53 (1951), 396-421, Lemma 1. 
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It follows by dominated convergence that we can make n> in 
(2.5), and so obtain (2.3). From (2.3), 

d {n'(x)\ ; , 

—)} R(x)—€'(x)'n(2x), 

dx\é'(a)) | Sa) 
and this reduces to (2.2). 

Since there is only one solution of (1.2) of L7(0,«), 
W(x, A) = Cf{z(x) n(x), (2.7) 


where C is independent of x; and from 





b(0, A)cos a+yh'(0, A)sina = | 


we obtain 
1/C = {z(0)}-4(0)cos a-+[{2(0)}-4 (0) — J2’(0){2(0)}-4n(0) Jsin a. (2.8) 


From the above formulae we now obtain, as A -> © in the above angle, 
uniformly with respect to 2, 


n(x) ~ ef, n' (x) ~ ifz(a) ze, 1/C ~ idtsina, (2.9) 
efx) 
(x, A) ~ Niclas = hy 2.10) 
Also im z2(t) > im vA = 7, 
say. Hence im €(x) > ar. 
Since |z(a)| > A Aj, it follows that 
(a, A) = O( A\~2e-*7) (2.11) 
for all x and large A in the above angle. 
If t > A)A\!*, then 
im 22(t) > Att’, im €(x) > Aaek+1, 
and so b(x,A) = Of A\-texp(—Aat*+!) (a > AJA\I*), (2.12) 


3. To obtain similar results when 0 < argA < yp I shall use a method 
due to Langer.+ We now suppose that q(x) is an analytic function regular 
in an angle including the positive real axis and that the conditions 
(2.1) hold in this angle. The equation g(x) = A then has a solution 
x = X = X(A) which tends to a real positive value as A tends to a real 
positive value. Let 
f(a) = | {2(t)}? dt. 

x 


+ Trans. American Math. Soc. 33 (1931), 23-64. 
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The equation (2.2) is then equivalent to 


d?y | ae . . 
det ( +36n)" f(E)n, ate 
vp) — 5, 2°(a) _ 52'%(x) 
s+here ee eres . 
where AS) 3602" 42%(a) — 1625(2) 


A solution of (3.1) is obtained by solving the integral equation 


n= (4rl)BHY(0)44ni [ (HS (QHY (0)— HYP (CH? (0)\2462f (A) (8) 0, 


in the usual notation of Bessel functions: i.e. 








n = (Ant)BH(Q)+4ai [ (A (QP (0)— HH? (CH (0)}0302 F(t)n(t) dt, 
t (3.2) 
where 6 = C(t) and F(t) = {2(t)}2f(8). 
Now 
C(x) feo feto dt 
z'(t) 
2o(a)}3 Hota “(@) 4 Peis d (2H) 
“t —— | feet —[=") de. 
32’(x) | 52'3(a°) 15 | Ds ale) 


Wfa|X|/<2x<2X|, 2(t) = Of |t—X||X|*-*), 


and the last term on the right-hand side is 


of | t—X !2|X|2k-3 a O(\a—X 3|X|}*-2). 





x 
Since also |z(t)! > A|t—X{||X*—!, we obtain 
" 2f{z(a)}3 I, 4 22(z}e"() (2 ~X |*\) 
x cn oi nh nd 
(7) 32’ (x) ¥ 5z'2(r) § \ [X/? JJ 
oe . ee + of * edi |i 
C*(x) 423(2) | pz *(20) X\? jj 
and hence F(a) = O(\X \-2*-2|x—X)-2). 
2X 
Hence | |F(x)| dx = O(\X \-2*-). 
1x 


For large x, F(a) = O(a-?*-), and so the integral over (2 X|,«) is of 
the same order; and similarly for (0,4'X ). Altogether 


[ | F(a)\ dx = O(\X\-#—) = O()A\-3-"), (3.3) 


0 
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We can now solve (3.2) by iteration. If imA > 0, and x varies from 0 
to «, arg (a) varies from —7z to $7. Hence we can write 
























ee ee oe Y oe 
e~(4rl)2Hi (CL) = alr), eS(dnl)2Hi (f) = B(x), 
where a(x) and f(a) are bounded in 0 < x < «. The second of these 
results follows from § 7.2(8) of Watson’s Theory of Bessel Functions. 
The first follows from § 7.2(7) except as regards an angle 
7 < arg ; —w-+ 0. 


However, if € = Z’e~'7, then 


Hf) Ni, (3.4) 


and the result stated follows from § 7.21 (1). 
Writing e-‘¢y(2x) x(x), we obtain from (3.2) 


x(x) x(x)+e ( fx(a)B(t) —e?? OB(x)a(t)| F(t)x(t) dt, 





t 
where im é—im im) A—q(w)}t dey 0. 
Hence the method of iteration leads to a solution y(2) such that 
x(a) v(x) + O(\A\-2-U) 
uniformly in x; and so 
n(x) = (4ub)BHY(C)+-O(\A\-E-Meeims), (3.5) 


Similarly, by differentiating the above formulae, we obtain 
n(x) 23(a)(4n0)2H" (£) t+ O(|A|~4-Vke-im£) (3.6) 
If im (0) > A, it follows from the asymptotic formulae for the Bessel 
functions that C = OVA -heimion, 
and hence that 
(a, A) = O( A —zeimMO-imi)) — C(|A|-2e-imEw)_ 
Hence (2.11) and (2.12) follow again in this case. 
If 0 < imZ(0) < A, by (3.4) 


Se 


n' (0) ~ 23(0)(—2i)e3'* sinfw(A)— 47}, 
x 
where w(A) = | {A—g(t)}? dt. 


ee —— 


The same results as before follow if rew(A) = (n—})z. Now consider 





m 0 


hese 


ONS, 


O.4) 
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the function d(w) (w—w,,)C(w), where w,, is the pole of C(w) in the 
square 

(n 1)z < rew < (n- 3 )z, dir <imw < Arr. 
On the perimeter, d(w) O( A -%), and so this holds throughout the 
square. Since w,, is real, it follows that, for all values of w, 


C(w) = Of AF imw >". 


We shall therefore obtain the same results as before, but with an extra 
factor imw)/-!. 
If imA > 0, im X > 0, we write 
re X X 
w(A) | T | Ww) t Wo, 
0 re X 

each integral being taken along a straight line. Now suppose that im q(t) 
increases steadily as t varies from re X to X. Then, in this range 


0 < argiA—q(t)} < =z, 0 < argfA- q(t)\2 < 4a, 


and so imw, > 0. Since imfA—q(t)}? > 0 in @,, 

Are X 

imw, > | ir q(t)? dt > Are XimA?. 
0 

Now reX > A/A)!*, and, if A = p+, 

imA: > Ap-tv > A\A\~2p. 
Hence imw > A\A ~2+ ky, 
A 21%, an additional factor |X 2-!*v- must 


It follows that, if 0 < v- 
be inserted on the right-hand side of (2.11) and (2.12). 


4. Summability theorem 
Let q(x) satisfy all the conditions imposed in the previous sections, and 
let f(a) be integrable over any finite interval and satisfy (1.5). Then the 
series (1.1) is summable (R, A, p) to f(a) wherever (1.4) holds, and so almost 
everywhere, provided that p > 1 and 
p > 2(a—1)/(k+-2). (4.1) 


It is a question of proving that 


. A p 
| (2, 4(1— ) dn 
=A 
. 
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tends to zeroas A > ©. PuttingA = x*, A = K°, it is sufficient to prove 


that 

KiiK ik \p 

( | r | Ou (1-5) Kk dk—> 0. (4.2) 
K K+ik 


The first part is 


- 
O (2, «? Re ti. ‘ K+ir)idr 
MeN — RT RS 
0 ; k 
olk Ri D(x, «*) 7? el 
-_ 
uM OK 
ol K} i ; + | ) O{K1-»(T,+1,)}, 
0 1/M 
say, where M = K**, Since v = 2K7z, this division corresponds to the 


two ranges in which an extra factor (.Vr)-! is or is not required. 


In J,, 





xr AM x 
®,(2x, A) fe | e-™ f(t)| dt 4 | exp(- Atzk+1) f(t) ai |. 
= 48 AM ' 
(4.3) 
The first part contributes to /, 
.. AM 
Or | ert zP dr e~ | f(t) au 
0 r+8 
AM x 
tie a 7 - 
O t) dt (—r)rzP dr} 
\K } S(t) « | ¢ " 
r+8 0 


_— ao _. AM 
0! : rie aul — o! 4 FO) dtl. 
(aA J GzP" | a7 ee | 
r+8 r+8 ; 
x and 6 being fixed. Using (1.5) and integrating by parts, we obtain 
o(K-1M2-P-1), o(K-"log M), O(K-") 


according as a > p+l,a= p+l, ora < p+l. The contribution of 
the second part of (4.3) will clearly be exponentially small. Altogether 
I, contributes to the original integral 


o(K-?M¢--1), o(K-" log M), O(K-?) 


in the three cases. Each of these is o(1) if (4.1) holds. 








Ove 


1e 


) 
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The uate term in J, is 


e —t-z)77p-1 a, 


ol} 
“\Ka J : ' 


a M al f(t) i -0(K-1M¢-P-}), 


and this is o(1) under the same nauliihie, 
The remainder of (4.2) contains a factor ¢-°*, 


This completes the proof. 


and so is negligible. 


5. Extension of the Parseval and Riesz—Fischer theorems 
Consider any problem of the above type with a discrete spectrum, 

and let f(a) be L7(0,0c). Then the usual ‘Bessel inequality’ argument 

shows that : 

oe | { f(x)\? de. 


G 


b 18 


0 


n 
Actually the case of equality ies holds (Parseval theorem); and in 


fact, if 
8, (x) z, cw, (x), 


ane 

then s,,(2) converges in mean square to f(x) over (0,0). 
To obtain a theorem of the converse (Riesz—Fischer) type, suppose 
that g(x) satisfies the conditions under which the above summability 
is integrable over any finite interval, and 


theorem holds, and that f(x) 
Then ¥ ¢,,%,,(x) is summable (R, A, p) 


satisfies (1.5), with some given a. 
to f(x) almost everywhere, with some p. 

Now suppose that 5 c? is convergent. Then s, (x) converges in mean 
square over (0,00), say to g(x); g(x) is L?(0,00), and the numbers c,, are 


its Fourier coefficients, since 


{ g(a) eb, (x) dx = lim i 8,(x)yps,,(x) dx 
0 —— 


s 
and ( 8,(x)b,,(x)dx =c,, (n >m). 
0 

Hence ¥ c,,u,,(x) is summable (R,A,1) to g(x) almost everywhere, by 
the theorem of the previous paper. Hence g(x) = f(x) almost every- 
where. 

Thus, if f(x) is integrable over any finite interval and satisfies (1.5) with 
some a, and ¥ c? is convergent, ihen f(x) is L*(0, 0). 
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6. Extension of the Young—Hausdorff theorems 

The object of the remaining sections is to extend to a general class 
of eigenfunction expansions the Young—Hausdorff theorems in the theory 
of Fourier series. We base the theory on the following general theorem 
of M. Riesz? on the convexity of linear operations. 

Consider a system of numbers 

a, (lL<jrm, l<l<n) 

and the linear forms 


X; = 4), 2%,+...44;,2, (f= 1 


J 
of the variables x,,..., 2,,. Let 


M,g = max | sy a; X; 1p)? S pyle)", 
Ly.-0-tn ‘J=1 l=1 
where o; and p, are arbitrary but fixed positive numbers. This maximum 
is attained for every positive « and £. 

The theorem of M. Riesz is that MW, is a multiplicatively convex 
Junction of the variables x, B in the triangleO <a <1,0<B <a. This 
means that, if (a, 8), («,,8,), (4, 8.) are collinear points in the triangle 
such that 

X= a, t+ Alo, B = B,t,+Bote (t, +t. 1; t,,t. > 0), 
then Mp < M3, 2, M%.,,. (6.1) 


A proof is given by Zygmund 





Trigonometrical Series, 192-4]. 
Now suppose that the function g(a) satisfies the conditions imposed 
in the previous sections. Then the eigenfunctions y%, (2) satisfy 
1 ] 
. i h ye eee a a) 
yb,(@) < AA) (i 2 ia) (6.2) 
for all n and x. This result is due to W. E. Milne.t It follows from 
equations (23) and (26) of his paper, together with formula (7.2.2) of 
my book. More refined formulae showing that h is the best possible 
constant were obtained by D. O. H. Weekes in an Oxford D.Phil. thesis. 
The functions dp, (@) = Ay, (x) 


are therefore bounded for all » and x. 
Let c= | ¥o(Of(tdt, X;= | b(t f(odt 
0 0 
for any f(t) such that the integrals exist. Then X,; = Aj“e;. 


+ Acta Math. 49 (1926), 465-97. 
t Trans. American Math. Soc. 31 (1929), 907-18. 
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Consider first step-functions f(t) with steps at given points f,,..., is 
0<t, <<... <t,, and vanishing for t > ¢,. Let 
, t €. <%= &, 
f(t) ‘ { !-1 l 
{0 elsewhere. 


Then f(t) a fi(t)+...+a,f,(0) 
with some set of x's. Also 


S(O * = [ay PAO + + et, fA, 


x 


[| f(t)|t= dt = |x, |"(t,—ty) +... + lar, |/%(t, —ty,-1). 

0 
Let p, = t,—t,_, in the definition of ./, 2, so that the denominator in 
M,.8 is { 5 ER 

} f(t) “dt ‘ 
0 
Let 8 ] x, Xy ] B, 0, Xo 4, Bo . 4, 
t 2a—1, ts 2(1—a). 
Then Ms. < MPS MTT. 
Now M,. max}max X; / ( f(t) ay <A 
el 0 


since the functions ;(t) are bounded. Also 


m TT if ~ : \2 
Maa max 9; Xj)*/ | f(t) dt} - 
abi I j=1 ; \J 
Let o; = A". Then o; X} = c?, and it follows from the Bessel inequality 
that 11.1 < 1. Hence M,,_, < A, ie. 


m > “ x 
* 9 p ‘ . » « 
( ¥ ye-1 08)? < al f ign aat)” (6.3) 

j=1 - 
0 
This inequality holds for all step-functions vanishing outside a finite 
interval, and all values of m. 
Finally, let f(t) be any function of the class L!%(0,00). Then we can 
define a sequence of functions f,(¢) of the above type such that, as v > 2%, 
y x 
| f(t)’ dt > | f(t)! dt, 
0 6 
while c; , > ¢; foreach j. We therefore obtain (6.3) for any such function. 


Since m is arbitrary, we obtain the following theorem: 
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THeoREM. If f(t) is any function of the class L'*(0, 00), where } <a <1, 


then ¥ N2-VIP) 6,18, where B = 1—a, is convergent; and 
oA he a 3 B “ : x 
{ _— c, |") <A | f(t)? at) , (6.4) 
n=( 
0 


7. To prove a theorem of the opposite type, let f(2) first denote a 
finite sum of the form . - 
I(x) > Cy, ,,(x). 
Such a sum belongs to all L-classes over (0,2). Let 
g(x) = | f(x) *P sgn f(a) 
and let d,, be the ‘Fourier coefficient’ of g(a). Then 








( f(x) 1B dx = | f(x)g(x) dx = ¥ c,d, | 
. “ n=0 
0 0 
S MAH, ae d, 
n=0 
| ~ Ah 2B) l x) *] > Ah(2B-D q 1/\8 
a n “Hn | A n n | ° 
By the above theorem, the last factor does not exceed | 
m | x - \a 
A( g(x) 1 dx) A( | f(a) 28 de) : 
0 0 
. \B x 
g { ~ 9 x "7 
Hence ( } f(x) 'P dx) : A| > AAZ—ad/¢ 1 *) ‘ (7.1) 
. n=0 
U0 


THEOREM. Let f(x) be any function which is integrable over any finite 
interval, and satisfies (1.5) with some a. Let it have ‘Fourier coefficients’ c,, | 
such that ¥ AKP-U) 6, 1% is convergent. Let q(x) satisfy conditions such 
that the theorem of § 4 holds. Then f(x) belongs to L'(0,<«), and (7.1) 
holds. 


By the theorem of § 4, 


| eG | 
fx.) > | Kes | Cy yl) > f(x) 


A, 


almost everywhere if p is large enough. By the above result, 


. 8 ie x 
fla, A) "8 da) <Al> ayie-nin(1_Fe) c,, |ual 
Lm, A j 





i) 
=. m% 
< A( > Mt-4ead/¢, jue)”. 
n=0 


Making A - © and using Fatou’s theorem, we obtain the result stated. 





(6.4) 


ote a 





ON THE INTEGRABILITY OF FUNCTIONS 
DEFINED BY TRIGONOMETRIC SERIES 


By P. HEYWOOD (Edinburgh) 
[Received 13 October 1953} 


THE aim of this note is to show that two theorems of Boas (1) hold under 
conditions wider than those assumed by Boas. 

Suppose that A,, is positive for all values of » and decreases steadily 
to zero as » tends to infinity. Then in any interval 0 < 6 <a < 27—6 
the series . : 

Ay + > A, cos nx, ¥ A, sinne 
i I 
converge uniformly {Zygmund (7), 3]. Denote their sums by f(a) and 
g(x) respectively. 

Boas proves that, for 0 << y <1, a-Yg(x) is L(0,7) if and only if 
¥ n’—\,, converges. This theorem had previously been proved for y = 0 
by Young (6) ; we shall see that it is true also for 1 << y < 2 (Theorem 1). 
It is false for larger values of y. For, if } n”~1A,, converges, where y is 
greater than 2, the work of Hartman and Wintner (4) shows that 


g(r) ~ 2(  nd,) 


as a tends to zero, and so a~7g(x) is not L(0, 7). 
Boas also shows that, for 0 << y < 1, the convergence of ¥ nY—A,, is 
necessary and sufficient for the integrability of 2-’f(x).t For y > 1, the 
function x~”f(x) cannot be L(0,7) unless /(0) vanishes, and in that case 
A,, cannot be positive for all values of n. In his theorem for y = 1, Boas 
therefore assumes that A,, is ultimately positive and steadily decreasing, 
and that the series ‘ 
3Ag + D> A, (1) 

T 
is convergent to zero. He then proves that /(x)/x is L(0,7z) if and only 
if $ A, logn converges. When we consider larger values of y, we shall 
assume that A,, is non-negative for large values of n, and that the series 
(1) converges to zero. We shall then see that the value y = 1 is excep- 
tional, and that, for values of y between | and 3, the convergence of 

+ The term $A, in the series which defines f(x) is immaterial when y is less 
than 1. 


Quart. J. Math. Oxford (2), 5 (1954), 71-76. 
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> x7“, is again necessary and sufficient for the integrability of 2-7f(x) ] 
(Theorem 2). The convergence of the series which defines f(x) is now ; 

¢ 
ensured by that of the series (1), and we need not assume that d,, is 


ultimately monotonic. 


“~ 


To see that Theorem 2 breaks down for y > 3, we apply the theorem 
of Hartman and Wintner (4) to the function ; 
x 
d(x) = p 3 nA,, Sin nx, 


in the case where nA, decreases steadily to zero and > nA, is convergent. 
It follows that e 
. . 2 
p(x) ~ af 2 n An) 


as x tends to zero. If we now write 


x 
ro = —?2? > An, [ 
an integration which can easily be justified shows that 
=< 
f(x) ~ —4a?( ¥ n?A,). 
1 
yr ) 
Hence 2~7f(x) is not L(0, 7). 
We shall need the following lemma in the proof of Theorem 1. 


LeMMA A. Suppose that py, and py,,, decrease steadily to zero as n 
increases from 1 to infinity, that y lies between 1 and 2, and that ¥ n¥-* 
converges. Then, if 


n 


mee mm a. 2 
An = Pn-1—F n+1 (n — oe Bree), 
the series ¥ n¥—X,, is convergent. 
Proof. If >} a, is a convergent series of positive, decreasing terms, 


na, tends to zero as n tends to infinity [ Bromwich (2), 31]. Applying 
this result to each of the series 


18 


wo 
p 3 (22)7-*po,- 1? (22) "po, 


t 


in which the terms decrease steadily as a consequence of our hypotheses, 
we see that n(2n)”’~*y,,,_, and n(2n)”-"u,,, tend to zero. It follows that 
n¥—u,, tends to zero. We therefore have, by partial summation 

En ry ’ 


As 


> nA, = 27M +37 Mg + Y py l(a 1) (n— 1)”. 


t 








m 
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But (n+1)¥-1—(n—1)7-1 = 2A(y— 1)n’-*-+-o (n¥-*), 
and } n¥~*u,, is given to be convergent. Hence > n’—,, converges, and 
the lemma is established. 


THEOREM 1. Suppose that X,, is positive for all values of n, and decreases 
steadily to zero as n tends to infinity. Let 


g(x) = y A, sin nx. 
T 
Then, for 1 << y < 2, x-7g(x) ts L(0, 7) if and only if 


= A 

> nY—,, 

— 

1 
converges. 

Proof. First suppose that ¥ n”—1A, converges. Then we can show that 
x-vg(x) is L(0,7) by a method similart to the one which Boas uses in 
proving his Theorem 1, but the following proof is more direct. 

Since ¥ n¥-1A,, is convergent, where y is greater than 1, it follows that 
5 A,, converges. Therefore 
i 'R 5 


g(x)| < $A, sinner). 
I 


7 7 
. . wo 

Hence I= | |g(a)\a-vdx < | 2An sin nx a dx, 
0 0 


and, since the terms of the series are non-negative, the last expression 
is equalt to . 

I - 

>A, | x7 \sin nx| dx. 

7 


If we write y = na, the last integral becomes 


nT 
ny-} | y-7\sin y| dy. 
0 
x r 
Hence I< nr, | y? siny| dy. (2) 
7 


0 
The integral on the right converges at the lower limit since y is less than 2, 
and converges at the upper limit since y is greater than 1. The series 
> nv, converges by hypothesis. Hence the right-hand side of (2) is 
finite, and so x~%g(x) is L(0,7). 
+ The only change is in the proof of Boas’s lemma, the result of which is 


still true. 
t At this stage it is not asserted that either expression is finite. 
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Conversely, suppose that a~’g(x) is L(0,7). Let ( 

G(x) = g(x)/2sin2. 
Then it is clear that 2!-’G(x) is L over any interval interior to (0,7), 
But, as x tends to zero, 

G(x) ~ g(x)/2a, 

and so x!-YG(x) is L in a neighbourhood of 0. As x tends to z, 

G(x) ~ g(x)/2(7—2). (3) 
Now y is greater than 1, and we have assumed that 2~Yg(x) is L(0,7). } 
Hence g(x)/x is L(0, 7), and so, by Boas’s Theorem 1, > A,, is convergent. 
Therefore, by a remark of Boas | (1), 219], g(x)/(7— x) is L in a neighbour- 
hood of z. It follows from (3) that G(x) is L in a neighbourhood of z. 
Therefore x!-YG(x) is L in such a neighbourhood. But we know from 





above that 2!-’G(x) is L in a neighbourhood of 0 and over any interval 
interior to (0,7). Hence x!-’G(x) is L(0, 7). 
Since y is greater than 1, it now follows that G(x) is L(0,7). Hence, if | 


Lt» = G(x)cosnxdx (n= 0,1, 2,...), 


i, tends to zero as n tends to infinity, by the Riemann—Lebesgue theorem. 
Moreover, since g(x) is L(0,7), > A,, sin nx is the Fourier series of its sum 
| Hardy and Rogosinski (3), Theorem 46]. Therefore, 

oP 
A, = = | g(x)sin nx dx 

3} 


9° 
= | G(x)\cos(n— 1)a—cos(n+-1)ax} dx 


0 


Hn-1— Fn+1° 
Hence, since A, is positive, ,_, is greater than p,,,, for all values of n. | 
But u,, tends to zero. Therefore p,,, and p,,,,, tend to zero monotonically 


from above, and so ,, is positive for all values of n. 
Dirichlet’s test | Bromwich (2), 59] now shows that the series 


> po, Cos 2nx, > Hen —1 cos(2n— 1)x 
1 1 
converge for 0 << x < z. Therefore the series 


Sug + > p,, cos na 
1 
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converges for 0 < x < =z, toa function G*(x) say. But the series (4) is 
summable (C,1) to G(a) almost everywhere in (0,7) by the Féjer— 
Lebesgue theorem [Titchmarsh (5), (13.34)|. Hence G(x) = G@*(x) for 
almost all 2 in (0,7). Therefore, by our previous work, 
. 
LL, = — | G*(x)cosnx dx 

and 2!-’G*(z) is L(0,7). 

But yu, is positive, and y—1 lies between 0 and 1. Hence, by Boas’s 
Theorem 2, in which the necessity of the condition is proved with the 
hypothesis that the coefficients are non-negative rather than monotonic. 
¥ n’-*u,, converges. Therefore, by Lemma A, > n7~1A,, converges. 

This completes the proof of Theorem 1. 

THEOREM 2. Suppose that X,, is ultimately non-negative, that the series 


y+ SA 


— n 


converges to zero, and that 


f(x) = Ay + YA, cos nz. 
I 
Then, for 1 << y < 3, x-Vf(x) is L(0, 7) if and only if 


x 
> nv, 
I 
converges. 

Proof. Since > A,, converges and since 4,, is ultimately non-negative, 
> A,, is absolutely convergent. Therefore ¥ A,,(1—cos nz) is absolutely 
convergent, and 


f(z) = Wy + YA, — & A, (1 —cos nx) 
I I 


XD 
= — } A,(1—cos nz). 
1 


First suppose that ¥ n”-, converges. Then 


F x-Y| f(a)| dx = | x-7 





¥ A,,(1—cos nzx)| dx 
1 1 


0 Z 
7 
. ky 
< | > |A,|(1—cos nax)a~7 dx, 
* 1 
0 


and, since the terms of the last series are non-negative, this is equal to 
or wT 
> |A,,| | 2-¥(1—cos na) da. 
1 . 


0 
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If we write y = nx, the last integral becomes 





nw 
ny-! | y-Y(1—cos y) dy. 
0 
Hence JS < y nY-"!d,| y~’(1—cos y) dy. 
1 


0 
The integral on the right converges at the lower limit since y is less than 3, 
and converges at the upper limit since y is greater than 1. Also, A,, is 
ultimately non-negative, so that the convergence of > ”-1A,, implies 
that of } ny-1|A,,,. Hence x~7f(x) is L(0, 7). 
Conversely, suppose that x-7’f(x) is L(0,7). We have 
J' = — | x-vf(x) dx = | ¥A,(1—cosnax)x-7 dx. 
0 é* 

Now, except perhaps for a finite number of terms, each of which is 
finitely integrable, the terms of the series on the right are non-negative. 
We may therefore integrate term by term, and we find that 


J’ a 5 i, i v-¥(1—cos nx) dx 
i 
0 
= > a7-1X,, | y-7(1—cos y) dy. 
. 0 


Now J’ is finite by hypothesis, and so the last series must be convergent. 
But, since y~”(1—cos y) is L(0, ©), and since J, is ultimately non-negative, 
the terms of this convergent series are ultimately not less than those of 
the series 
LY ny A, | y-¥(1—cos y) dy. 


0 


8 


fh 


Hence ¥ n’—\., converges, and the proof of Theorem 2 is complete. 
y= n t=) ? 
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SPACES WITH WEAK TOPOLOGY 
By D. E. COHEN (Oxford) 
[Received 1 January 1954] 


1. Introduction 

In this note I consider spaces which have the weak topology with respect 
to a given family of topologized subsets. This means that a set is closed 
if and only if it meets each of these subsets in a closed set. 

In § 2 I consider general properties; § 3 concerns ‘K-spaces’ (spaces 
with the weak topology by their compact sets) and in it I find a condition 
for the product of two A-spaces to be a A-space. I find also a condition 
for a closure-finite cell complex on a A-space to be a CW-complex and 
a condition for two CW-complexes on the same set of points to define 
the same topology. 

I wish to thank Professor J. H. C. Whitehead for suggesting the 
subject of this note and for valuable help. 


2. General properties 

Let © be a family of topological spaces, which I shall denote by S, 4,, 
S,, ete., and let X be the point-set-union of all the spaces of ©. The spaces 
of = are not necessarily disjoint, and we assume that: 

[2.1] S,, S, induce the same topology on S,O S, for every pair S,, 8S, € =. 
Then we define the weak topology on X, with respect to &, as follows. 
A subset A of X is closed (open) for the weak topology if and only if 
AN Sis closed (open) in S for every S € &. This clearly defines a topology 
which I shall denote by ts. 

The condition [2.1] is satisfied by the members S’ of any subfamily 
Y’c &. Therefore ¢,, is defined on the union X’ of the sets of =’. In 
particular 

[2.2] Zf every Se is contained in some S' € x’, then X' = X and 
tr, = ty. 

The given topology of any set S is obviously weakert than the one 
induced by ty, and we have 

[2.3] If S, 9 S, is closed (open) in S,, for every pair S,, S,€ X, then ty 
induces the given topology on every S € X. 

+ If t,, t, are two topologies on a space X we say that ¢t, is weaker than ¢, if 
every set which is closed for ¢, is also closed for ¢,. 
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[2.4] If there exists one topology, t say, on X, which induces the given 
topology on every S € &, then ty does so, and ty is weaker than t. 

I leave the verification of [2.3] to the reader and proceed to prove [ 2.4]. 
Let F be closed for ¢. Then, for every S ¢ ©, FN S is closed for the given 
topology of S. Therefore F is closed for ty, and ty is therefore weaker 
than ¢. 

Let Se = and let Cc S be closed for the given topology of S. Then 
there is a set F such that FN S = C, and F is closed for ¢, and therefore 
closed for ty. Conversely F'9 S is closed for the given topology of S if 
F is closed for ty. Therefore t, induces on every S € & its given topology. 

Define a space P as follows. P consists of all pairs (S,x) where S € &, 
x é 8S. Fora fixed S, the map (S,x) > xis to be a homeomorphism onto S 
(with the given topology), and the set {(S,a) |x € S} for fixed S is to be 
both open and closed in P. This clearly defines a topology. Let f: P ~ X 
be the map (S, 2) > x. 


[2.5] ts is the identification topology defined by f: P > X. 


Clearly f is onto. If Ac X, then F-'A = [J (S,2) for all Se X, 

«éAnS. Then f-!A is open in P if and only if, for every S € &, 
{(S,x)|ae An S} 

is open in {(S,a) |x € S}, ie. if and only if A S is open for the given 

topology of S for every S ¢ X. This holds if and only if A is open for fy. 

This proves [2.5]. I shall call f the natural identification. 

Suppose that X, X’ have the weak topologies defined by families of 
subsets X, &’. Let f: P > X, f’: P’ > X’ be the natural identifications. 
We may define two topologies on X « X’, viz. ty ty, the product 
topology, and ts.. »,, the weak topology by the family = x &’ of sets S x S’ 
with Se xX, S’c X’. This latter is clearly the identification topology by 
g: Px P’ + XxX’ where g(p, p’) = (fp, f’p’). 

[2.6] ts. is weaker than ty ty. If every point of X is in the interior 
with respect to ty of a set of X, and X’ satisfies the similar condition, then 


ts. — ts X ty. 


Since the family of sets U x U’, with U, U’ open for ts, ty, respectively, 
forms a base for the open sets of ty x ty, if U x U’ is open in ts, s,, then 
ty» is weaker than ty xty. But 


g(U x U’) = (f2U) x (f’1U’) 


is the product of open sets of P and P’, and so is open in P x P’. There- 
fore U’ x U’ is open in ts, y,, which is therefore weaker than ty x ty. 








En 











SPACES WITH WEAK TOPOLOGY 79 
Let (x, 2’) € B, where Bis open forty, y, andletwe Uc S,av’ EU’ cS’, 
Se, S’ < x’, where U is open for ty, U’”’ for ty. 

Then (2, 2’)e BN (Ux U’)c Sx S’,and Bn (U x U’)isopenin S x 8’. 
Therefore (x,2’)—e Vx V'’c BN (Ux WU’), where V, V’ are open for the 
given topologies of S, S’ respectively. Let S, be any set of &. Then 
V9 S, is open in SN S,, and, since Vc Uc S, V9. S, is open in UN 8). 
But U is open for ¢,, and therefore 1’ S, is open in S,. Therefore 
V9 S, is open in S,, and, since S, is an arbitrary set of ©, V is open for fy. 
Similarly V’ is open for ty. Therefore V x V’ is open for ty ty, and, 
since (x,2’)€VxV'c B, it follows that B is open for t.xty and 


3. A-spaces 

A K-space is a space which has the weak topology defined by the 
family of its compact sets. Clearly compact spaces, locally compact 
spaces, and CW-complexes are K-spaces. 

[3.1] Let X_ be a space, X the same set of points with the weak topology 
by the compact sets of X,. Then the topology of X is weaker than that of X 4, 
the spaces X and X, have the same compact sets, and X is a K-space. 

By [2.4], X has a weaker topology than X,. Therefore the identity 
map X - X, is continuous and a set compact in X is compact in X,4. 
Since the compact sets of X, retain their topology in X by [2.4], X and 
X, have the same compact sets. Therefore X is a A-space. 

[3.2] Let X, Y be K-spaces whose compact sets are regular, one of which 
(say Y) is locally compact. Then X x Y is a K-space. 

Let f: P+X, g: Q>Y be the natural identifications, inducing 
f': PxXY>XxY,q9': PxQ>PxY, andh: PXQ>XxY. 

Because every compact set of X « Y is contained in the product of 
compact sets of X and Y, it follows from [2.2] that X x Y is a K-space 
if it has the weak topology with respect to the family of sets Cx F, 
where C’, F are compact sets of X, Y respectively. But this holds if 
X xY has the identification topology of h: PxQ>XxY. 

Every set in Y is saturated with respect to the identity Y + Y. There- 
fore it follows from (2) { Lemma 4, 1131] that X x Y has the identification 
topology of f’: Px Y +> XxY if, for any ye Y and Uc Y with U open 
and y €¢ U, there is an open set W with W compact andye Wc Wel. 
This holds since Y is lecally compact and (clearly) regular. Similarly, 
since P is locally compact and regular (clearly), P x Y has the identifica- 
tion topology of g’: PxQ@—+>PxY. Therefore h-1A = g’-(f’-1A) is 
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closed in P x Q if and only if f’~'A is closed in P x Y, which holds if and 
only if A is closed in X xY. Therefore X x Y has the identification 
topology of h. 

The result |3.2| generalizes the result that the product of two CW- 
complexes, one of which is locally finite (a condition equivalent to local 
compactness) is a CW-complex | (3), result H, 227]. An example due to 
Dowker | (1), 563| of two CW-complexes, neither of which is locally finite, 
whose product is not a CW-complex also (by [3.3] below) shows that the 
product of two regular K-spaces, neither of which is locally compact, 
may not be a K-space. 

[3.3] Let K be a closure-finite cell complex which is a Hausdorff K-space. 
Then K isa CW-complex if and only if every compact set of K is contained 
in a finite subcomplex. 

[3.4] Let K and L be two CW-complexes on the same set of points. Then 
K and L have the same topology if and only if any characteristic map for 
any cell of one is continuous in the topology of the other. 

I leave the proofs to the reader, remarking only that [3.4] follows 
easily from (3) [result A, 224], (2) [Lemma 3, 1131], and the fact that 
K and L have the same topology if and only if the identity maps K > L 
L — K are continuous. 





REFERENCES 
1. C. H. Dowker, ‘The topology of metric complexes’, American Journal of Math. 
(1952), 555-77. 
2. J. H.C. Whitehead, * Note on a theorem due to Borsuk’, Bull. American Math. 
Soc. 54 (1948), 1125-32. 
3. — ‘Combinatorial homotopy’, ibid. 55 (1949), 213-45. 





h. 


h. 





COMPOSITE MATRICES 
By 8. N. AFRIAT (Cambridge) 
[Received 29 May 1953; in revised form 10 April 1954] 


1. Introduction 

It has been proved by Williamson (1) that, if a matrix F, of order mn, 
is partitioned into an array of m? submatrices f,;, of order n, each of 
which is a rational function f;; = f;;(a), of non-singular denominator, of 


some matrix a, with characteristic values «,,..., «,, then the mn charac- 


ns 
teristic values of the matrix F are the mn characteristic values of the 
n mth order matrices f, where the matrix f® has (7,j)th element f;;(,). 
For the case n = 1, the theorem merely asserts that the characteristic 
values of F are the characteristic values of F, and thus it has no content; 
for the case m = 1 it becomes the theorem of Sylvester (2) and Frobenius 
(3) on the characteristic values of a rational function of a matrix, with 
an additional statement in regard to multiplicities. My investigation 
will show a proposition of the same form as this in respect of the con- 
clusion, but where the hypothesis consists just in the commutativity of 
the partitioned components, which in the case here is ensured by their 
all being rational functions of some matrix. To state this more explicitly, 
Williamson’s result will appear as a consequence of the theorem that, 
if A is a matrix of order mn partitioned into m? submatrices a;; of order n 
which all commute, then the mn characteristic values of A are the 
characteristic values of n mth order matrices a“, where the matrix a“ 
has (i,j)th element o{*), and a{*) is the kth characteristic value of a;; in 
some ordering. 
Elsewhere (4) there has been occasion to use the identity 


01 x\| 
|—-j|1 au |= —(—b+vx+yu—yax)|, 
ew 


where the partitioned matrices a and 0 are square and of the same order. 
The negative signs are required to avoid explicit reference to the matrix 
orders, and to display more clearly the form of a twice-repeated deter- 
minant operation. When the matrices involved are all of order unity, 
this identity reduces to the vacuous statement of definition for a deter- 
minant. In its general case, however, the form of a determinant operation 
involving matrices as elements can be properly seen, though to make 
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this interpretation it is required that the unit matrices be considered as 
freed of having any fixed order, so that the multiplications in which they 
would appear might be regarded as defined. But this determinant can 
be taken in a normal way when the matrices are all of the same order, 
some convention having been given for the order of the multiplications 
of the factors in each term, should these factors not be commutative. 
The considered identity then shows a twice-repeated determinant opera- 
tion on the right as equivalent to a simple one on the left, and suggests 
the form of a more general theorem, which will appear here as one of our 
results. 

These remarks indicate the grounds for the suggestion which led to this 
investigation. Its object is a study of determinants and matrices whose 
elements are commutative matrices, and certain sets of matrices which 
appear as analogues of the characteristic values of a simple matrix, the 
ground field being algebraically closed. It has as a part of its necessary 
background certain results concerning commutative matrices, some 
account of which must be given first. 


2. Properties of commutative matricest 

Characteristic values which belong to a common latent vector of any 
matrices are said to be latently associated, and their association to be 
through that vector. A set of values which are latently associated 
characteristic values relative to some matrix set is called a characteristic 
set of that matrix set. Hvery commutative matrix set has at least one 
characteristic set; also any characteristic set of a commutative matrix set 
can be extended to a give a characteristic set of any commutative extension 
of that matrix set. Thus the characteristic sets of a commutative matrix 
set can be formed by taking extensions of each of the characteristic sets 
of any subset. In particular, we have that each characteristic value of 
each matrix in a commutative set is an element in some characteristic 
set of that matrix set. T'he matrices of any commutative matrix set can 
all be reduced to triangular form by the same unitary transformation, and 


the sets of similarly situated diagonal elements in any such set of | 


simultaneously triangular unitary transforms are the characteristic sets 


+ The material in this section is abstracted from an account of commutative 
matrices to be found in a thesis by the author (1953, Bodleian Library, Oxford). 
Since there is not the space here to develop the proofs in full, and it has not been 
found possible to dispose of them all by references to the literature, parts of the 
results are proved here, and indication is given of the lines by which others can 
be reached, while relevant material to be found elsewhere is indicated in the 
references. 
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of the matrix set with repetitions according to certain fixed multiplicities. 
Through these repetitions the multiplicity of a characteristic set can be 
obtained so as to generalize the concept of the multiplicity of a charac- 
teristic value of a single matrix as its multiplicity as a root of the 
characteristic equation. The characteristic values of any rational function 
of a set of commutative matrices are the values of that function when the 
argument ranges over the characteristic sets, and the multiplicity of any 
characteristic value is the sum of the multiplicities of the distinct 
characteristic sets which are thus associated with it. For any charac- 
teristic set of a commutative matrix set there is a subspace of the 
fundamental vector space defined, which is called the principal space, 
relative to the matrix set, for that characteristic set. These principal 
spaces determine a resolution of the fundamental vector space into a 
union of independent subspaces, each with rank equal to the multiplicity 
of the characteristic set to which it corresponds, and containing all the 
common latent vectors of the matrices which belong to that charac- 
teristic set. Now the multiplicity of a characteristic set is the rank of its 
corresponding principal space; moreover, the rank of a characteristic set 
is defined as the rank of the space formed by the common latent vectors 
of the matrices which belong to it. Thus we have that the rank of a 
characteristic set is at most its multiplicity, and also that latent vectors 
which belong to distinct characteristic sects are independent. Each matrix 
of the set is completely reduced on any principal space, and those of its 
characteristic values which it has as a transformation of that space are 
all equal to its characteristic value in the characteristic set corresponding 
to the space. Thus, by transforming the fundamental space to a space 
where the fundamental vectors all lie in these principal spaces, the 
matrices of the commutative set can be simultaneously transformed into 
conformable direct sums of matrices, each with equal characteristic 
values, and with order equal to the rank of the principal space on 
which it operates, or equivalently the multiplicity of the corresponding 
characteristic set. A unitary transformation, which completely reduces 
on each principal space, can then simultaneously reduce all these matrices 
to triangular form, such that each has equal diagonal elements. Accord- 
ingly, the matrices of any commutative set can be simultaneously transformed 
into conformable direct sums of triangular matrices each having its order 
equal to the multiplicity and its diagonal elements all equal to the associated 
element of the characteristic set to which it belongs. 

These are the necessary properties, and I shall now show the lines 
along which they are demonstrated. The columns of a matrix I call its 
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vectors, and the rows its dual vectors. I denote by § the fundamental 
vector space, and call its base vectors the fundamental vectors, the 
matrix with these as its vectors being the unit matrix. A square matrix 
is coordinate with a linear transformation in the fundamental vector 
space. Thus, if a is a matrix and X a vector, then X has the image aX 
in the corresponding transformation; moreover, if 7' is any linear trans- 
formation in %, and a is the matrix whose vectors are the images under 
T of the fundamental vectors, then a is the matrix coordinate with 7’. 
Let ¥ be a subspace of § and aa matrix such that aX c X; for which we 
equivalently say that a has X as an invariant space, or a is reduced 
on X. Let P be a base for X, that is to say a matrix whose vectors form 
a maximal linearly independent subset of the vectors of X; so Pt = 0 
only if the vector t = 0, and the vector X, = Pt simply describes X as 
t describes its own fundamental space. We call t, whose order equals 
the rank of X, the parametric vector of X, relative to the base P. Let 
a* be the matrix whose vectors are the parameters relative to P of the 
images of the vectors of P under a; then aP = Pa*. We define a* as 
the value of a on its invariant space X, relative to the base P; and the 
values of a relative to the various bases for X are equivalent matrices, 
If t* is any latent vector of a*, and « the corresponding characteristic 
value, so that a*t* = t*x, then, equivalently, X* = Pt* is a latent 
vector of a, and « the corresponding characteristic value: for 


aX* = aPt* — Pa*t*, 


so that aX* = X*v if and only if a*t* = t*a, since the vectors of P 
are independent. Thus the characteristic values of a on X are the 
characteristic values of a*; a matrix has a latent vector on any space 
which it leaves invariant. 

To show the existence of a characteristic set for any commutative 
matrix set, and also the extension property for characteristic sets, we 
prove that, if commutative matrices a, b,... in a set have charac- 
teristic values «a, 8,... which form a characteristic set and if f is a further 
matrix which commutes with each of these matrices, then there exists 
a characteristic value ¢ of f such that the values a, £,..., 6 form a 
characteristic set for the matrix set a, b,..., f. Thus, let X be the space 
of common latent vectors of a, b,... through which «, £,... are latently 
associated ; so that, for any vector X of X, we haveaX = Xx,bX = Xf..... 
Then, since f commutes with each of a, b,..., we have 


afX = faX = fXa, bfX = fbX = fX8, vad 
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which is to say that fX belongs to X if X does, or that X is invariant for f. 
Accordingly, there exists a vector Y in X which is a latent vector of f; 
so let d be the corresponding characteristic value. Then Y is a common 
latent vector of a, b,..., f, and «, £,..., 6 are the corresponding charac- 
teristic values. It follows that any m+1 commutative matrices have 
a characteristic set which extends any characteristic set which should 
exist for some m of them. An inductive application of this proposition 
shows the general extension property of characteristic sets. Since a 
single matrix has at least one characteristic value, we deduce that any 
finite commutative matrix set has at least one characteristic set; and, 
since any infinite matrix set has a finite generating subset, we can 
conclude the validity of this result for infinite sets. 

Now let f = f(s) denote a rational function of a commutative matrix 
set s, and let any of its characteristic sets be denoted by o. If X is any 
common latent vector of the members of s which belongs to o, we have 
f(s)X = Xf(c). Thus f(c) is a characteristic value of f(s) for each 
characteristic set o of s. Moreover, let ¢ be any characteristic value of f; 
then, by the extension property of characteristic sets, there exists a 
characteristic set o of s which is such that (¢,¢) is a characteristic set 
of the commutative matrix set (f,s); so let Y be any latent vector 
which belongs to it. Then fY = Y¢, and f(s)¥ = Yf(c), where f = f(s); 
so that 6 = f(c). It follows that all, and hence exactly all, the charac- 
teristic values of f(s) are included among the values of f(¢) when o ranges 
over the characteristic sets of s; which is the required result of 
Frobenius. 

I shall now prove inductively the theorem on the simultaneous trans- 
formation of commutative matrices to triangular form. This theorem 
is verified in the case of order one; thus it remains to show it for any 
commutative matrices a, b,... of order m+-1 on the hypothesis of its 
validity in the case of order m. Let X be a common unit latent vector 
of the matrices, which we know exists, and a, f,... the corresponding 
characteristic values; and let U, be a unitary matrix with its initial 
vector X, and the rest of its unit vectors any orthogonal set orthogonal 
to X. Then 


U;‘aU, = i, ) U;*s0, = (5 ) otiay 


as can easily be seen. Since a, b,... commute, so do the mth-order 
matrices a,, b,,..., and, by the inductive hypothesis, there exists a 
unitary matrix U, which simultaneously transforms them to triangular 
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form. Thus we have a unitary matrix 


1 O 
as ET 
U=Ulg y)) 


which simultaneously transforms a, b,... to triangular form. 

It can be shown that, for any matrix a, with characteristic values x, 
there exist unique matrices e, which commute with a, whose sum is the 
unit matrix, and are such that e,e, = 0 (A ~ a) and (a—al)e, is null- 
potent. They are idempotents, and are thus coordinate with projections 
of the fundamental space. They are called the principal projectors 
relative to a, and their ranges are identical with the principal spaces 
relative to a. Each can be exhibited as a rational function, and hence 
they are expressible as polynomials, in a. Thus, if 


$(f) = [] (S—a)" 


x 


is the minimum function of a, let 
$a(f) = [] (S—A)'*/ > TT (f—A)®. 
A#a Be A+pE 
Then it can be shown that e, = ¢,(a). 

Let f,, g,... be the principal projectors relative to commutative 
matrices a, b,..., for characteristic values a, 8,... respectively. These all 
commute since they are expressible as polynomials of matrices which 
all commute. It can be shown that f, Sp... # 0 if and only if a, 8,... are 
latently associated. If s denotes the matrix set with members a, b...., 
and o its characteristic set formed by latently associated characteristic 
values a, f,..., we thus have a set of projectors e, = f, $3... which are 
mutually independent, whose sum is the unit matrix, and which are 
such that {f(s)—f(c)1l}e, is nullpotent for any rational function f(s) of s. 
The ranges of these projectors give the principal spaces relative to s 
and are formed of intersections of the principal spaces for the members 
of s which belong to latently associated characteristic values. On each 
of these spaces each matrix of the set is completely reduced and has 
just a single distinct characteristic value. 

The existence of at least one common latent vector for any set of 
commutative matrices and hence the possibility of their simultaneous 
transformation to triangular form was at least suspected by Frobenius; 
proofs, and some further discussions, are given by Drazin, Dungay, and 
Gruenberg (5), though from a rather different point of view. The 
theorem on the characteristic values of rational functions of commuta- 
tive matrices, formulated in terms of some existing association of the 
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characteristic values, though without exhibiting this as through their 
belonging to common latent vectors, was proved by Frobenius (6), and 
further proofs were given subsequently by Phillips (7), MacDuffee (8), 
and Rademacher (9). For relevant discussions concerning projectors 
and commutative matrices, reference may be made to Wedderburn (10), 
Hamburger and Grimshaw (11), and Halmos (12). The theorem on the 
simultaneous reduction of commutative matrices into direct sums of 
matrices with equal characteristic values was proved in a different way 


by Plemelj (13). 


3. Definitions and propositions 

A composite matrix of order n and degree m is an nth-order matrix 
whose elements, called its components, are matrices of order m. Let the 
(i,j)th component A?; of a composite matrix A*, of order » and degree m, 
have (r,s)th element Aj}. Then, in a reciprocal relation to A*, there is 
defined a dual composite matrix A,, of order m and degree n, whose 
(r,s)th component A has (i,j)th element A7}. Any composite matrix 
has a ground matrix, which is that simple matrix from which it can be 
derived by partitioning. The ground matrix of a product of composite 
matrices is the product of their ground matrices and the dual is the 
product of their duals. Also, when the inverse is defined, the dual of the 
inverse of a composite matrix is the inverse of its dual. A composite 
matrix is called commutative if its components all commute, and doubly 
commutative if its dual is also commutative. The determinant of a 
commutative composite matrix, of order n and degree m, is a determi- 
nant, of order n, whose value is a matrix of order m; and the determinant 
of this determinant defines the double-determinant of that composite 
matrix. When the components of a commutative composite matrix are 
replaced by their respective characteristic values in a characteristic set 
of the commutative set of these components, the matrix of order n 
obtained defines a characteristic dual component of the composite matrix, 
with a multiplicity attached to it equal to the multiplicity of the charac- 
teristic set formed by its elements. The characteristic dual components 
of a commutative composite matrix are linearly dependent on its dual 
components. When a composite matrix is doubly commutative, a set 
of characteristic components is similarly defined; and these, and the 
characteristic dual components, form commutative matrix sets, for 
which the arrays formed by their characteristic sets, repeated, in a 
suitable order, according to their multiplicities, are transposes of each 
other, and define the characteristic arrays for the dual composite pair. 
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Among the principal results are the following. The characteristic values 
of the ground matrix of a commutative composite matrix are the 
characteristic values of its characteristic dual components, with multi- 
plicities determined correspondingly. Thus the ground characteristic 
values of a doubly commutative composite matrix are the elements of 
its characteristic arrays. The double determinant of a commutative 
composite matrix is equal to the determinant of its ground matrix; 
by which we have a twice-repeated determinant operation as equivalent 
to asimple one. Let a*, a, denote characteristic components of a com- 
mutative dual pair A*, A, and m,., m,, the multiplicities attached to 
them; and let A*,A,, denote indeterminates in the algebras generated by 
the respective components. The composite characteristic polynomials 
are defined by 

C*(A*) = |A*1**—A*|, C,(A,) = |Ay 144—Axl, 


where 1**, 1,,, denote dual composite matrices whose components are 
unit matrices on the diagonal and are null elsewhere. Then 


and, further, C*(a*) = 0*, C,(a,) = 0,, 


C*(A*) = T] (A*—a*)™e*, C,.(A,) = T] (Ax—ety)*. 


a* Gs 


The Cayley—Hamilton theorem shows that 
C*(A*) = 0**, C,(A,) — 0.5 
and it is deduced that 


TI (A*—a*1**)ar — O**. TI] (Ay—e, 144)" — On 
a* a, 
4. Demonstrations 
THEOREM I. The ground matrix of a product of composite matrices is 
the product of their ground matrices, and the dual is the product of their duals. 


If A*, B* is any pair of composite matrices, of the same order and 
degree, their product is a similar composite matrix C* = A*B*. If 
a*, b*, c* denote the ground matrices of A*, B*, C* respectively, then 
the theorem [(14) 24] on the multiplication of partitioned matrices 
shows that c* = a*b*. Moreover the (i,j)th component of C* is 


CF; we y 3 Ai, ii> 
with (r,s)th element Ci} = > A‘, Bis which is the (i,7)th element of the 


(r,s)th component Cy of the dual C, of C*. Thus Cy = > AZ B§, 
which is the (r,s)th component of the product A, B,,so that C, = A, B,. 
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These results can now be extended by induction to products with any 
finite number of factors. 


THEOREM II. If the determinant of a commutative composite matrix is 
non-singular, then it has an inverse such that the ground matrix of the 
inverse composite matrix is the inverse of its ground matrix, and the dual 
of the inverse is the inverse of the dual. 


For a simple matrix a and its adjugate adj a, we have, as an expression 

of Laplace’s theorem, the polynomial identities 
a(adja) = (adja)a = |a{1 
in its elements; and, if the components of a composite matrix A* are 
commutative, they may be substituted for these elements, to give 
corresponding identities 
A*(adj A*) = (adj A*)A* = |A*|1**, 

If the determinant |A*| of A* is non-singular, that is to say its double 


determinant is non-zero, we may define the composite matrix 


B* = adj A*/|A*|, 





thus given by the same formula as the inverse of a simple matrix, which 
is such that A*B* = B*A* = 1**, and defines the inverse composite 
matrix A*-! of A*. It is commutative, and its components all commute 
with those of A*. If a*, b* are the ground matrices of A*, B*, then 
Theorem I shows that a*b* = b*a* = 1, or that a*, b* are inverse 
matrices. We deduce, incidentally, that the determinant of a commuta- 
tive composite matrix is non-singular if and only if the ground determi- 
nant is non-singular, which can also be seen directly from a subsequent 
theorem. Now, on taking duals, Theorem I shows that 


A, B, = B, A, = ) Pow 


i.e. that the inverse of the dual also exists, and is the dual of the inverse. 

Let A* for now denote a commutative composite matrix of order n 
and degree m, and let elements denoted by a (u = 1,...,m) form the 
characteristic sets of its commutative set of components A;;, enumerated 
in some order by pu with repetitions equal to their multiplicities as charac- 
teristic sets. Then the characteristic dual components of A* are the 
m matrices af (u = 1,...,m), of order n, with (i,j)th elements af respec- 
tively. A common latent vector XJ of the components of A*, corre- 
sponding to the characteristic set formed by the elements of af, that 
is to say a vector X¥ such that Aj, Xf = X{ afi, is called a component 
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latent vector of A*, corresponding to the characteristic dual component a; 
and its elements are denoted by X{,. 


THEOREM IIT. Jf A* is a commutative composite matrix, and X% is a 
component latent vector corresponding to the characteristic dual component 


ak, then ow 
” > AY Xs. = GXi,- 

‘or wi av * a * 

For we have Aj; Xi = Xi aij, 


y smith *. which ic sYy* _. y* MH , ic av 
by the definition of Xf; which is } Aj? XZ, = X7.,a/j. and this may be 
38 
written oe - 
> AP XT s = Arak. 
8 
CoroLuaRy I. The characteristic dual components of a commutative 
composite matrix are linear combinations of the dual components. 


This is exhibited directly by the theorem, which shows that any 
characteristic dual component can be expressed as a linear combination 
of the rth row of dual components if XJ, # 0; which will be the case 
for some r since Xf + 0. 


CoroutuaRy II. The characteristic and the characteristic dual compo- 
nents of a doubly commutative composite matrix form commutative matrix 
sets. 


This is an immediate consequence of Corollary I. 


THEOREM IV. The characteristic values of the ground matrix of a 
commutative composite matrix are the characteristic values of its charac- 
teristic dual components, and multiplicities are determined correspondingly. 


We have a commutative composite matrix A* of order m and degree m, 
with the ground matrix a*, and characteristic dual components a{ 
(u = 1,...,m), and it is required to prove that the mn characteristic 
values of a* are those of the m nth-order matrices af. Since A* is 
commutative, then, by the first transformation theorem for commutative 
matrices given in § 2, its components all have triangular transforms by 
some unitary matrix U such that «/ appears as the uth diagonal element 
in the transform of A}. Let U* denote the diagonal composite matrix, 
of order n, whose components are equal to U: that is to say Uj, = U6,,; 
and let U, denote the composite matrix dual to U* whose components 
are the scalar matrices U = U,,1. Let composite matrices (U-")* and 
its dual (U-"), be similarly formed from the inverse U-! of U. Then 
B* = U*A*(U-")* is a composite matrix whose components are all 
triangular matrices, and hence its dual, which, by Theorem I, is 
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B, = U, A,(U~'),, isa triangular composite matrix whose pth diagonal 
component is the characteristic dual component af of A*. Now the 
ground matrices a* of A* and b* of B* have the same characteristic 
values. For, by Theorem IT, (U-')* = U*-', and also the ground matrix 
of U*-! is the inverse u*~! of the ground matrix u* of U*, which shows, 
by Theorem I, that b* = u*a*u*-!, ie. that a* and b* are similar 
matrices. Moreover, the ground matrix b, of B, has the same charac- 
teristic values as b*. But the characteristic values of the ground matrix 
of a triangular composite matrix are the characteristic values of its 
diagonal components, since the characteristic polynomial of the ground 
matrix splits into the product of the characteristic polynomials of the 
diagonal components. Thus the characteristic values of b,, or equiva- 
lently the characteristic values of b*, and hence those of a*, are the 
characteristic values of the diagonal components of B,, that is to say 
of the matrices af. Thus the theorem is proved. 
For the next theorem, the following lemma will be required. 


Lemma. If |x y| denotes a determinant partitioned in its columns, and 
ais a square matrix with the same number of columns as x, then 

xa y| = |a| |x yl. 

When x is replaced by xa, respective minors on the columns of x are 
multiplied by the determinant of a; and since, by Laplace’s theorem, 
a determinant is a linear function of the minors on any set of its columns, 
it follows that |x y| is then replaced by |a| |x y}|. 


THEOREM V. The double determinant of a commutative composite matrix 
is equal to its ground determinant. 


The proof is by induction on the order n of the composite matrix. As 
the initial proposition, we have the case n = 1; which is verified, since 
the determinant and the ground matrix of a composite matrix with a 
single component are both equal to that component. Our hypothesis 
for induction is the validity of the theorem for commutative composite 
matrices of order n—1. We have a commutative composite matrix A 
of order n, with ground matrix a; and we suppose that n > 1. It is 
required to prove that ||A) = |a|, given the commutativity of A, and 
the inductive hypothesis. 

By definition, 

A| = A,,|B,|—Aj,.|B,|+...+(—1)"""A,, |B, |, 
this being the expansion of the determinant of A on the components in 
its first row, where B; denotes the composite matrix of order n—1 


z 
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formed from all the rows of A, with the exception of the first, and all 
the columns of A, with the exception of the ith. Ifb,; denotes the ground 
matrix of B;, then, by the inductive hypothesis, we have B,|| = \b,), 


since B; is commutative and of order n—1. But, by the lemma, together 
with the theorem on the multiplication of partitioned matrices, we have 


Riel) All An . « - Anol: 
Ani B, A,» . ° ’ Bins 


and then, by elementary operations on the columns, which leave the 
value of the determinant unchanged, this expression becomes 


An B, —...+(—1)"-1A,,, B,, Ais . . . Ain | . 
oie A Dk hel 
An B, —...-+(—1)*-*A,,,, B, A,» ° . . a | 


The commutation conditions forming the hypothesis in the theorem 
now give that all the components in the first column here are null, with 
the exception of the first, which is |A|; for they are all expansions of the 
determinants of composite matrices which have two of their rows 
identical, and thus vanish in consequence of the commutation relations, 
with the exception of the first, which represents an expansion of |A\}. 
Hence the expression for the determinant reduces to 


AliAi - - - Ad| = [D/A 


Now, since |b, = |B, |, it is shown that 
b, A = b, | al. 


Thus we have |A\| = |a|, provided that |b,| + 0. But the inequality 
here is irrelevant to this conclusion, by the principle of the irrelevance of 
algebraic inequalities [(15) 4]. Accordingly, we have proved ||A!) = |a|, 
as required; and the induction is now complete. 

For an example, let a be any simple square matrix of order n with 
elements a,;;. Then the elements 


Yrs __ N N 
( es By Oj; — Aj; Op, 


form the ground elements of a doubly commutative dual pair of compo- 
site matrices C* and C,, of both order and degree n, with components 
C}, = a8,;—a,; 1* and Cf = a,, 1, —ad,,, which are such that C, = —C*. 


rs? 
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The Cayley—Hamilton theorem states that any matrix satisfies its charac- 
teristic equation, and an equivalent of this statement is |C*| = 0*. Let 
c* denote the ground matrix of C*. We may call C* the characteristic 
composite matrix of a. Then as a consequence of the present theorem 
we have: The ground matrix of the characteristic composite matrix of any 
simple matrix is singular.+ For we have 

c*! = ||C*|| = |0*| = 0. 


Now let a, b be any square matrices, of order m, n respectively. Then 
the elements P7? = a,,b;; form the ground elements of dual commutative 
composite matrices P*, P, with components P¥, = ab;;, P’ = a,,b and 
ground matrices p*, p,, each of which represents the direct product of 
a and b. Now we have P* = ab**, where b** denotes the composite 
matrix with the scalar matrix 6;;1* as its (i,j)th component. Hence 
P*| = a"|bi1* and ||P*|| = |a|*|b/". 

But, by the present theorem, we have |p*| = | P*\|, and thus we deduce: 
the determinant of the direct product of matrices a, b of order m, n is 
la\" b|”™. We may also use the present example to illustrate Theorem IV, 
on the ground characteristic values of a commutative composite matrix. 
It shows here that the characteristic values of p* are the characteristic 
values of the matrices of the form ab, where « is a characteristic value 
of a, say of multiplicity m,; from which it follows immediately that they 
are the products af, where f is a characteristic value of b, say of multi- 
plicity mg, and that the corresponding multiplicities are given by 
Mg = Mm, mg. Accordingly, the characteristic values of a direct product 
of matrices are the products of the respective characteristic values of the 
matrices. 

To state how the ground characteristic polynomial of a composite 
matrix factorizes into a product of characteristic polynomials of matrices, 
when its dual components commute, we have that, if A is a composite 
matrix whose dual components commute, a its ground matrix, and @ 
its characteristic components, with multiplicities mg respectively, then 

Al—a| = [J |Al—a!"c. 


a 
This is an equivalent of Theorem IV. When the components of A also 
commute, Theorem V now gives 


A1—A\| = J] |Al—a|"a. 


+ This result, which is included for an illustration, was mentioned to me, with 
a simple proof, by Dr. G. Szekeres. 
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From here we have the suggestion that the more comprehensive relation 


Al—A| = J] (Al—a)"a 
a 


might hold; which is in fact the case, as will appear in due course. P 
The characteristic values of the ground matrices a*, a, for any dual | © 
composite pair A*, A, are identical, and define the ground charac- | 
teristic values for that dual pair. If A*, A, are commutative, let X* | " 
and X%. be the component latent vectors, that is to say common latent 
vectors of the components of A* and A, respectively, as have been | 4 
defined. They are such that 
AF, Xi = Xi adj, AS AS = Xh af. 
As in Theorem IIT, we have 
YAGKt,=afXt,,  YAPXy = at Xu, 
s } 


br? 0] 


from which it may be deduced, by the theorem on the characteristic 
values of functions of commutative matrices in § 2, that the charac- 
teristic values of af and a* are the values af, (v = 1,...,n) and a*# 
(u = l,...,m), respectively, which satisfy the relations 


> a Xi, = of, Xe > of XE! = ate XH 
8 J 





br? 
We further have that the latent vectors corresponding to these charac- 
teristic values are X4 and X*% respectively: that is to say 
af xX, = X04, a*Xi = xi ase; 


that is, > a* Xe) = af, XY, > of Xie = Xi ay. 
J 


8 


By comparison with the previous relation, this gives 


* 
a, = ash, 
It can be seen} that the arrays of, (v= 1,..., n; w= 1,..., m) and 
as* (u = 1,..., m; v = l,..., m) display the sets of characteristic sets of 


the matrix sets af (u = 1,..., m) and af (v = 1,..., n), these being com- 
mutative, as stated in Theorem III, Corollary II; and they define the 
characteristic arrays of the commutative dual pair A*, A,, for which 
we have the following result: 


THEOREM VI. The characteristic arrays of each of a dual pair of com- 
posite matrices are the transposes of each other, and their complementary 
sections are the characteristic sets of the commutative matrix sets formed by 
the complementary systems of characteristic components. 

t This is by consequence of the proposition that the characteristic sets of any 


set {F = f,(S)},-7 of rational functions of some commutative matrix set S are the ) 
sets ®, = {f.(c)},.<-7, where o ranges over the characteristic sets of s. 
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Now we may write Py » 
oa 

and say a defines the characteristic array for the dual pair, and give 


v 


i 
a, 


priority to either index according as the pair is viewed from one member 
or the other, the sections of the array by the index v forming the charac- 
teristic sets for the set of matrices af, and the sections by p, for the 
matrices a*. As a consequence of Theorem IV, we have: 

THEOREM VII. The ground characteristic values of a doubly commuta- 
tive dual pair of composite matrices are the elements of its characteristic 
array. 

Now consider again the sets of relations 


> AP XS, = a XS > AZ XE! = af Xz’, 


MT? _ 
U 
obtained from Theorem III. Since all the components Aj* commute, 
for each » we may eliminate the scalar quantities X7_,, not all of which 
are zero, from the first set, and thus obtain the eliminant 
of 1,,—A,| = 0,. 
Similarly there may be obtained the eliminant |a* 1**—A*| = 0* from 
the second set for each v. Let a*, a, denote indeterminates in the 
algebras generated by the components of A*, A, respectively, and 
define 
C*(a*) = ja*1**—A*|, Ci(a,) = jay 1yx—Ayl, 
which we have called the composite characteristic polynomials of A*, A,. 
We have shown that 
C*(a*) = 0*, C,(ak) = 0 
and we express this in the following theorem: 

THEOREM VIII. The characteristic components of a dual pair of com- 
mutative composite matrices are roots of the respective composite charac- 
teristic polynomials. 

The Cayley—Hamilton theorem, that any matrix satisfies its charac- 
teristic equation, supplies a system of algebraic identities in the elements 
of a matrix, and these identities remain valid when the components of 
any commutative composite matrix are substituted. Accordingly, we 


have C*(A*) = 0**, C,(A,) = 0,, 
i.e. generally: 


THEOREM IX. A commutative composite matrix satisfies its composite 


characteristic equation. 
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The next theorem exhibits the composite characteristic polynomial 
completely split into a product of factors, and shows that the charac- 
teristic components form a complete set of roots, with correspondence 
for the multiplicities. 


THEOREM X. Jf A*, A, are dual commutative composite matrices, and 

a*, af the characteristic components, then 
vt m 
a*1**—_A*| — [| (a*—a?), a,1,,—A,| = [] (a,—e). 
v=1 p=l 

Since the components of A* commute, there exists, by the last trans- 
formation theorem stated in § 2, a regular matrix T by which these 
components A* are transformed into direct sums 

By; = T“AZT = GAH 
of triangular matrices A¥*, with equal diagonal elements, such that the 
uth diagonal element of B¥, is the (i, j)th element a of the characteristic 
dual component ef of A*. The composite matrix B*, whose components 
are these transforms, is given by B* = (T-!)*A*T*, where T* has 
components T7, = TS,;, and (T-!)* is determined in the same way from 
T-. Evidently (T-')* = T*-!; and, by Theorem IT, we have 
(T-), = Ty? 

for the dual of (T-!)*. Thus we have B, = T,;'A, T, for the dual of 
B*, by Theorem I. From the form of the components of B*, we see that 
B,, is a triangular composite matrix whose pth diagonal component is af. 
Hence we deduce that 


m 


a, 144—B,| = [] (a,—e). 


B=] 

But B, = T,'A,, T,,; and, since the multiplication theorem for simple 
determinants is valid for composite determinants, it follows directly that 
ty 144—A,| = ja, 1,.—B,|. 

One part of the theorem is thus proved, and the other part is its dual 

equivalent. 

An immediate consequence of Theorems IX and X is the following 
system of identities between the components and the characteristic 
components of a doubly commutative composite matrix. 


THEOREM XI. Jf A*, A, are dual commutative composite matrices, and 
a*, ak are the characteristic components, then 


Il (A*—ay 1**) = 0**, Il (Ay —om Lae) = O44. 


v=1 w=1 
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We may note that, given any algebras K, L of matrices of order n, m 
respectively, we can form an algebra M* of composite matrices, of order 
and degree m, any member X* of which has components of the form 
X¥, = au,;+bv,;+..., where a, b,... are matrices which belong to A and 
Uj, Viz» are the elements of matrices u, v,... which belong to L; and 
the corresponding dual components are Xj° = a,,u+-b,,v+.... There 
is also the algebra WM, of the duals, and the algebra M of the ground 
matrices, the three algebras so defined being isomorphic and repre- 
senting the direct product of the algebras represented by K and L. 
If K is a commutative algebra, then the composite matrices forming 
M* have commutative components, and, if, further, Z is commutative, 
then the dual components are also commutative; and, moreover, J/* 
will then be a commutative algebra. Thus from any pair of commutative 
matrix algebras a commutative algebra of doubly commutative com- 
posite matrices is formed. It may be remarked that a relation analogous 
to the relation of latent association which holds between characteristic 
values of commutative matrices can be defined between characteristic 
components of the members in such an algebra, and on the basis of this 
definition it is possible to extend some of our results. Now let K and L 
be of the same order; then for the arbitrary member X* of M* there is 
defined the matrix x = ua+vb-....; also, if L is commutative, then the 
determinant |X*| is defined. The next theorem, which is due to Phillips 
(7), shows that |X*| = 0 if x = 0. 


THeorREM XII. Jf x = ua+vb-..., where a, b,... commute, and if 

We have x = > e,,; X;,;, where e;; has the (7, j)th of its elements unity 

and the rest zero; and thus e,,x = > e,; X,;. Let ¥ denote the adjugate 
7 


composite matrix of X [(16) 166, footnote]. Hence, if x = 0, we obtain 
0=> (> e,; Xu) Yin = > e,; 5,;|X| = e|X|, 
CO J 
for each ¢ and r; which implies |X| = 0. 

The Cayley—Hamilton theorem can be seen as a special case of this 
theorem. For we have x = la—al = 0, for any matrix a. Hence, if 
X;; = 5,;a—a,; 1, then |X| = 0, which is to say that, if C(A) = |Al—al, 
then C(a) = 0. 

A connexion can be seen between the subject of this paper and the 
scheme which Dirac (17) has given, by which certain dynamical systems 
can be viewed as composite systems formed from two separate dynamical 

3695 ..2.5 . H 
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systems, with the vectors defining the states, and the linear operators 
defining the dynamical variables formed correspondingly, with com- 
muting sets of observables for the separate systems giving rise to 
commuting sets of observables for the composite systems. 

I wish to express my thanks to Dr. W. L Ferrar for the interest he 
has taken in the carrying out of this work. 
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NOTE ON A PREVIOUS PAPER 
By R. WILSON (Swansea) 
[Received 23 August 1953] 


In arecent paper (2)} determinantal criteria were derived concerning the 
properties of integral functions of finite order p and mean type h, defined 


by the series - _s 
F(z) = 2 = > an 1 


where o = p~'. These arise from coefficient properties of the generalized 
Laplace transform of (1) 


fle) = ST (no+o)a,2"4 = ¥ e241 (2) 
0 0 


when it possesses dominant singularities which are polar. The function 
(2) is regular outside the circle |z| = A? and singular at one point of the 
circumference of this circle at least. 

The generalized inverse transform of 


(z—a)-! a" s atzg-n-l 
0 


; = ater i 
is p T(no+o) = E,(oz), 
while that of 


(z—a)-™-! — — p n(n—1)...(n—m-+ 1)ax®—Mz-"-1 


, | ad 
is = Fam Pelo2)- 


In the case of p = 1 = o the corresponding theory is made much 
easier by the fact that the ordinary inverse transform of a multiple pole 


~ A 
} ss (3) 


m A , * 
é en” ‘ 


+ There are a number of minor errors in this paper. In (4), (13), and (14), 
and at the end of § 4, A,, should be replaced by A,,/(u~—1)!. In the line follow- 
ing (16), h® should read h’. Finally the |D,, | arising four times in the statement 
of Theorem 3 should each be raised to the power p/n and not as shown. 


takes the simple form 


Quart. J. Math. Oxford (2), 5 (1954), 99-101. 
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and it was pointed out that, in the general case when p + 1, such poly- 
nomial multipliers do not arise in association with the Z,(az). For that 
reason Theorem 3 of (2) was restricted to the case in which the dominant 
poles of f(z) are simple. 
However, since the generalized transform of (3) is 
Ln A 
Z a nae Gal eae, (22)} 
it is clear that Theorem 3 of (2) can be stated in the more general form 
corresponding to the case in which the dominant poles of f(z) are multiple. 
First, however, I give a correlative of a theorem due to Kronecker 
{(1) 321], in which D, , denotes the Hankel determinant 


ns 


c (pu, v = 0, I, 2,..., 8). 


7 THT! 


Kronecker’s theorem may be stated in the form given below. 


THEOREM 1*. The necessary and sufficient condition that 
z) _ > c,-*-1 
shall be a rational function is that an integer m exists such that Dy, = 0 
fors >m. 

The use of the methods developed in (2) leads to Theorem 2*, in which 
D,,; denotes the determinant formed from D,, by replacing each c,, ,, 
by I'[(n+v+1)o|a, .,. 

THEOREM 2*. The necessary and sufficient condition that an integral 
function > a,,2" of order p shall consist of a finite number of linear sums 
of the form E,(x,z) and its derivatives with respect to «,, is that an integer 
m exists such that Do, = 0 for s > m. 

Note that the type h of the integral function is max |x, /?. 

A more general form of Theorem 3 of (2) now follows. 


THEOREM 3.* Necessary and sufficient conditions that an integral 

' function of order p and mean type, F(z) = > a, 2", shall have dominant 

elements of the form E,(x,z) and its derivates with respect to a,, each of 

type h,, secondary elements of a similar kind of type hz, and so on, are that 
lim sup|D,,, |" = hy** (v= 9, 1, 2,..., py—2), 


n->o 
° lpia — i 
2 teal = h®, 
—>2 


lim sup|D =hPhz*! (v=0, 1, 2,..., Pe—2), 


n vit 


| — fri hP 
lim |D,,,p,+p.-1"" — h?' ht, 
no 


and so on. 
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Note that the exponents a, of type h, (for which h, = |«,|?) are given 
by the zeros of the polynomial 


lim K,, p@)/Dnp.-1 


n—- co 


defined in (2), and the exponents of type h, by the additional zeros of 


lim &R,, 5. +9:{8)/D..»,+0.-1 


r—ox 
and so on. The multiplicity of any zero a, determines the number of 
derivatives of the form (@/éa,)"£,(a,2z) which occur in F(z), this number 
being one less than the multiplicity of the zero concerned. 
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ON THE REDUCIBILITY OF POLYNOMIALS 
OVER A FINITE FIELD 


By M. C. R. BUTLER (Melbourne) 


[Received 8 September 1953] 


1. Introduction 
THE aim of this paper is to establish a finite, non-tentative method of 
determining the number of different irreducible factors of any poly- 
nomial over a finite (or Galois) field. This number will be shown to be 
equal to the number of linearly independent solutions of a certain system 
of linear equations; the coefficients in this system of equations will appear 
as rational integral functions of the coefficients of the given polynomial. 
This ‘linearization’ of the reducibility problem makes essential use of 
the cyclicity of the multiplication group of a finite field: that is, of the 
property that, if « + 0 is an element of the finite field GF(p”), then it 


satisfies the relation p"-1 
a one Ht. 


As a consequence, each element « of GF(p”) satisfies 
oP” = a, 
If f(x) is a separable polynomial with coefficients in GF(p"), it will 
appear that a study of the congruence 
Ze" = Z (mod f(x)) 
leads to information about the factors of f(x) in GF(p”), but before 
showing this we need some general results from the theory of rings. 


2. The factorization of the remainder-class ring 

Let K denote a field, x an indeterminate over A, and f(x) a polynomial 
of degree m with coefficients in K. We shall be concerned with the ring R 
of remainder classes, modulo f(x), of the ring of all polynomials in x with 
coefficients in K. It is well known that each remainder class may be 
represented uniquely by a polynomial of degree not exceeding m—1l 
with coefficients in K, whilst, conversely, each such polynomial repre- 
sents exactly one remainder class. For this reason, elements of R will 
often be called ‘polynomials’, and all calculations with elements of R will 
be carried out by means of their polynomial representatives. Assume 


that f(a) = ful)... f(x) (Kqyene kp > 1) (1) 


Quart. J. Math. Oxford (2), 5 (1954), 102-7. 
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ON THE REDUCIBILITY OF POLYNOMIALS 103 


is the factorization of f(x) into the powers of polynomials f,(x),..., f(x), 
each of which has coefficients in K and is irreducible over K. It may 
then be shown (3) that RF is the direct sum of exactly r rings R;: 


R= Rk, OR, 6... @ R,, 
where R,; = Klax\/{fdx)*} (¢ = 1, 2,..., r). 
This representation of R may be based (1) on the existence of 7 poly- 
nomials 
(2), No(%),---» Mel) 


which have the following characteristic properties: 


ny(x)+...+7,(%) = 1 (mod f(z)), (2) 
n(x) = n(x) (modf(x)) (¢ = 1, 2,..., 7), (3) 
n(x)n(x) = O(modf(x)) (¢ AJ; 7,7 = 1, 2,..., 7). (4) 
With suitable numbering of the 7,(x), 
n(x) = 1 (modffx)*) (¢ = 1, 2,..., r), (5) 
n(x) = 0(modf(x)§) (ti Aj; i,j = 1, 2,..., 7). (6) 


Finally, it can be proved that each element {(x) of R has a unique 
representation in the form 


C(x) = S(x)y(x)+.-.+-4(2)y(x) (mod f(x)), (7) 
where C(x) = C(x) (modf,(x)*) (¢ = 1, 2,..., r). (8) 


3. The congruence Z”" = Z modf(z) 
We now impose the restriction that K be a finite field GF(p"). Then 


R = GF(p"[x\/{f(e)}. 
THEOREM 1. Each solution in R of the congruence 
Ze" = Z (mod f(z)) (9) 
can be expressed in the form 
a; 14(%) +... +o, 9,(%) (mod f(x), (10) 


where o,..., x, are in GE(p") and 7,(x),..., ,(x) are the polynomials intro- 
duced above. Conversely, every expression of the form (10) is a solution 


of (9). 
The set of all solutions in R of (9) forms a subring S of R. 
Proof. The relation (3) shows that 7,(2),..., ,(v) are each solutions 


of (9), whilst the cyclicity of the field GF(p") ensures that each of its 
elements is also a solution. 
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Let Z,, Z, be two solutions of (9). Then 
(Z, Z,)?" = Zp" ZY 
= Z, Z, (modf(zx)). 
(Z,+Z,)?" = Z?°+ZP" over GF(p") 
= Z,+Z, (modf(z)), 


so that Z, Z, and Z,+ Z, are also solutions of (9). This proves that the 
set of all solutions of (9) is a ring; in particular, each expression of the 
form (10) is a solution of (9). 

Now let ¢(x) be any solution in R of (9). We express it in its form (7), 


Also 


C(x) = C(x) ny (x)+...+G,(x)n,(2), (11) 
where C(x) = (x) (modf,(x)*) (¢ = 1, 2,..., 7). 
Since C(x), ;(%),..., n,(x) all satisfy (9), the congruence 


Cj(a)?"n,(x) = sie x)n(x) (mod f(zx)) 


iM 


J 
must hold. We consider this congruence, modulo f;(x)*:. Then (5) and 
(6) yield the congruence 

C(x)?" = C(x) (modf(x)*) (¢ = 1, 2,..., 7). 


This may be written in the form 
TI (¢(v)—a«) = 0 (mod f,(x)*') (i = 1, 2,..., 7), 


where the product is taken over all elements « of GF(p”"). Since each of 
the polynomial factors ¢;(7)—.« is relatively prime to all the others, there 
must be exactly one element a; of GF(p”) for which 


C(x) = a; (modf,(x)*) (¢ = 1, 2,..., r). 
Putting these values of the ¢;(x) back into (11) we see that every solution 
in R of the congruence (9) is of the form (10). 
With the aid of (3) and (4) it is quite easy to verify that all expressions 


of the form (10) form a subring S of R. This completes the proof of 
Theorem 1. 


It is convenient now to regard the ring S as a finite modul over the 
field GF(p”). One basis of this modul is then just the set of polynomials 


T1(X)>-+-) Nr(X). 
They form an irreducible basis in the sense that a relation of the type 


Oy ;(X)+...+a,7,(2) = 0 (modf(z)) 
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ON THE REDUCIBILITY OF POLYNOMIALS 105 
with a4, a%,..., x, in GF(p") necessarily implies 
1 = A=... = a, = V. 
For, if we consider this relation, modulo f,(x)*:, then (5) and (6) lead to 
a; = 0 (mod f,(x)*), 
so that a, = 0 
since «,; is an element of GF(p"). Any other irreducible basis of the 


modul S over GF(p”") must therefore contain exactly r elements. 


4. The determination of a basis of S over GF(p") 
It will be shown now that the determination of a basis of S over GF(p”) 
is a linear problem. 


THEOREM 2. For j = 1, 2,...,m—1, 
m—1 
let aie” = ¥ Anz (modf(z)), (12) 
i=0 


where the Ax, are polynomials in the coefficients of f(x). Let 8. = Vif 7 #1, 
and 8;; = 1. Then, the rank s of the matrix 
Ay—Sy|| (J = 1, 2,....m—1; 1 = 9, 1,..., m—1) 
is related to the number r by the relation 
r= m—s. 
Proof. Let C(x) = ap ta, r+... ta,,_,2"-! 
be any solution in R of (9), with ag,..., a ,-; in GF(p"). Since a?" = a; 
(i = 0, 1,..., m—1), we require 
m—1 ae m—1 J 
Savi" = Yaa (modf(z)). 
j=0 j=0 
Substituting for x’”" from (12), we obtain the congruence 
m-1 m—-1 
Xp— % + 2, i (Ag— Sq) =0 (mod f(z)). (13) 
if & 
This shows immediately that a, is arbitrary, whilst a,,...,a,,, are 
solutions of the m linear, homogeneous equations 
m—1 
, 

obtained from (13) by equating to zero the coefficients of each power of x. 
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With s denoting the rank of the (m—1) xm matrix ||Aj,—8,)\| of the 
system (14), we know that there are exactly m—s—1 linearly indepen- 
dent sets of solutions. Together with x, there are then exactly m—-s sets 


afp), afP),..., aff), (p = 1, 2,..., m—s) 
such that each solution ¢(2) of (9) is expressible in the form 
C(x) = By SM|(x)+...+Bp—S" (x) (mod f(z)), 
where §,,..., 8,,-, are in GF(p"), and the polynomials 
LO(r) = af +alPat...talP) am! (p = 1, 2,...,m—s) 


form an irreducible basis of the finite modul S over GF(p"). Since any 
such basis contains exactly r elements, we have proved that r = m—s. 


5. Application as a reducibility criterion 

Theorem 2 relates the number r of distinct irreducible factors of f(z) 
in GF(p") to the rank s of a certain matrix. If f(x) is a separable poly- 
nomial [k, = ... = k, in (1)], r is then the number of irreducible factors 
of f(x) in GF(p n), In this case we can formulate Theorem 2 as a necessary 
and pirtrtg reducibility criterion. 


THEOREM 3. Let 
f(x) = 2™+a,2™"-!+...+-4,, 


be a separable polynomial with coefficients in the finite field GF(p"). Then 
f(x) is irreducible over GF(p") if and only if the matrix 


|Ag—Sql| (9 = 1, 2,..., m—1; 1 = 0, 1,..., m—1) 


has rank equal to m—1; the elements Aj, are defined by the congruences 


m—1 
aie" = ¥ Aya (mod f(x)) (j = 1, 2,...,m—1), 
1=0 


0 GD, 
whilst b= |, : a 
j=). 


As an example on this theorem we consider the polynomial 
f(z) = x4—a (a £0 in GF(p")), 
where q is a prime number with the congruence property 
p” = 1 (mod4q). 
The A, are very simply calculated in this case: for 


xP” = (qA)P"-Wiag = g"- (mod f(z). 
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Hence aip™ = gip"-Vayi (mod f(x)) (j = 1, 2,...,g—1), 

so that A;; = yi (p"—Dia (j = l, side q—1) 

and A; = 0 (j fe l). 

The matrix ||A ,—8,|| (j = 1, 2,..., gq—1; 1 = 0, 1,..., g—1) has the form 
0 of"-Da—] 0 Me? af -e. 0 
0 0 atp*-De-_1 O . .. 0 
0 0 0 0 . .) .a@-e*-Da_—] 


Its rank is gy—1 if and only if the expression 


q-1 
T] fre" 
v=1 
does not vanish. This requires the non-vanishing of a"-Y¢—1: for 
1 - 
assume that a””"-)2 — | for some v in the range 0 < v <q. Since q is 
prime, there are integers p, o for which py = go+-1. Hence 
1 = qer(p"-la — y(ao+lXp"—Dia 
= g%P"—-)y(p"-Dia 
= a?"-Da@_ since a ~ 0 in GF(p"). 
Since x?—a« is separable when a + 0, we have proved that it is irreducible 


if and only if aP"—Wa + 1, 


For gq = 2, = 1 this gives Euler’s well-known criterion (2) for « to be 
a quadratic non-residue, modulo p. 
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TWO MEASURE PROPERTIES OF CARTESIAN 
PRODUCT SETS . 


By H. G. EGGLESTON (Cambridge) 





[Received 12 September 1953] 
THE following problem has been suggested by J. Gillis (2). If E isa I 
measurable plane set of Lebesgue measure unity contained in the unit square 
S={(a,y)|\0<24<1,0<y< l} ofa real Euclidean plane, does then 4 
exist a non-void perfect set, P, contained in the set I = {x |0 <x < 1} and 
8 


a set of positive linear measure Q contained in G = fy|0 < y < 1} such 
that PxQc E? 

Here the symbol (.)x(.) denotes the Cartesian product and the} a 
Lebesgue measure of E is plane Lebesgue measure. 8 

In this paper it is shown that such sets P and Q always exist. 

An example given by Besicovitch (1) shows that the condition of 
measurability on E cannot be omitted. The result proved here is related 
to theorems due to 8. J. Taylor (3). } 

Gillis [(2) 193] constructed an example to show that it may not be 
possible to find sets P and Q as above for which P as well as Q is of 
positive linear measure. In § 2, I prove a theorem which is an extension 
of this example, and show that P, defined above, can be found so as to 
have positive linear measure provided that S—E is of finite linear 
measure, and this result is best-possible in that it is not true of all cots 
E for which S—E is of enumerably infinite linear measure. 





’ 


1. Notation. A,(X) denotes the Hausdorff measure of the set X in! 
dimension i. We use this measure only for integral values of ¢ and we E 
suppose that it is normalized so that, if X is a subset of an i-dimensional | 
Euclidean space, then the Hausdorff measure of X coincides with its’ 
Lebesgue measure. : 

If A and B are point sets, A—B is used to denote those points of 4 
that are not in B, whether or not A contains B. 

All sets in this section will be subsets of the unit square 


S={(zy|\0<r¢<l1lO<y< lh. 


If E is any subset of 8, H(x,), defined for 0 < x, < 1, denotes the | 
projection upon the y-axis of the intersection of the set EZ with the | 
line x = 2p. 


' 


' 
Quart. J. Math. Oxford (2), 5 (1954), 108-15. : 
? 
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LEMMA 1. Given a closed subset of S, say L, a number x5 (0 < x < 1), 


and a positive number e, then there exists a positive number 5 = 8(L; 2X9; €), 
that 
such tha Af U La)—L(a)} < «. (1) 
\ r—Z!<8 


Since L is closed, we have 
L(x) 21 U L(x). (2) 
8>0 |xr—29|<8 


It follows that as 5 decreases to zero, the set 


U 3 L(x) — L(x) 


L—Il< 
decreases to the void set. Thus its measure decreases to zero and for 
sufficiently small we have inequality (1). 

LemMA 2. Jf E is an F, set contained in S and « is a given positive 
number, then there exists a non-void perfect set P which is a subset of the 
segment I = {x|0 < x < 1} and is such that 

A! U E(x)| < A,(E)+e. (3) 
\ =P J 


Suppose that Z is the union of the closed sets F; (i = 1, 2,...). Let K 


| be the subset of points x of J for which 


it be | 
is of } 
sion 
iS to 
near 
sets 


t in! 
wel 


nal | 
its ? 


fA| 


A,(E(x)) << a+}e; «a = A,(£). (4) 


K is a set of positive linear measure. 
Let {i,,} be an increasing sequence of integers so defined that, for all x 


of a certain subset A, of K, 


Ay(B(0)— U B(@)) <e/8* (k= 1, 2.) (5) 


where A,(K,) > 0. Write H,, for the set U F; and write K, for the subset 
j=1 


of points of K, that have unit metric density with respect to Kj. 

Let x,, be any point of K,. Since 2,, is a density point of K, (ar 2 
therefore also of K,), it follows that there is a positive number y(2,;) 
such that, if 0 << p < y(2,,) each of the intervals 


Ta(p) = {@ | t%y—Fp < @ < X%,—Jp}, 
Jia(p) = {@| Mate <x < 21+ Fp}, 
contains points of Ky. 
aisnas ma = min{d(A,, 21, $€), x(%1,1)}; (6) 
Lia = Aaa), Jy = Agln,)- (7) 
Let x,. be any point of K,9 J,, and x,, be any point of K, J,;. 
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Generally, when points x; ; € K, (i = 1, 2,..., 2/1) and positive numbers 
ij-1 (¢ = 1, 2,..., 2/-*) have been defined, we define Tis 7:3 a8 follows, 
Let x(x;,;) be a positive number such that, for 0 < p < x(z;,;), each 
interval 
Ti j(p) = {@ | Xi5— Hp < & < Xj 5—}p}, 
Ji j(p) = {@ |ai,s+hp < @ < 245+ Fp}, 
contains points of K,. 
Write nj = min{d(H;, x; ;, €/8), x(%;5), nej-a} (8) 
where k is the integral part of 4(1+7). Also put 


I;; = J, (Ni is J; (ia J; i435) (9) 


Select any point of x nN J,; and denote it by 2x2;_,;,,; select any point 

of K, J;; and denote it by Xoi544- The eee of points 2; ; and of 

numbers ,, is thus defined inductively forj = 1, 2,...andi = 1, 2,..., 2/1, 
Let P; denote the union of the closed intervals 


and let ia} P; be denoted by P. P is a non-void perfect set, and we show 
that it has the properties required. | 


Since U E(x) = v H,(2), 
xreP k=1 zeP 
we have A,| U E(x)) = lim A (U. H,(x)) (10) 
reP 


and thus it is sufficient to show that, for every integer k greater than or 


equal to 4, 
Ay | U H,(x)) < A,(#)+ $e. (11) 





Now Pc P, and F, consists of 2*-1 intervals of length 2y,;, and with 
centres x;,. By (8), 7, < 5(H,,,7;;,€/8*) and thus, from Lemma l, 3 


A,( UA) < A(U H,(2)) 


< Ay| U Helaix)] + 2* 1/8. (12) | 


Also 
Qk—1 Qk—-1 Qgk-1 


Mi(U Haleix)) < Aa(U Healin)) + 3 Aa Heli) —Ae-alix)) 


Qk—1 


< Ay( U He-a(;x)) +24 4e/8*, (13) | 
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by (5), since 2;, € K, and H,c E. Further, 


gk—-1 Qk—2 


A,( U Hy-4(%;4)) < Ay( U Hy.-4(2;x-1)) +2*1¢/881, (14) 


since both x9;_,, and 2;, are at a distance from 2;,_, which is less than 
8(Ay.-1, X;,,-1, €/8*-1). 
From (13), (14) and an inductive argument, we obtain 


a(U Hy(2;)) < Ay(Hy(2,,))+ eS ars, (15) 
Since H,(x,,) c E(a,3), (15), (4), and (12) together imply 
Ay( U Hy(x)) < a+}e+§e+e/4*4 
< A,(E)-+#8e. (16) 


This completes the proof of the lemma. 

The result stated in the introduction can be deduced from Lemma 2 
as follows. Let E be a measurable set of planar measure unity, in S. Let 
D be S—E and G be an open set containing D for which 


A,(@) < € < }. 
Gis an F, set, and, by Lemma 2, there exists a perfect non-void set P 


in J such that 
aigieegeainoas A,( U G(x) < 2e < 4. 
zreP 
But N) E(x) 2 Nh S(~)— U G(x) = @. 
reP xzeP zeP 


Thus f} Z(x) contains a closed subset of positive measure Q. The pair 
reP 
of set P, Q have the properties stated in the introduction. 


2. In this section we are concerned with measures in different, but 
always integral, dimensions. 

Let Z£,, denote n-dimensional real Euclidean space with rectangular 
coordinates (2, %,...,2,,). Suppose that 7; are integers 


l=m<n<.. Sym = n+l, 


and that KE‘ is the space {(x,,2%p,...,%,) |v; = 0 if 7 <r, or j > 15443} 
(i = 0, 1,..., k—1). Let p; be the dimension of HE‘ and 7 be the largest 
of the Pi- 
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THEOREM. Jf X is a subset of 
S = {(x,,%q,...,2%,)|0 < 2 < 1,7 = 1... 9} 


of finite r-measure, then there exist sets Q; such that 
(i) Q,c £, 
(ii) A,(Q;) > 0, 
(iti) Qy9xQ, xX... Qp-, Cc HX. 

Further, there is a set Y contained in S, of enumerably infinite r-measure 
and such that there is no class of sets Qo, Q),---, Q,_, satisfying all the 
conditions (i), (ii), (ili) with X replaced by Y. 

To prove the first part of the theorem suppose that the notation is 
such that H° is of dimension r. The part of the space E1 x E? x ... x E*-! 


contained in S contains an enumerable infinity of non-overlapping non- 
degenerate intervals {J;}. Let A and B be the two projections defined by 


A (4 %qy000 Ly) = (yy Lqy-00y Zp —4s O05 O) (17) 
B(x, Xq,..-,Lp) = (0, 0,..., 0, ,, ,-209 By 
Write K(;) = A(X N B-(JZ)). (18) 
Since i ie 
DAAK)) <> A(X 9 BU) < AMX) <0, (19) 


there exists an integer j such that A,(K(J;)) < 1. The complement of 
K(J;) in E° S is a set of positive r-measure, say Qy. J; is the product 
of intervals Q;, Q;c EH’. The k sets Qo, Q,,..., Q,-,; have the properties 
(i), (ii), (iii). 
To prove the second statement, define 7 vectors as follows: 
Oy = (044,9; Me,g2005 Ono) 


where a; = 0 ifi #r;, and a,,. = 1 for j = 0, 1,..., kK—1. 


Oy = (014,55 Aa gyeery Ons)» 

where «;, = 0 unless there exists an integer 1, 0 < 1 < k—1, such that 
+8 = 1% < 1%,,, in which case a;, = 1; s = 1,..., r—1. Let L be the 
linear space spanned by the vectors ag, a,..., «,, and let L(8) be the 
space obtained from L by a translation of amount equal to the vector f. 
Let K be the set of all vectors of the n-space all of whose components 
are rational. 

Define Y to be the set Y L(g) 8S. Y is of enumerably infinite 

eK 


7-measure and we shall show that there is no class of sets Qp,..., Q,—, with 
the properties (i), (ii), (iii). 
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Suppose that sets Qp,..., Q,_, satisfying (i), (ii), (iii) do exist: I shall 
show that this supposition leads to a contradiction. There exists a point 
y = (Y1-+-) Yn) and intervals K; of E* (i = 0, 1,..., k—1) such that the 
projection of y on E’ is P'(y), the centre of K;, and such that, if R; is 
any equi-sided interval of HZ‘ satisfying the conditions 

K,> R;> P*(y), (20) 
then A,(Q;9 R;) > (l—e)A,(R,), (21) 
where ¢ isa preassigned positive number, which we take to be less than 1/k. 

Let 5 be a positive number less than one-half of the least side-length 
of an interval K; (i = 0, 1,..., k—1) and also less than one-half of the 
distance of y from the frontier of S. 

Let A be a point all of whose coordinates A; are rational and which is 
at a distance from y of less than 35. Let e; be the vector whose ith 
term is unity and all of whose other terms are zero (i = l,..., ”). 

The pointst h = hy apt... thy a, +A (22) 
belong to Y for all values of the real numbers h, satisfying |h;| < 46 
i = 0, 1,..., ¢—1). 

Let h* be the projection of h on E*: that is 

ht = (hg Ap,)ep + (ly HAs aera tees + (yy. .—rpma PAs 1-1) 1-1 (23) 
(i = 0, 1,..., kK—1). Since h € Y, for at least one integer i, h‘ ¢ Q;. 
Let Gt = T(h*) be the linear subspace of H° obtained as follows. 
Gt = {(ay,..., pq) | By = Ags Sq = Ihyy.00y Bp, or, = Megs .—vy-13 
a; = Oifj > 7; other 2; arbitrary except that |x;| < $8}. (24) 

Now let the h; vary subject only to |h;| < 45. Denote the set described 
by the point A‘ by H* and write V‘ = T(H’‘). 

Since H‘ is an interval of EH‘ that is equi-sided and satisfies (20), we 

r 91 . . 
have from (21) A, (Q; 9 H*) > (l—e) A, (H). (25) 

Write Z' = 7(Q; H*). It can beseen that the ksets V‘ (i = 0,...,k—1) 

are each precisely the set 
Ss = {(24,...,%n)3 |e] < 38, § = 1...., 7; 4 = 0, ¢ > 7} 
AMZ) A,(Q;9 H") 





and that = . 26 
AS) A, (9) 
From (25) and (26) applied to i = 0, 1,..., k—1, 
k—-1 
A,( 1] Z‘) > (1—ke)A,(S5) > 0. (27) 
i=o ? 


+ The terms ‘points’ and ‘vector’ are used interchangeably ;hisstrictly a vector. 
3695,2.5 
<. ‘ I 
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But, since for every point h there is an integer i such that h‘ ¢ Q,, it 


k-1 
follows that (} Z‘ is void. This is a contradiction of (27). 
i=0 
This completes the proof of the theorem. 
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Note added in proof 


It has been brought to my notice by Professor A. Zygmund that an affirmative 
solution of Gillis’s problem had been previously obtained by M. L. Brodskii in an 
article ‘On some properties of sets of positive measure’ [Uspehi Matem. Nauk (N.8.) 
4, No. 3 (31), 136—8 (1949)]. The method followed in this article is quite different 
from that given above and, since Brodskii’s own account is confused, a brief 
version of his proof is given below. 

Let G denote the space whose points are measurable linear sets with a distance 
function defined by p(M,N) = A,(M—N)+A,(N—M), where M and N are any 
two members of G. We shall suppose that the points of G are subsets of the segment 
{y|0 <y < 1}. Let G;,, (i = 1, 2,...) be a sequence of open sets covering the whole 
of G and such that each is of diameter less than 1/n. 

Let E be a closed plane set as described previously in § 1, and let F' be a subset 
of I {x|0 < x < 1}such that, for some e > 0, A,(E(x)) > ¢ forallxe F. Let D,,, 
be the subset of F for which E(x) € G;,, and let H;,, denote the density points of 
the set D;,, which is a measurable subset of J. 

Choose € so small that F is of positive measure. Choose N such that 1/N < }e. 


i 3) @ 
Since Fc U D;y, almost all F is contained in U H,,y. Similarly almost all F is 
i=1 i=1 


i 3] @ 
contained inf U Hwy. Denote this subset of F by F, and its set of density 
t=1 i=1 


points by Fj. 

Choose xy € F,; then 2» € H, y for some i, say ig. Choose 2, x, € F,N Hj, so that 
L1—XLy = My—X, = 2% > 0. Next x, € H,y, for some i, say 1,; and x, € H,y., for 
some i, say i,. Choose 24), 24, € Hi, wa F, and 2g), 222 € Hj, yw, F, and 


yy — Ly = L1—Ayqg = Lo, — Xp = Te— Hog = 2% > 0, Ze < FY. 


The definition of the points 2;, ;, _;, € Hi,.w 4-1 (jx = 1 or 2) is continued inductively. 
From the definition of the points 2;, _ ;,, 


Ay( E(% jy, njndega) 1 Bai §e)) > Ax( 225,57) — An( Ba 5,5)— Binnie a)) 


a A, (E(2;,,5,))— 4~"e. 
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It follows from successive applications of this and similar inequalities that, if 7’ 
denotes the intersection of all the sets E(2 9), E(x), E(x,),..., E(2;,,_5,)s-++» then 
A,(T) > A,(E(a9)) — 2(4-4«) — 4(4-%e) — 8(4-Fe)—... > 0. 
Further, since £ is closed, any limit point x of the set of points Xp, 21, X95..-, 2}, 5,9 
is such that E(x) > T. The set of these points is a perfect set, say P, and T'x Pc £. 
Thus the required result is proved. 
I am indebted to Professor A. 8. Besicovitch for translating this paper for me. 











RECIPROCAL STATIC SOLUTIONS OF THE 
EQUATIONS G,, =0 


By H. A. BUCHDAHL (Hobart) 


[Received 19 October 1953] 


1. In the General Theory of relativity empty space-time is taken to be 
a four-dimensional Riemann space V, whose Ricci tensor G,,, vanishes, 
Further, a solution ds? = g,, dada” (1.1) 


of the equations G,, = 0 (1.2) 
is called static if the g,, satisfy the conditions 9,4, Jo4, 934 = 0 and 
Iuva = 0 (wu, v = 1...., 4); x* is the coordinate time, and subscripts after 
a comma indicate ordinary differentiation. Generalizing to a V,, I call 
the line element (1.1) static if there is a coordinate x* such that the Iu 
satisfy the conditions 
Gia = 0, Iuv.a = 0, (1.3) 
i.e. if (1.1) has the form 
ds* = g;,(x’) dxtdx* +-9,,(x/) (da*)?. (1.4) 
Greek indices take the values 1,..., », whereas roman indices run over 
the same range but with a omitted. (The index a being fixed no sum- 
mation over it is to be carried out even when it is repeated.) I now prove 
in this paper the following theorem: 
THEOREM. Jf (1.4) is a given static solution of the equations (1.2) for 
a V, (n > 4), then another static solution is immediately given by 
ds? = (9,4)? 99, dx'dx* + (Jaq)! (dx*)?. (1.5) 
Any two solutions related in this way will be called reciprocal to one 
another. 


2. Let ds? = @,,, da'dax* +-e*v(dx)? (2.1) 
be a static line-element. Then it follows that the Ricci tensor associated 
with the V, can be written (1) 


Gin = Gin t+Bir 
Gig = 0 ; (2.2) 
Ga = g'*Bi, = B 

where Bix = Vik FV i Vike (2.21) 


Quart. J. Math. Oxford (2), 5 (1954), 116-19. 
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Here G,, is the Ricci tensor of the V,,_, whose metric is ds? = §,, dx‘dz*, 
and subscripts after a colon denote covariant differentiation in this V,,_,. 
Now write g;, = eg; and let subscripts following a semicolon denote 

0 
covariant differentiation in the V,_, whose metric is ds* = g;, dx‘dx*. 
0 0 
Since V,_, is conformal to V,,_, it follows (2) that 
0 


Gi, = Gy+(n—3)(0,,4.—0,; 0.) +[Ao+ (n—3)a0}. (2.3) 
0 


For any two scalars é and 7, =n denotes the quantity ge Hn» Whilst Ag 


stands for gE ike and G Fin is the Ricci tensor of V,- .” ‘Marve 


734 Fs Fs 


-_ P| - (2.4) 
V:ik = Vin— Vey = Vie Ve Hox Yi + Gin OY 


When we put (2.3), (2.4) in (2.1), the Ricci tensor of V,, becomes 


Gy = Ga t(n—s Moin — 95 Fn) FY sik TY 36 Vek 
(Yat ox 7:0) + 9aldo+ (n— 3)oo+ay] (2.5) 
Gig = 0 
Ge = e*[Ay +77 + (n—3)o7] 
From (2.5) there follow the equations 
eagikG, = G+2(n—2)Ao+Ay+(n—2)(n—3)o0-+ (n—3)oy +7 ini 
eae = Ay +(n—3)oy+77 


where G is the scalar curvature g*G,, of V,,_,. 
0 0 0 


3. Suppose now that G,, = 0, so that the left-hand members of the 
equations (2.6) vanish. Then (i) add the second equation of (2.6) to the 
first after multiplying the former throughout by (3n—5)/(n—3); alterna- 
tively (ii) subtract the second equation of (2.6) from the first. One then 
arrives at the equations 


—3 
Aptpet aas* 0 
(3.1) 


re 

n—3 
G=0 

4(n 


heat 


where A = 4(n—3)o, pp = 4(n—3)o+¥. (3.2) 
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In terms of A and yp the first member of (2.5) now yields 


; n—l 
Giz, =0= Gantt t Msi tis Nae Se sa Mie Pe sa) + 


.- 1 \ 
1 phe flop} 20 e4§ ———— Apt — ——_——- 3.¢ 
+ si Meet gie( 5 rem) ( 3) 


where the coefficient of g;;, has been simplified by means of (3.1). Inspec- 
0 


tion of (3.1), (3.3) shows that the equations G,, = 0 are invariant with 
respect to the mutual interchange of A and yp. 

Suppose now that (1.4) is a given static solution of (1.2): in other words 
that (3.1), (3.3) are satisfied by o = 0, y = $logg,,, 


i.e. A= 0, uw = $logg.a- 


Then it follows from the result above that the same equations are 
satisfied by A = $logg,,, uw = 9, 

1 
n—3 


i.e. Co = 10g Jaa: + tea —$log gaa: 


so that (1.5) is also a solution of (1.4), which was to be proved. 


4. It is convenient to refer to the process of formation of a reciprocal 
solution as a reciprocal transformation. Then it is obvious that in certain 
cases a solution reciprocal to a given solution will also be obtainable 
from the latter by means of a transformation of coordinates. This is the 
case, for example, if one applies to the general spherically symmetric 
solution of (1.2) a reciprocal transformation which does not destroy 
spherical symmetry. Consider in particular the Schwarzschild line 
element (n = 4), viz. (3) 


ds* = —(y—!dr?+r? d6*+1? sin?0 d¢*)+-y de®, (4.1) 
where y = 1—2m/r, m = constant. The solution reciprocal to (4.1) is 
then ds? = —y*(y-! dr?+7? dé*?+-r? sin*6 dg?) +y— dé, (4.2) 


x* having been chosen to be 2* (= t). The coordinate transformation 
r = —f-+2m then reproduces (4.1), if we write 7 in place of r in the latter. 

As an elementary example of a non-trivial reciprocal transformation 
consider the line element 


ds? = —(dx*+dy?+dz*) +2? d#?, 





(4.3) 
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which is obviously that of a flat space, and therefore a solution of 
(1.2). The reciprocal solution 

ds? = —x*(dx?+dy?+dz*)+2 dt? (4.4) 
is, however, the metric of a Vj, ie. not an E, [ef. (4)]. More general 
solutions of (1.2) can be formed by means of a succession of reciprocal 
transformations, starting with the line element of a flat space. 
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THE FINITE STURM-LIOUVILLE TRANSFORM 
By A. CEMAL ERINGEN (Lafayette, Indiana) 
[Received 5 November 1953] 
1. Introduction 
Ir is known that certain partial differential equations can be solved by 
use of particular types of definite integrals having appropriate kernels. 
The choice of kernel depends on the type of boundary-value problem. 
The solution obtained by these transforms is direct in the sense that it 
contains the boundary values in the solution. This, of course, is lacking 
in the classical approach. Finite Fourier transforms are of this type (1), 

Recently Tranter (2) used a Legendre polynomial as a kernel. Scott 
(3) following a similar approach used a Jacobi polynomial as a kernel 
which extends the result of (2). 

It is the purpose of the present paper to extend and unify all such 
special transforms. Thus we employ a kernel which may be determined 
to suit each particular type of problem. The transform can be employed 
to solve a wide class of linear second-order partial differential equations. 

In this paper I deal only with those transforms whose intervals are 
finite. Thus, the results obtained here are particularly useful for finite 
domains, or domains which are finite in one direction. An extension to 
infinite domains and singular cases will be made in a later paper. 

2. The Sturm-Liouville expansion 

A second-order, linear, homogeneous differential equation containing 

an arbitrary parameter A has the general form 

Mv = Po VyytPi Vy +(Pe+Aps)v = 0 (ao < ¥y < bo), (1) 
where p; = p,(y); v and y are the dependent and real independent 
variables, respectively, and ¢, = d¢/dy, ete. 
Equation (1) can be transformed into the canonical form: 


2 
Iu = mu, L= g(x) — (a<2z<b), (2) 
where u = O(x)v, %= | (P3/Po)* dy 


bo 


a= | (Pslpo)'dy, 6 = | (ps/po) dy 


ate) = “ee _ g(x), (2) = (Ds */p0) 


d(x) = PalPs, —& = exp | (p/P) dy | 
It is simpler to work with (2). 








Quart. J. Math. Oxford (2), 5 (1954), 120-9. 
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We consider two solutions 4(7,A) and x(x,A) of (2) satisfying the 
boundary conditions 
¢(a,A) = sina, ¢,(a,A) = —COS x | 
x(b,A) = sin B, x,(b,A) = —cosB i 
Both solutions are unique if q(x) is real, is continuous everywhere in (a, 6), 
and has finite limits for x = a and x = b [see (4) 6]. We can build up 
¢(z,A) and x(x, A) as a linear combination of two independent solutions 
by(x,A) and x(x, A) of (2). For let 
wo(A)b(x,A) = do(X,A)[_x9(@, A)Cos «+ Xo,-(4, A)sin «]— ] 
— xo(%, A)[bo(@, A)eos a+o,,(a, A)sin a], | 
wo(A)x(a,A) = dolex,A)[xolb,ACOSB-+xo2(b,AsinB] §. — (5) 
—Xo(,A)[ Fob, A)ocos B-+$o,-(b, A)sin B], | 
wo(A) —_ W (do, Xo) _ d(x, A)Xo,2(2, A)—$o,2(%, A)Xo(%, A) J 
Functions ¢(2,A) and x(x,A) defined by (5) satisfy (2) and (4). Here 
W(u,v) is the Wronskian and can be shown to be independent of x. 
Let A,, be a root of W(¢, x) = 0. Then we have 


w(A,,) = W(¢,,; Xn) = Py Xn2—Pnz Xn = 0, 


(4) 


i.e. Gn ziPn — Xn.zlXn> 
where dy, = d(x, A,) and Xn -= x(x, A,): 
Hence the integration gives 
x(x,A,) = ky P(@,A,)- (6) 


Consequently (2, A,,) and k,, 6(x,A,,) satisfy all of the boundary conditions 
(4). 
It is also easy to show that ¢(z,A,,) is an orthogonal set. For, in view 
of (2), (4), and (6), we have 
b 


(Am—An) | $m Pn dx 


a 


b 
= | ($m Lbn—by Lbm) dx = W(bmsbn) =9 (Am # Ay): 
Hence we can write 
b 


[ Be, Ay) lar Ap) dt = N° ju (7) 


where 5,,,,, is the Kronecker delta (equal to zero when m + n, to unity 
when m = n). 
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It can be shown also that all roots of w(A) = 0 are real and distinct 


[see (4) 11-12]. 
From (5) and (6) it follows that 
_ $o(5, A,,)c08 B+-$o,2(, A,)sin B 
"~~ bo(a,A,, cos a+o,,(a, A,,)8in « 
__ Xo(b,A,)cos B+ xXo,,(b, A, )sin B 
= —. (8) 
Xo(@, A, )COS a+ Xo, ,(@, A, Sin x 
If now f(a) is an integrable function over (a,b) and ifa <x <b, we have 
the Sturm—Liouville expansion of f(x) 








b 
= [Eula Aa)I6 An) { $Y AndfO) dy (9) 
|For the convergence of (9) to f(x) see (4) 12-15 or (5) 275-6.] 


3. Finite Sturm-Liouville transforms 

Let f(x) be a real continuous and integrable function of x, in the interval 
(a,b). We define the finite Sturm—Liouville transform S{f} = f(A,,) asso- 
cited with system (2) and (4) by 


b 


FO.) = SE} = | FYHy,A,) dy, (10) 
where bly, A,) _ [kn / wy(Ap )'b(y, A, ). ( l 1) 
The inversion theorem now follows from (9), namely 
= LFA, An)- (12) 
Here functions (y,A,,) are orthonormal, 
b 
i.e. | P(x, A, )eb(ax, An) dx = Sony (13) 


This is readily seen from (7) and (11). Equations (10) and (12) are basic 
for the solution of some partial differential equations. 


4. Transform of Lf 
We are now going to prove that 
S{Lf} = S{q(x)f—&f/ex?} = BA, t)+ ApS (Ap: t), (14) 
where 
B,A,,; t) = [ky/w(A,)]* x 


n? 


cos B sin B 


x! —f(b, a ae (5, t) 





+f(a, t)eos «+f,(a, t)sin al (15) 


= ky, 











a nn at 228) 2) 6 
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is a function depending on the boundary values of f(z, t), f,(x,t) at 
x = a,b. Subscript f implies that the function B contains boundary 
values of the function f. Here S, represents the finite Sturm—Liouville 
transform taken with respect to 2, 

SA{G(z, t)} = PAn, t). (16) 
To prove (14) we multiply Lf by ¢(z,A,) and integrate between (a, b): 
that is, by definition we have 
b 
S{Lf} = { [ala )fla, )—e%f/ex® Ww, d,) da (17) 
Integrating the second term in the integrand of (17) twice by parts we 
obtain 


b 
S{Lf} _ —[f.—bef F, + | fe, t) Lif(x, A») dx. (18) 


If we now use (4) and (6) in the first term of the right-hand side and 
(2) inside the integrand, we obtain (14). 


5. Solution of some partial differential equations 
(i) Let us consider a parabolic partial differential equation 
Mv+p,y, = 9, (19) 
where Mv is defined by (1), p; = p;(y,t) are known, and v(y,?) is the 
unknown dependent variable. 
The use of transformation (3) reduces (19) to 


Up, +[A—p(a, t)]u+(p4/P3)%4 = 9, (20) 
where p(x, t) = (2, t)—Pa Polk /2P0)* = (Po/Ps k*). (21) 


Here q(x,t), k(t), and A(t) are given by (3) with ¢ as a parameter. If 
¢(x,t,A,,) and y(x,t,A,,) are now obtained as before except with q(x) 
replaced by p(x, t), where ¢ is a parameter and p,/p, a function of ¢ alone, 
then (20), with the use of the finite Sturm—Liouville transform, can be 
reduced to an ordinary differential equation in ¢. For, let p,/p, = r(t); 
then application of the transform to (20) gives 


—B,(A,,t) +(A—A,, aA, 2) +7(t)a,(A,,, t) = 0. (22) 
Equation (22) is of first order. The complete solution is 
t 
ai(A,,,t) = C0,Jexp( [ = a) + 
J i 





t a ie t 
a exx( [ ~~ a [ (Baines — | “— a) dt. (23) 
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Now, the inversion theorem (12) gives 


is) 


u(x,t) = >} HA, thy,(x, t,A,)- (24) 


n=0 
Therefore the solution of (19) is effected. We must, however, remember 
that at least one of each pair of boundary values w(a,t), u,(a,t) and 
u(b, t), u,(b, t) must be known. By selecting « and f properly in B,,(A,,, t), 
we can make the terms containing the unknown pair zero. Of course 
any knowledge of the boundary values of u leading to the complete 
evaluation of B,, is sufficient for the solution. 

(ii) A second-order linear partial differential equation containing a 

parameter A has the general form 
Nv+dyv,+450,+(dg+Aaz)v = 0) 
. , (25) 

Nv = a, 0,,+ 202 V,, +43 0,, } 

where a; = a,(z,7). If the equation is of elliptic type, we have 
a, a4,—az > 0. (26) 
Consider now an elliptic equation (25). Let &(z,7) = constant and 
n(2,7) = constant, respectively, be the solutions of the differential 


equations dr/dz = ¢,(2,7), dr/dz = ¢,(z,7), 
2 
es —% 4 i[_ (@) |* (27) 
a, a, \a, 
If we set 2y = +7, 2it = £—n, (28) 
equation (25) can be transformed into the canonical form (6) 
VyytPy Py t+(P2+Aps)0+ Paty = 9, (29) 
2 
where = ai P2 = 2a,/B, Ps = 2a,/B, 
5) 
P= ait B = a,(y2+#)+ 2a,(y,y,+t.t,)+as(yz+h). (30) 
Here the operator P is defined by 


P¢ = Nd+a4¢,+4;¢, (31) 
and N¢ is given by the second equation of (25). 
On using the transformation (3) with p, = 1, (29) becomes 


Upp t+(A—p)u+r, UY+1o Uy = 9, (32) 
where _ — 
p = (x, t)—mpgg,—mgy, To = Ps 
r, = mpyg+2mg,, g = (p,k?)-* : (33) 


m = (k?/p3)t 
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In the special case where 7, and r, are functions of t alone, equation (32) can 
be transformed into an ordinary differential equation by applying the 


24) finite Sturm—Liouville transform. Hence 
ber ro y+; ti, +(A—A,, )a(A,,, t) —_ B,(A,, ¢). (34) 
nd 


We can now either use transformation (3) with respect to ¢, with ro, 7; 
t), replacing pp», P,, P, = 0, ps = 1 and find the solution of (34) and then 
6: invert it, or solve (34) directly for a(A,,,t), and then (24) gives u(z, ¢). 


os It must be remembered that this method has the advantage that it 
contains the boundary values of the function within the solution; conse- 
ie quently, the difficulty of satisfying boundary conditions is eliminated. 


The method is also valid in the cases where the usual technique of 
separation of variables fails. 


5) 

6. Solutions ¢, and y, of some special equations 
6) Below are given two independent solutions ¢, and x,» of some special 

differential equations (D.E.) of mathematical physics. Their canonical 
nd q phy 
‘al } forms (2) will be given by determining only w, g, and A. 

(i) Bessel Functions. 
ati, +-(t— Zp D.E 

7) wt att on deni (D.E.) 
8) u= atv, y = 2. q = (v?—})a-2, = 8, 


do(x,A) = xJ, (xs), Xo(@,A) = at ¥, (xs). 





9) Interval (a,b) should not contain x = 0. 
(ii) Spherical Harmonics. 


2 





— 


[wpm], +| 4e+1)— E Je=o. (D.E.) 


») | =v 
, u = (cos 2x)tv, y = sina, q = p*sec*x—} tan*x— }, 
A = o(v+1), do(x,A) = (cos x)? P#(sin 2), 
’ } Xo(@, A) = (cos a)t Q#(sin 2x). 
Interval (a,b) should not contain (—1, 1). 
) 5 (iti) Hermite Polynomials. 
Vyy—Yytnv = 0, (D.E.) 
) | u = e-*"y, y = 2, q= —}4+h%, A=n, 


do(2, A) = e-"He,,(2), Xo(, A) = e-t*he,, (2). 
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(iv) T'schebyscheff Polynomials. 
(1—y?)v,,—yvy+nv = 0, (D.E.) 
“= 0, y = sing, q = 0, A= 9s, 
¢o(x,A) = T,,(sinx) = cos n(sin-1y), 
Xo(v,A) = U,(sinaz) = sin n(sin-1y). 
(v) Mathieu Functions. 
Ur»+(A—2h* cos 2x)u = 0, (D.E.) 
do(v,A) = Ceg,(2), Can 432), S€5,,(x), 8en41(%), 
xol@,A) = cefZ(x), cel (x), seA(xr), 8, 4 (x) 
(n = 0, 1, 2,..., but for se,, only m = 1, 2,...). $9(%,A) is periodic. 
(vi) Whittaker Functions. 
Vy t{—t+ky + (t—p?)y jo = 0, (D.E.) 
u=(da)v, y=, gq = }(16p?—17)x*+ 42’, 
do(x,A) = (32)*W, ,(42?) Xo(%,A) = (42)? W_y.—(32"*). 
The interval (a,b) should not contain 2 = 0. 


am 
_ 
a= 
— 






Spherical 
surface 
T=T7,; 


Spherical“ ~~ 
surface 
Tr=T) 


Fig. 1. 


7. Application 





As an illustration we solve a heat-conduction problem which may be 
looked upon as a mathematical model of volcanoes. The problem also 
has application in the exhaust ports of jet engines. As far as I know 


the problem has not previously been solved. 


Consider the conical shell enclosed by two coaxial cones having the 
same apex O, and two concentric spheres having O as their centre (Fig. 1). 
In polar coordinates the inner and outer conical surfaces are given 


by 9 = @, and 6 = 6, and the end surfaces by r = r, and r = 1. 
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PROBLEM. 1'o determine the steady temperature-distribution within the 
shell under the general axi-symmetric boundary conditions in temperature. 


This is the general Dirichlet problem for the domain under considera- 
tion. The differential equation and boundary conditions (B.C.) are 
given below: 

(D.E.) AV = r-°(r°¥,),+r-[(1—y? WV], = 9 (y = 0088; 1m <r <1; 
6, << 8 < 4,). (35) 


(B.C.) V=Vir) (0 = 4%) ) 
a th oe 6.) | (r5 << 7 < 1#;), 
= (36) 
V=B8,(0) (r= 19) \ (0, <0 <4,). 


V=V,(0) (r=r,)) 
Here V(r, y) is the temperature function, r and @ are the polar coordinates. 
Solution. We can exclude the second term of (D.E.) (35) if we use a 
finite Sturm-—Liouville transform associated with the Legendre equation 
{(1—y?)v,],+r(vr+])v = 0. (37) 
In view of § 6 (ii) with » = 0 we find that, if we select 
y = sing, u = (cos2z)tv, 
we can transform (37) to canonical form leading to solutions 
$o(x,A) = (cosz}tP(sinz), x9(x,A) = (cosz)}#Q(sinz), A= v(v+1), 
(38) 
where P, and Q, are Legendre functions of the first and second kind 
respectively. In view of (14), when we apply the transform to (35), the 
second term gives —v,,(v,+1)— B,(r,A,,). Now B, contains four arbitrary 
functions which must be specified on the surfaces 0 = 0, and 6 = 4,. 
The terms containing the derivatives of v are not given. Thus, if we 
select a = 8 = 0, these terms drop out, leaving the terms containing 
vo(r) and v,(7r), which are given. Hence ¢(x,A) and w,(A) of (5) become 
¢(x,A) = (cos 2, cos x)'| P.(sin x)Q,(sin xy) — P,(sin 2») Q,(sin x) }, 
Ly = 40—4H, x, = 4n—8,, w (A) = 1. (39) 
By (11) and (8) we have 
h(x, Ay) = [kp/wy(Ap) }'6(2, Ap) 
_ (cos2,)'P, (sinz,) }- (40) 
"~ (cos %q)#P,, (sin 29) 


Calculation of w(A) = ¢x,—x¢, gives 


w(A) = (cos 2, cos x,)*[ P,(sin x9)Q,(sin x,)—P,(sin 2,)Q,(sin29)]. (41) 
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Consequently the roots A,, = v,,(v, +1) of w(A) = 0 satisfy the equation 
Pisinz,) — Q,(sinx,) 
Pisinay) Q,(sina») 





(42) 


Therefore (x, A,,) is completely determined. 

After transforming (35) with y = sinz and u = (cosx)tv we apply 
the finite Sturm—Liouville transform: that is, we multiply the equation 
by ¢(z,A,,) and integrate between x, and x,. The result is 

(7°V,),—Vp(%m+1)V = By(r,A,) | 
By(r,An) = [Kn/eonAn) Flr) ke HO] 
Equation (43) is an ordinary differential equation of Euler’s type whose 
solution can be found by variation of parameters. Hence 
V(r, V») - Ci(v,)r’"+C,(v, 11+ F(r, V») 
: (44) 


By(p,Ay 
ee 


Let the transforms of V,(6) and V,(9) be V,(v,,) and V,(v,); C, and C, will 
then be determined from the remaining conditions 
V _ V(r») (r = ro) 
V=Nr) (r=) 
This gives two linear equations for C, and C, whose solutions are 
[Vs(v.)—F (ro, Vv») Wr *»1_[V,(v,)—F(r, Vn) |r "=~? 
ron rye t—rinrg Yn} 
Valen) —F (ry, vn) op [Valen — Flo, Yn) Pi 


ryt ry 8 t—ryary nt 


(43) 


| (<0 <6). 





C(vp) —_ 
. (45) 





CLV») —_ 


Hence V(r, v,,) is completely determined. The inversion theorem (12) now 


gives V(r, x) = > Vir, v,,)b(x,A,), (46) 


where the summation is extended over all roots of (42). 

The analysis given above is formal. It can, however, be made rigorous 
by showing that the solution satisfies both the differential equation and 
the boundary conditions. 

It may be worth while to remark that with the use of the method of 
separation of variables the solution of the above problem would have 
been difficult and lengthy, if not impossible. 

The contents of this paper were obtained in the course of research 
sponsored by the U.S. Office of Naval Research. I am indebted to 
Mr. T. King for checking the analysis. 
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THE GENERALIZATION OF A THEOREM 
OF L. REDEI’S 
By A. FROHLICH (Keele) 
[Received 25 November 1953] 

Introduction 
Our knowledge of the structure of the absolute class group in absolutely 
cyclic, algebraic number-fields is in general restricted to the class-number 
formula and the principal-genus theorem. For quadratic fields this 
theorem determines the number of invariants of the class group in the 
narrow sense which are divisible by 2. Ina series of papers [cf. (6), (7), (8)} 
L. Rédei+ gave, for quadratic fields, a determination of the number of 
invariants, divisible by 4 and 8. L. Rédei’s theorems and some special 
results by Inaba (5), quoted below, have so far been the only instances 
where an advance beyond the principal-genus theorem has been made, 

In the present paper I shall prove a theorem for cyclic fields in general 
which will contain as special cases L. Rédei’s determination of the 
invariants divisible by 4, and Inaba’s results. The aim is to determine 
certain structural properties of the absolute class group, in the narrow 
sense, in terms of the rational ideal groups belonging to the given fields. 
In particular we shall obtain a criterion for the genus number of a field 
whose degree is a power of a prime / to be equal to the /-class number. 

In the same way as the principal-genus theorem for absolutely cyclic 
fields embodies that information on the structure of their absolute class 
groups which is deducible from the theory of absolutely Abelian fields, 
the new theorem represents the application of the theory of fields of at 
most class two to this problem (2), (3). A group is said to be of at most 
class two if its commutator subgroup lies in its central, and a field is said 
to be of at most class two if it is self-conjugate and its Galois group is of 
at most class two. It may be noted that L. Rédei did in fact use fields 
of at most class two in his work. 

Throughout this paper I assume a knowledge of the definitions and 
results in two earlier papers (2), (3). The notation here will be often 


the same as in (3). For Theorem 1, also, part of the contents of (1) will f 


be required. 
Notation 
K is a given absolutely cyclic field; P the rational field. The conductor 
of K is f(K). The absolute Galois group of a field M will be denoted by 
+ Partly in collaboration with H. Reichardt. 


Quart. J. Math. Oxford (2), 5 (1954), 130-40. 
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[(M), and its relative Galois group over a subfield A by ['(M/A). If7, dare 
elements of a group, then (7,5) stands for the commutator 7~1575-1, and, 
if T, A are sets of elements in a group, (T, A) will stand for the subgroup 
generated by the commutators (7,8) all 7 <¢ T, 8 € A; o will throughout 
denote a generator of I'(K). 

The group of ideals in K will be denoted by A, and the group of 
principal ideals, generated by totally positive numbers in K, by /. If A 
isa subfield of K, then the corresponding ideal group in A will be indicated 
by the suffix A. Thus J, is the group of principal ideals generated by 
totally positive numbers in A. If M is class field of the field A belonging 
to the ideal group H,, I shall write M = A(H,). 

For a given cyclic field A I define the group-ring of [(A) over the 
domain of rational integers as an operator domain on A,, writing the 
operators exponentially. Thus a’ is the z-conjugate of the ideal, and 
H, = {a|a” ‘ec H}. Finally, if X is a group, then {x} will denote the 
subgroup generated by the element x ¢ X. 

We shall find it convenient to characterize class fields of the rational 
field and the ideal groups belonging to them by means of Dirichlet’s 
residue characters. We consider two such characters ys and w’ as equal 
if d(a) = &'(a), whenever both sides of this equation are defined. With 
this convention the residue characters form an Abelian group. The class 
field M = P(Hp) then determines a finite group of residue characters; 
(a) € Hp, with a > 0, if and only if %(a) = 1, all Je ‘FY. We shall say 
that M belongs to ‘VY. In this way class-field theory sets up a bi-unique 
correspondence between the absolutely Abelian fields and the finite 
groups of residue characters. The group ¥ of characters and the Galois 
group I'(M) of the field M belonging to ¥ are isomorphic, and > Y”’ 
if and only if M> M’ for the corresponding fields. For a more formal 
and detailed statement of the principal theorems of class-field theory 
in these terms I refer to (4). If a character y& is expressed as a product of 
characters with prime-power conductors, i.e. 4 = [] #%;, where ¥; has a 
positive power of a prime p; as conductor, and p; + p;, fori ~ j, then these 
characters ws, will be called the local components of 4. The ramification 
order of p; in the field M which belongs to {x}, i.e. the order of the inertia 
group of p; in I'(M) is then given by the order of the local component y;. 


1, The main object of this paper is the determination of the structure 
of A modulo the subgroup A“-°*]. If K is a quadratic field, we note in 
passing that A?-°” J = A* J. The problem can immediately be reduced 
to one on fields of prime-power degree. 
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THEOREM 1. Jf K is a cyclic field, then 





A/A®-°] ~ TJ Ay/AQ-"I, (r > 0), (1.1) 
A 
AQ-¥ JT /AQ-¥T ~ TT AQT, /AR-%I, (rr >s>0), (1.2) 
A 
where [| stands for the direct product, \ running through all maximal sub- 
A 

fields of K of prime-power degree. 

CoroLiary. The prime divisors of (A: A%-°"1) divide the degree (K:P). 


The proofs of Theorem | and its corollary follow from the results in 
(1), and are omitted here. 


From now on, unless specially mentioned, I shall assume the degree | 


of K to be a power of a fixed prime /. 
In this section I shall also restate, for completeness’ sake and for later 
reference, the classical theorem on the invariants of A/A“?-®J, and some 












of its corollaries. 


THEOREM 2. Let K be a cyclic field of degree 1. Let p; (i = 1,...,m) be 
the distinct prime divisors of f(K), of ramification orders |”; if m > 1, let 
vg > M4, Then A/A°-% has the invariants (1",...,l’).¢ (The hypothesis 
implies v = vj.) 


I denote the highest power of / dividing (A: J) by h,. Then Theorem 2 | 
leads to 


is 


Ve; 
.* 


COROLLARY 1. h, > l' 


COROLLARY 2. h, = 1 if and only if f(K) is a prime power. 


2. In this section I shall derive the main theorem on the invariants 
of A®-9%)]/A@-9"]J, and deduce a number of results from it. It may be 
noted that the invariants of the quotient group A/A“-°*J can be calcu- 
lated from those of A/A°-%J, and A@?-%J/A@-], using the general 
structure theorem in (3) [cf. Theorem 2]. If 1 is odd, we have in fact an 
isomorphism between A/A“-°J and the direct product of A/A“-®] and | 
A‘-9)]/A-0¥T [ef. (3), Cor. 1, Theorem 2], while, if K is quadratic, we 
can use the fact that A?-°"J = A*J. 


+t Here, and in future, we associate the empty set of invariants with the group 
of order 1. Throughout the paper p; and vy; will have the same meaning as here. 
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For all ordered pairs of indices (7, j) (i, 7 = 1,..., m) I define positive 
integers [p;, p;] by 0 < [py p<, 
[pi Pi] = ls, (2.1) 

Xi(pj) =  *lmons), if i Hj. 


Here ¢ is a fixed primitive /’*th root of unity. K belongs to a cyclic 
group of characters, of order /” and conductor f(K), generated by a 
character 


= 


to 
to 
— 


= = x'', (Y;5 l) = ay yy — & (: - 


i=l 


ll 


| where xy; is a character of order /”% with a power of p; as conductor 


(¢ = I,..., #8).f 
Let K* = K(A®@-®7), and let A be the maximal non-ramified central 
class field of K*. It was proved in (3) [cf. Theorem 2] that the Galois 


| group {2 = I(A) is generated by m elements o,; such that {o;} is the 


inertia group of a prime divisor of p; in A (i = 1,..., m); and Q is com- 
pletely determined by the relations: 


off =1 (¢ = 1.,..., m), (2.3) 

(Q,(Q,Q)) = 1, (2.4) 

[I (0,0) =1 (= 1,..., m). (2.5) 
j=1 


K* is the invariant field of the commutator group (Q, Q); this group 
is Abelian by (2.4), and is generated by the elements (¢;, 0;) (¢ < j) with 
relations (2.5) and the relations 


(o,,0,"*=1 (¢ <j) (2.6) 


following from (2.3). 
K is the invariant field of a group A generated by (Q, Q), and by the 
elements 


Vv; = 0; *0;, 8, = 9, 0% (s = 1,..., #8) (2.7) 


(of course y, = 1). 
With this notation we have then 


+ This definition differs slightly from the one used in (2), (3). 
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THEOREM 3. The invariants of A°-%I/A@-T are the elementary 
divisors other than 1, in the ring of rational l-integers of the matrix 


U . . 
lees (7). os (ui), L= (1;;) (t, 9 = I,..., #8), 


m 
Ui; = —Lp; Pils; ft FA), ii = 2, silPj Pil 
I= 
lj; = 0 oft #9, li =1, L, = (i > 1). 
Here a rational number is called an l-integer if it can be written as a 


fraction of integers with denominator prime to l. 


Proof. The field K(A@-°*) is the maximal non-ramified class field 
of K which is absolutely of at most class two. It is thus contained in A, 
and in fact is the maximal class field of K in A; therefore it is the in- 
variant field of (A, A). It follows that 


AQ-9J/ ACF T ~ (Q, Q)/(A, A). 


Q/(Q,Q) has the basis o,, yo,..., ym, and A/(Q,Q) is generated by 
y; (i = 1,..., m). Hence (Q, 2)/(A, A) is generated by elements 


w; = (o,,y;) (¢ = 1,..., m), (2.8) 
where w=1, f= 1 iff >1. (2.9) 


(2.9) expresses the relations (2.6) in terms of (Q, Q)/(A, A), while the 
congruence (o;,0;) = ww; *(A, A) shows that the relations (2.5) lead to 


J 
S: sjlpjpil _m 
wi! “— = 1(A,A) (¢ = 1...., m). (2.10) 
j= 


The matrix of (2.9) is Z, and that of (2.10) is U. Hence (Q, Q)/(A, A) 
is isomorphic to the Abelian group generated by elements w; (¢ = 1,...,m) 
with order matrix 7’. 

We define r as rank U in GF(1). Then we obtain 


CoroLuary 1. The number of invariants of A?-%I/A°- I is m—1—r. 
If K is quadratic, the number of invariants of A/I divisible by 4ism—1—r.t 


Proof. The corollary is certainly true by Theorem 3 if we replace r by 
r, = rank U,, where U, is the (m,m—1) matrix obtained from U by 


m 

leaving out the first column. But ¥ u;;s; = 0 (all i) and s, = 1; hence 
j=1 

t, =f. 


+ It is easily verified that the latter result is equivalent to Rédei’s matrix 
criterion (7). 














ary 


eld 


in- 














THE GENERALIZATION OF A THEOREM OF L. REDEI’S _ 135 


CoROLLARY 2. The genus number is equal to the l-class number h,, i.e. 
the inequality in Corollary 1 of Theorem 2 reduces to an equation if and 
only if r= m—1. In particular, if K is of prime degree, then h, = I"— 
if and only if r = m—1. 


us 


Proof. Ifh, = l' a then by Theorem | Corollary, A?-?7 = A‘-°*T; 
thus r= m—1. If, conversely, A“-?J = A®-9**J, then we have 
Aa-9] = Ad-o"T (all n >1); hence A®@-%J = A™-%], and thus 
h, = (A:A@-]). 

Next let K be of odd prime degree, and denote the number of invariants 
of A/I which are multiples of 1 by d,. Inaba proved in (5) that 


m—l <d, < (l—1)(m—1). 
This can now be strengthened to: 
THEOREM 4. Jf K has odd prime degree, then 
2(m—1)—r < d, < (l—1)(m—1)—(l—2)r.F 


This theorem follows from Theorem 3 in the same way as Inaba’s 
inequality can be deduced from Theorem 2. I shall give only a brief 
outline of the proof; for details see e.g. (5). 

If {co} is eyclic of odd prime degree, and if G denotes the group of ideals 
whose orders modulo J are prime to 1, then the class group A/G is the 
direct product of m—1 groups H,, each of which is generated by the 
symbolic powers C{4-° of an ideal class C; mod G (i = 1,...,m—1); 
the f are polynomials in (l—c) whose rational integral coefficients 
satisfy the inequality 0 <c¢ <I. 

We have (H;:H}~°) = 1 (all i). For i < r, C}-* = C}'-o™, and thus 
Ci-° is the unit class; H; is therefore cyclic of degree J. For i > r, 


(H}-°:H9-9") — 1, H,/H9-°"* ~ H,/HO-% x H0-9/HO-9; 


therefore H,/H\!-°” is of type (l,l). 

Finally for all i, H-°" ¢ H}. Thus H,, for i < r, has exactly one 
invariant, and, for i > r, not less than 2 and not more than /—1 in- 
variants. Summing over all 7, we get the theorem. 

3. Theorem 3 expresses the invariants of A®-®J/A“-°"] in a form in 
which they can readily be calculated. In the next two sections I shall 
derive two theorems which determine the structure of this group in a 


t Inaba (5) first stated this inequality for m = 2, (f(K), 1) = 1. 
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more conceptual manner. The theorem of this section is closely connected 
with L. Rédei’s ideas, and gives for the quadratic case his criterion in 
terms of discriminant decomposition (6), (7). It establishes an iso- 
morphism between A@?-%]/A‘-°"] and a group ®, of pairs of residue 
characters, which will be derived from the given character x of (2.2) in 
a natural manner. 

L. Rédei proved that, if K is a quadratic field, then the groups A/A?J, 
A*J/A‘I are isomorphic, respectively, to the groups of discriminant 
decompositions of the first and the second kind. His concept of dis- 
criminant decomposition cannot, however, be readily generalized, and 
will be replaced by the concept of character decomposition; in the quad- 
ratic case the two concepts will easily be recognized as equivalent. 

I shall use throughout the notation established in §§ 1, 2. In particular, 
the character y of (2.2) is again a generator of the group to which K 
belongs. 

An ordered pair of residue characters (i, yy~1), such that the local 
components of s can be expressed in terms of the local components of y 
is said to be a y-decomposition, or a x-decomposition of the first kind, and 
ys is said to determine the decomposition. The field M belonging to the 
character group {z, xy~1} = {¥, x} will also be said to belong to the 
x-decomposition (%, yJ-1). It is evident then that y% determines a 
x-decomposition if and only if % lies in the character group ‘’ which 
corresponds to K(A@-®J). 

Two y-decompositions (%, y—*) and (¥,, x¥z *) will be called equivalent, 
or belonging to the same x-decomposition class, if 4, = y’¢% with 
some r, i.e. ify, = ¥({x}). This is evidently a proper equivalence relation. 
To every such class there belongs a unique field M. 

We can define a multiplication of two y-decomposition classes (x, /') | 


and (Yaa) PY (Nah) = a Wt x), (3.1) 


where it is obvious that the choice of representatives is irrelevant. The 
multiplication of y-decomposition classes is thus determined by the 
multiplication of their determining character co-sets mod{y}, and these | 
classes form an Abelian group isomorphic to Y’/{x}, with identity (1, x). | 

Let M belong to the y-decomposition class (i, y~"). Then this class 
is said to be a y-decomposition class of the second kind if, for all p; dividing 
f(K), the order of the decomposition group of p; in '(M) does not exceed 
the degree of K. If, in particular, v; = v (all 7), then (%, yp) is of the 
second kind if and only if all prime-divisors of f(K) are of the first | 
degree in M. 
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We can now state: 


THEOREM 5. Let the cyclic field K belong to the group {x} of residue 
characters. A pair of characters (ub, xys-1) defines a y-decomposition class 
if and only if the Abelian field M belonging to {u, x} is relatively cyclic and 
non-ramified over K. The x-decomposition classes form an Abelian group 
®, ~ A/A®-]. The relative degree of the field M belonging to a x-decom- 
position class (x, xy-) is equal to the group order of (yp, xy-*). 

A y-decomposition class (ys, xb-*) of order t is of the second kind if and 
only if there exists a non-ramified class field M* of K, of relative degree t*, 
which is absolutely self-conjugate and of at most class two, and which is 
cyclic over the field M belonging to (x, xy-"), and contains this field as its 
maximal absolutely Abelian subfield. 

The y-decomposition classes of the second kind form a group 


0, ~ A-o)]/AQ-oF J, 


Remark. In this theorem it is not necessary to assume that K has 
prime-power degree. The preceding definitions of y-decomposition 
classes can readily be extended to the general case. It is, however, 
sufficient to prove the theorem under the restriction to prime-power 
degrees. 


Proof. Let M be the field belonging to {y, x}; M is certainly cyclic 
over K. M is non-ramified over K if and only if  € 'Y, i.e. if and only 
if (4, x~-1) is a y-decomposition. 

We assume from now on that (%, y¥-1) is in fact a y-decomposition. 
Without loss of generality we may put 


b= IT x, 2, = BP, (3.2) 
Writing t= Pe, (6 = 1...., m), (3.3) 
we have t, = 0(l’), Mt, = O(l’) (¢ = 2,..., m). (3.4) 


Conversely, if (3.2)-(3.4) hold, then (y, yy) is a y-decomposition, and 
is uniquely determined in its class by the condition ¢, = 0(/”). It now 
follows trivially from (3.4) that ® has the same invariants as A/A°-®J, 

In order to show that the y-decomposition classes of the second kind 
form a group ®, ~ A“-]/A@-°*], we shall deduce a system of homo- 
geneous linear congruences with matrix 7’, satisfied by the t; if and only 
if (4, yxp-") is of the second kind, y% being defined by (3.2), (3.3). 

Let lA be the order of ys. Then 


t; = 0(l-) (all 1); Jqg(2<q<m), t, 40("-). (3.5) 
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Let M be the invariant field of the sub-group © of 2 = [(A). The 
decomposition group IT; of p; in Q/@ is generated by the elements 


0; = oi7'(), 


m m 
ZL silpppil —& (site lvjvi 


] m 
5 = of ¥3 = IT olPrPl(@). 
j= 


Order II; < /” if and only if 5°‘ = 1(@); i.e. if and only if 3 r with 


by ¥ sp; pi] = 78), bow > tip; Pil = rt; (l’). (3.6) 
jJ= 


j=l 


By (2.7), (3.3), however, (3.6) is equivalent to 
2 ley Pibi— sl; Pili = OM). (3.7) 
j= 


Then (3.4) and (3.7), for 7 = 1,..., m, constitute the required system of 
congruences. 

To complete the proof, we observe that (Q, Q) is generated by (0, Q) 
and the element w, = (o,,y,), and that the cyclic quotient group 
(Q, Q)/(@, Q) is by (2.9), (2.10) determined uniquely by the relations 


wt = 1((0,Q)), 


sage Hono) Ciakon - 1((, Q)) ae kk 
Thus (Q, Q):(@, Q) attains its maximum value /’ if and only if (3.7) holds. 
It follows that the maximal non-ramified central class field M of M is 
cyclic of at most degree JA over K* = K(A“-®), and that the degree /A 
is attained if and only if (%, yy") is of the second kind. 

If then (M:K) = /, one easily deduces from the structural properties 
of Q that 3 a self-conjugate field M*, with M*K* — M, M* K* — M. 
But then M*/M is cyclic of degree /4 and non-ramified, and M is indeed 
the maximal absolutely Abelian sub-field of M*. 

Conversely, if M* is a field with the properties postulated in the 
theorem, then M = M*K* is a non-ramified central class field of M 
such that (M:K*) = I, and hence (i, ys-) is of the second kind. 


4. We assume now K to have prime degree /. I denote by P the group 
of rational numbers generated by the prime divisors of f(K). Thus a € P 
if and only if 


a = [I 2. (4.1) 








ee 
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In P, I consider the subgroup P, of total norm residues of K, i.e. the 
subgroup of numbers a characterized by 


C=) —1 (all i), (4.2) 
Pi 


; 


x, K)\. ; , , 
where a is Hasse’s norm-residue symbol. P, contains the group P! 
p 


of the Ith power in P. 
Now (4.2) can be expressed in terms of congruence relations in the 
group (/A by observing that 


m 
‘4 v 
a.K 2 [pispjlty m 
’ on ne I] — (pj, pilt 
("= = ; Oj Pj Pit 
Pi j=l 


m m 
x sippy lts— X silpj-pilti 
j=l j=l 


= oj (A). 


Thus (4.2) is equivalent to 


2 SilPi Pills on 2 sil Pir Pills =0(l) (¢=1...., m). (4.3) 
j= j= 


I now define the matrix U* = (uj) (i = 1,..., m) by 
* os *_ = 
uj; = —8[p;,p;] (t #9), Vii = 2 $ilPi Pil. 


This matrix I consider as a matrix over GF(/); I denote its rank by r*. 
Then m—r* is the number of invariants of P./P’. 

On the other hand (s;,/) = 1 if (K:P) =J. Therefore the matrix 
D = (8;;8;) (t, 7 = 1,..., m), where 5,; is the Kronecker symbol, is non- 
singular over GF(l); but DUD = U*, where U is the matrix with 
rank r defined in Theorem 3. Hence, by Corollary 1 of Theorem 3, we have 
Theorem 6, which is completed by a well-known result on A/A@-®J, 


THEOREM 6, Let K be of prime degree l. Then 
number of invariants of P/P! = (number of invariants of A/A°-%I)-+-1, 
number of invariants of P,,/ P! 


= (number of invariants of A°-%1/A°-%])+-1, 


It may be of interest that Theorem 6 can be proved in an elementary 
manner, without recourse to the theory of fields of at most class two. 
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A NOTE ON THE CLASS FIELD TOWER 
By A. FROHLICH (Keele) 


[Received 25 November 1953] 





Let K be an absolutely cyclic, algebraic number field of prime degree 1. 
I define by induction extension fields K,, of K, for all n > 0, as follows. 
K, = K; K,,,, is the maximal non-ramified class field of K, whose 
relative degree is a power of /.+ The number of distinct rational prime 
divisors of the discriminant of K will be denoted by m(K). Then one 
can pose the question: 
If m(K) = m is a prescribed integer, what can be said about the 
number of distinct fields K,, ? 
The only known results, relevant to this question, are 
(i) K, = Ky, ifm < 1; 
(ii) Ky # Ko, ifm > 1. 
In this note I shall prove 
(iii) K, + Ky, if m > 3; 
(iv) (iii) is best-possible in the sense that, for prescribed land for m = 2, 3, 
there exists a field K of degree 1, with exactly m prime divisors of the 
discriminant, such that K, = Kg. 


These results go for the first time beyond the classical propositions 
(i), (ii), and together with these seem to point to some general law of 
the form 

(v) Kay = K,,, ifm > g(n); 
(vi) for any givenl,andanym < g(n), 1K, of degreel, with m(K) = m, 
such that K,,., = K,,. 

A. Scholz in (4) has constructed, for given n and /, cyclic fields of 
degree 1 such that K,,,, # K,,. His approach, however, differs from 
mine in so far as he aims at existence theorems and his construction 
depends on the choice of the discriminant. It is of interest to our question, 
though, that his m(K) increases with n. 

In the same way as (i), (ii) follow from the arithmetical theory of 
absolutely Abelian fields, (iii) and (iv) follow from the arithmetical theory 
of fields of at most class two [ef. (1), (2)]. It seems plausible to expect 
that any further advance of the arithmetical theory of algebraic number 


+ ‘Non-ramified’ refers here only to the finite prime divisors. 


Quart. J. Math. Oxford (2), 5 (1954), 141-4. 
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fields on these lines will lead to further results in the direction of (v) 
and (vi). 

(iii) is the corollary of a theorem which establishes a sufficient con- 
dition for K, + K, in terms of rational congruence relations between 
the discriminant divisors. I shall use here the results of (2), and the 
results and notations of the preceding paper (3). 

As in (3) § 2, K* is the maximal non-ramified class field of K, which 
is still absolutely Abelian, and A is the maximal, non-ramified central 
class field of K*. I consider again the Galois group Q of A. The maximal 
class field K of K in A is the invariant field of the group (A, A). If 


A+K, (1) 
then AK, + KK, = K,. But A/K and AK,/K, are both relatively 
Abelian, and non-ramified, and therefore 

KR, + &,. (2) 
If now d denotes the number of invariants of (Q, Q) and d the number 
of invariants of (Q, Q)/(A, A), then (1) holds if and only if 

d<d. (3) 

I choose as basis of Q/(Q, Q) the elements 
Oy, Ye= Oo, (¢ = 2...., m8), (4) 
where the y; have the same meaning as in (3), and where (s;,/) = 1. 
Then (2, 2) is generated by the elements 
w, = (o,,4,) (6 = 2,...,m), (Vis Yj) (2<t<j <M). (5) 
These elements have order at most /; (Q, Q) is then completely deter- 
mined by the relations 


m 


TT (¢;,0;)-™d = 1, 


=1 
i.e., putting formally 
a= 1, (V5 vi) — (vis 71) =] (for all i), 
by the relations 


m m 


Es 
Il (yi; Yj) Paral IT cuj PpPAlBigy sar FPPPA = ] (a = a m). (6) 
j= 


f+ 
I define two matrices U = (u;;), V = (v,) in GF(l). In U,i = 1,..., m, 


j = 2,..., m, and 
™m 


Ui; = —[pp pls; (t #)), Uy = > silp; Pil-t 
j= 


+ The notation differs here from that in (3). 























A NOTE ON THE CLASS FIELD TOWER 143 
In V, ¢ = 1,..., m, while s runs through all pairs of indices (i,j), with 
2<i<j<™m, and 
Us = —[p;, pi], if s = (i,j), # = 1, 
%, = (pp), ifs = (i,j), t = J, 


v%,, = 0, otherwise. 


Finally let W = (UV), ie. W is an m by ("' matrix. The ranks} of 


U,V, W are denoted by u, v, w. Then as in (3) [Cor. 1, Theorem 3] 


d = m—1—u, (7) 

while by (6) d = (3)-« (8) 
Hence, by (1)-(3), we have 

THEOREM. Jf (7) l) > w—u, (9) 


then K, + K,. 

We now observe that w < m; hence (9) is certainly satisfied ifm > 4. 
For m = 4, (9) becomes Ci a a (9a) 
This again certainly holds ifu > 1. If u = 0, then [p;,p;] = 0, for all 
i,j (as elements in GF(/)). Hence w = 0 < 3. Ifu = 1, we can without 
loss of generality assume [p., p,] + 0. Then, for k = 2, 3, 4, 3 A,, such 
that [p,, p;.] = A,[p;,p,]. Substituting this equation in the matrix V, 
we verify that v < 2. But w << u+v. Hence w < 3 < 3+u = 4, and 
(iii) is proved. 

In order to establish (iv) I shall show that for given /, and for m = 2, 3, 
there exists a cyclic field K of degree ] with exactly m discriminant 
divisors, such that the field K* = K(A@-®7) has /-class number 1. Then 
K* = K,, and hence K, = K,. 

Let p; = 1(1) (i = 1,..., m) and let K be a cyclic field of degree 1 whose 
discriminant has exactly the primes p; as its prime divisors. If m = 2, 
let p, be an /th non-residue to modulus p,. If m = 3, let p;,, be an /th 
non-residue to modulus p; (i = 1, 2, 3), where we put p, = p,, and let 
p, be an /th residue to modulus p,. Then it follows from (2), Theorem 3, 
that K* has /-class number 1. 

That primes with the required properties do in fact exist is well known: 
it can be proved, e.g. by considering the decomposition of primes in 


+ If the number of columns of a matrix is zero, I shall define its rank as zero. 














144 A NOTE ON THE CLASS FIELD TOWER 


appropriate algebraic number fields and using Tchebotareff’s density 
theorem. 

The restriction to fields of prime degree is not a necessary one. Similar 
results hold for cyclic fields of prime-power degree. To bring out the 
main points of this note it is, however, sufficient to consider only this 
special case. 
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ON THE BOUND OF REGULARITY OF THE 
SOLUTIONS OF ANALYTIC DIFFERENTIAL 
EQUATIONS OF FIRST ORDER 


By A. WINTNER (Johns Hopkins) 


[Received 14 December 1953] 


1. Let f(z, w) be a function regular on a neighbourhood of (z,w) = (0, 0), 
ay on lz|<a, |w| <b. (1) 


Ifa, b are replaced by somewhat smaller numbers, then it can be assumed 
that f is bounded on (1), say 


\f(z,w)| <M on (1). (2) 
By keeping M = M(a,}) fixed and then decreasing the value of b, it can 
also be assumed that a > b/M. (3) 


The trivial case M = 0 will always be excluded. 

According to Cauchy, there exists on some neighbourhood of z = 
one and only one regular function w(z) = w,(z) satisfying the differential 
equation and initial condition 


w’ = dwi/dz = f(z,w) and w(0)= 0. (4) 


In addition, if r = r, denotes the radius of the largest circle about z = 0 
within which w = w,(z) has no singular point z (so that 0 < r,; < 00 for 
every f, and 7, = 00 only for certain functions f ) and if a normalization is 
so chosen that f(z,w) is regular on (1) and satisfies (2), then Cauchy’s 
method of majorants supplies for r, a positive lower bound, say r*, 
which depends only on a, b, M but not on f. 

It was pointed out in (3) that, whilst various efforts have been made 
to improve on Cauchy’s r*, the best value of r* (which cannot be obtained 
by any majorant method; cf. (16) below) is supplied by the method of 
successive approximations. For, if (3) is assumed, then, on the one hand, 
the latter method assures that r, > 6/M and, on the other hand, it is 
possible to choose an f = f, satisfying r; < (1+-e)b/M, if « > 0 is given 
arbitrarily [cf. (15) below]. 

Accordingly, the best possible value of r* is b/M with the assumption 
(3), and hence min(a, b/M) without the assumption (3). (The latter con- 
clusion, that in which (3) is not assumed, is trivial if it is observed that 


Quart. J. Math. Oxford (2), 5 (1954), 145-9. 
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(4) is equivalent to 


w(z) = | f(Z)dZ (\z| <a) (5) 
0 
when f(z,w) is a function f(z) of z alone and that the function (5) is 
singular at z = a when its derivative f(z) is.) It turns out, however, that 
this determination of the true value of r* does not contain everything 
that can always be said on the ‘nearest singularities’ of the solutions 
w = w,(z) of the problem (4) under the assumptions (2) and (3). 

2. It will always be assumed that f(z,w) is regular on (1) and that 
(2) and (3) are satisfied. Then the successive approximations, which 
supply for (4) the existence of its (regular) solution w(z) in the circle 
z| < b/M (at least), also show that 


w(z)| <b if \z| << b/M. (6) 


The improvements, referred to above, of the facts collected before will 
centre around the following improvement of (6): 


sup |w(z)| <b (7) 
\2|<b/M 
unless w(z) = cz (ce constant, |c| = |f(0,0)}). (8) 


First, if the case (8) is excluded, it follows from (6) and from Schwarz’s 
lemma (which, in view of the second of the relations (4), is applicable) 
that 


|jw(z)| << M\z| if 0 < |z| < b/M. (9) 
But more than (9) is true since, on (1), 
f(z, w)| < M. (10) 


In fact, if (2) fails to imply (10), then f(z,w) is a constant, and hence 
(4) leads to (8). Since (2), (3), and (10) imply that |f(z, w(z))| < if 
z| < b/M, it follows from (4) that 

w'(z)| << M if |z| < b/M. (11) 
If w’(z) is integrated along the rectilinear path joining z = 0 to z = re'?, 
where 0 < r < 1, it follows from (11), where w(0) = 0, that 

sup |w(re'*)| <b (12) 
0<r<b/M 

holds for every fixed ¢. 

By using (11) in a slightly different way it is possible to establish not 
only (12) but also the improvement (7) of (12). This will not however 
be done, since, by using (12) alone (for fixed ¢), it will be possible to 
obtain a result containing (7) as a by-product. 
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3. It will be shown that to every ¢ there belongs an « = e, in such 
a way that the function w(z) (which, being regular in the circle |z| < b/M, 
is regular on the segment 0 < r < b/M of the half-line argz = ¢) is 
regular on the segment 0 < r < (1-+€,)b/M of the half-line argz = 
In view of the Heine—Borel theorem, this will imply that a positive «, 
can be chosen independent of ¢, which means that w(z) must be regular 
in a circle |z| < R of some radius R > b/M. In view of (12) and the 
maximum principle, (7) will of course follow as a corollary. 

In the proof for the existence of an 4 > 9, it can be assumed that 
¢ = 0. Then (12) simplifies to 

w(r)| <d (d constant, 0 <d< )b), r>b/M (r<b/M). (13) 
The assertion is that w(z) must be regular on a segment containing the 
segment 0 < z < b/M inits interior. The existence of some such (larger) 
segment will be concluded by applying an argument due to Painlevé 
[(2) 23; for a theorem corresponding to that of Painlevé in the real 
case and depending on the same argument, cf. (4)]. 

Put z, = (1—1/k)b/M and denote the value of w(z) at z = z, by w,. 
Then (6) shows that the (z, w)-domain 

lz;}<a, |w—w,| <b, (bd, = b—|w,)|) (14,.) 

is contained in the domain (1). Hence (10) is applicable on (14,). Conse- 
quently, if & is large enough, then that solution w(z) of the differential 
equation w’ = f(z, w) which is defined by the initial condition w(z,) = w, 
is regular on the circle |z—z,| < b,/M (this follows from the above- 
mentioned application of the method of successive approximations). 
But, if k is large enough, then |w,| < d < b, by (13). Hence the number 
b,, having been defined to be b— |w,.|, exceeds the positive lower bound 
b—d. Consequently, the function w(z) is regular in the circle 


z—z,| < (b—d)/M, 

one of fixed radius but of variable centre (z,). Since z, > b/M as k + a0, 
it follows that w(z) is regular on the segment 0 < z < (e€,+6)/M, where 
€, = b—d > 0. 

4. This proves (ii) and (iii) and hence the first part of (i) in the following 
theorem: 

TuHeoreM. If f(z,w) is regular on (1) and satisfies. (2) with (3) (but is 
otherwise unspecified), then 

(i) the solution w(z) of (4), though regular in the circle |z| < b/M, can 
possess a singularity in the circle |\z| < (1+e*)b/M if «* > 0 is any 
absolute constant; 
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(ii) the solution w(z) cannot become singular on the circle \z| = 6/M, 
i.e. there exists an « = e(f) > 0 such that w(z) is regular for 


z| < (l+e)b/M; 
(iii) of «e = e(f) > 0 is sufficiently small, then either \w(z)| < 6b holds 
for \z| < (1+e)b/M or w(z) is of the form (8). 
The remaining assertion of (i), that concerning the non-existence of an 
absolute «* > 0, can be seen as follows [ef. (3)]. Let 
f(z,w) = f(w) = ($+430)"", (15) 
where f(0) = 1 and n = 2, 3,.... If6 = 1, M = 1, anda > 1, then the 
function (15) is regular on (1) and satisfies (2) with (3). Hence the 
solution w(z) of the case (15) of (4) is regular in the circle |z| < 1( = 6/M), 
and even on the boundary of this circle, forevery n. But, if « > 0 is given, 
then the n = n, in (15) can be chosen in such a way that the corre- 
sponding w(z) has a singularity within the circle |z| < 1+. In fact, the 
solution w(z) of the case (15) of (4) is 
w(z) — —1+(1+2/c,)", 


where C_ = BUA -1, m = n/(n—1), 
which shows that w(z) becomes singular atz = —c, andthat1l < |c,| +1 
as n —> 00. 


5. Cauchy’s method of majorants, the one which forms the basis of 
his result on the existence of an absolute r* = r*(a,b, M) > 0 (men- 
tioned after (4) above), is built on the following principle of comparison. 

(A) Let |a;,| <6, hold for the respective coefficients of two power 


series © 
f(z,w) = > = a, z'w*, g(z,w) = > D> dy zw 


i=0 K=0 
and let r, denote the radius of convergence of the power series which 
represents the solution w(z) of (4,), where (4,) refers to the case f = h(z, w) 
of (4). Then r, > 1,. 
In order to apply this comparison theorem (A), Cauchy assumes that 
a given function f(z, w) is regular on (1) and satisfies (2). Then the first 
assumption of (A) is satisfied by the choice b;, = M/a‘b*. But the corre- 
sponding g(z, w) is MX(z/a)A(z/b), where A(s) = 1/(1—s) and |s| < 1, and 
this g(z,w) depends only on the three numbers a, b, M. Hence the 
existence of an ‘absolute’ r* > 0 follows from r, > r, if r, > 0 is true. 
Finally, r, > 0 follows by calculating the solution of (4,) explicitly, 
which is possible since the differential equation is now of the type 
W(w) dw = Z(z) dz. 
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The roughness of the estimate which this r, supplies for the ‘absolute’ 
r* = r*(a,b, M) is not caused by Cauchy’s choice |a;,.| < M/a‘b* of the 
coefficients 6,,. alone, but simply by the application of the principle (A) 
in any form. In other words, no application of the method of majorants 
can prove a best-possible result for r*. In fact, the best-possible g(z, w) 
belonging to a fixed f(z, w) results by placing 6; = |a,,|, i.e. by choosing 
g = f*, where 


g 3) @ 
f*(z,w) = oe a,,\z'u* if f(z,w) = px Zn a;,z'w*. (16) 
i iit 


t 


i] 
So 


But, if f(z, w) is regular on (1) and satisfies (2), then the numbers a, b 
occurring in (1) must, in general, be replaced by a’ = 4a, b’ = 4b before 
it becomes true that 
f*(z,w)| <M if lz) <a’, |w| <0’ (2*) 
[Bohr; cf., e.g., (1) 26-9]. 
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NOTE ON CROSS-SECTIONS OVER 
CW-COMPLEXES 
By WILLIAM BARCUS (Ozford) 
[Received 16 December 1953] 


1. Introduction 


STEENROD, in his book on fibre bundles [(4), part III], considers the 
following situation: let X be a finite cell complex in which each cell is 
contractible on itself to a point, Z a fibre bundle over X with fibre Y, 
and g a cross-section over the n-section X". Then, if a is a closed (n+ 1)- 
cell of X, g| a determines a map of S” into B,, that part of the bundle 
space over oc. Since a is contractible, B, contracts to Y,, x € o; and, if Y 
is assumed to be n-simple, g | ¢ determines an element «, € 7,,(Y,,); g can 
be extended to a cross-section over o if and only if a, = 0. This basic 
construction is used to assign to g a cocycle c in a certain cochain group 
having coefficients in a bundle such that g has an extension to a cross- 
section over X”*+! if and only if ¢c = 0. Steenrod also shows that g | X”-! 
has an extension to a cross-section over X"*' if and only if the cohomology 
class of c is 0. 

This note gives a theory for the case of fibre spaces over CW-complexes 
(5), with no restrictions on the fibre. These hypotheses clearly include 
the case treated by Steenrod; but even then the results are somewhat 
simpler, in that the coefficients are taken from a group instead of a 
bundle of coefficients. 

The term ‘fibre space’ is used in the sense of Serre (3): a fibre space is 
a triple (Z, p, A), where E and A are topological spaces and p is a map 
of EF onto A such that the homotopy lifting theorem holds for maps 
of finite polyhedra into EZ. The lifting can be strengthened by the 
following theorem, due to James and Whitehead (2). The corollary will 
be used without further comment. 


[1.1] THeorem. Let (E, p, A) be a fibre space, and let R be a CW-com- 
plex, Sa subcomplex. Suppose given a map 0: R—> E,a homotopy H of pé, 
and a homotopy A’ of 8\ S such that pH’ = H|S x I. Then H can be lifted 
to a homotopy of 6 agreeing with H’ on Sx I. 

[1.2] CoroLLtary. Suppose given a map 0: R—- E and a homotopy H 
of p0. Then, if H is rel S, it can be lifted toa homotopy of 6 which is also rel S. 

Throughout the note let (Z, p, K) be a fixed fibre space, where K is a 
Quart. J. Math. Oxford (2), 5 (1954), 150-60. 
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fi 


A = ~*~ fF. 
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connected CW-complex and £ is a pathwise connected space. Let ZL 


be a subcomplex of A, which may be empty unless otherwise stated, 
and denote by K” the complex LU K". We shall use the system of 


chain groups 
(RK, L) = H,(R"u L, Ru L), 


where & is the universal covering complex of K and L is the subeomplex 
of K lying over L. 

Let x) < K° bea fixed base point. Then z,(K, x) is a group of operators 
(a) on C,,(K, L), induced by the covering transformations of K, 
(b) onz,(K", K"-1, x9) forn > 3, acting through 7,(K, x9) = 7,(K"-1, 2»), 
(c) on 7,(K?, K1,2,)/C, where C is the commutator subgroup, as follows. 
Let 1: 7 > 7,/C be the projection, and let t,: 7,(K1, 29) > 7,(K,2 9) be 
the injection (which is onto). If «€7,(K?, K!,29), €€7,(K,2 9), then 
E(n(x)) = n(C(a)), where { et, 3(€). 

The methods of (6) § 12 can be used to show that C,,(K, L) is naturallyt+ 
operator-isomorphic to 7, (K", K-1, xy) forn > 3,and to m,(K?2, RK}, Xy)/C 
for n = 2; and that the following diagram commutes: 


C,(R, L) hl Ts etna city i, GE Be 


C n 
Cr 
). |. |. 


a> 7, (R", R", 25) “> or, (Kn-1, Kn-2, 2) 7" Y3 i ie 





where / is the natural operator isomorphism, y, = j,_,@,, for n > 3 in 
the diagram 


a, (K", Kr- 1 , Xp) Ty (Kr- -1 »%e) sn _,(K"-1, K"-2, 2), 


and ys = 7)203. 

We shall identify the corresponding groups under h. F will always 
denote the fibre p-1(x,), and E,, the set p-1(K"). The subscripts , and ,, 
on maps will denote induced homomorphisms of absolute and relative 
homotopy groups respectively. The subscript , on a path (: [+> BcA 
will denote either of the induced isomorphisms 


Ce: ,(A, B, f(1)) > 7,,(A, B, 2(0)) or C,: ,(B, C(1)) > z,(B, &(0)). 


If f is a map of (I", /”, Z°), {f} will mean the homotopy class of f in the 
relevant group. 


+ i.e. the isomorphism commutes with the homomorphisms induced by a 
cellular map (K, L)— (K’, L’). 














W. BARCUS 


152 





2. The first obstruction for n > 1 


Throughout § 2 let g be a cross-section over K” for fixed n > 1, ie. a 
map of K" into E such that pg = 1. Let y, = g(x,). Then we have 
homomorphisms 


a’ i 
Tr+t(En41, E,, Yo) ais 7,(E,,; Yo) — 7, (F, Yo) 


[pss |o. (2.1) 


hd "hd oe 7 
Trii(K me, K af Xp) =" 7,(K *, Xp): 


where p | £,,,, induces the isomorphism 
/ . ’ Kn+l Kn . 
Pax? Trst(Ensa> Ens Yo) > Trii(K"*, A, 2). 


There exists an exact sequence 


a Pp = A Fa 
oo > Tq F, Yo) pe 5 T(E, Yo) > TK", Xq) —> M%g-4(F Yo) > -.. > 7 (K", Xp). 
Since p,g, = 1, 

7, (LE, Yo) _ or a, (F, Yo) +9 x 7,(K", %q) 
if n > 2, and 7,(£,,y,) contains an invariant subgroup which is iso- 
morphic to 7,(F',y¥9) under i,, and which is also the kernel of p, [the 
proof follows that for fibre bundles; cf. (4) 92]. Since 
Px(O' Pex —94°) = 9, 
6 pee —g, 6 has values in i, 7,,(F', yo); i, is an isomorphism into, and so 
we may define 10g) = is (0'pad 942); (2.2) 
c"+1(g) is a homomorphism for n > 2, and, form = 1, is a crossed homo- 
morphism (6) under the following operation of 7,(K?, K}, x) on 7,(F, yp): 
if « € 7,(F, yo), B € 7(K?, K, x9), then 
B(x) = t¢7(9 O(B)+14(2)—g» O(B)). 

It is easily verified that this definition gives a group of operators. 


[2.3] Derinition. The homomorphism (or crossed homomorphism for 
n = 1) c”+1(g) is called the ‘first obstruction’ to extending g to a cross- 
section over K"+1, 


The superscript will be omitted when it is obvious. 


+ I shall write all groups additively, even if non-Abelian. 
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[2.4] THEoREM. c”*+1(g) = 0 if and only if g can be extended to a cross- 
section over K+}, 

Proof. Suppose that g can be extended to a cross-section g’ over K”+!, 
Then pg’ = 1, and so pyy Gx = 1, where 

Gxt? Ty ay( "+1, R®, 29) > tg 1(Enoas Ens Yo)- 
Since p,, is an isomorphism onto, 9g, is its inverse, and 
O'Pex = O'Fax = 9x 0; 
thus c”*+1(g) = 0. For the converse we need 
[2.5] Lemma. Given any map ¢: S™x I > E,, such that 
(i) pd(x,0) = pd(x,1) for all x € 8”, 
(ii) pd(s,t) ts a fixed point x, for some s € S™ and all t; 
then there exists a map ¢': S" x I > E,, such that 

(ili) $'(x, 0) = (x, 9), $'(w, 1) = $(z, 1), 

(iv) pop'(x,t) = pp'(x,0) for all t 
(i.e. &' is a fibre-true homotopy of $( ,0) to o( ,1)). 

Proof. Let ¢ be a path in p-'(x,) (which is pathwise connected by 
§ 6, b) from ¢(s x 0) to gpd(s x 0) = g(x,). Let 

M = 8™x0U 8™x1UsxJ. 
Then S” x J = MU e™+1, where e™+1 is an (m-+1)-cell. We already 
know the projection p¢’ of the desired map ¢’. Using difference cochains 
(ef. (1) § 8 but consider base points], d(p¢, pd’) € 7,4;(K",2,), and thus 
(9, 4(pd, pd’) € 7,.,(E,,,6(s x 0)). We can therefore construct a map 
¢”: S" x I > E,, such that ¢” | M = ¢|M and d(¢, 6”) = & 9,.d(pd, pd’). 
From the properties of difference cochains, 
Up’, pp") = —d( pd, po')+d(pd, pp") = —d( pd, pd’) +p Ud, $") 
= —d(pd, pb')+ Px %e9xU( pd, pd’) = 0. 

Therefore pd’ ~ pd" rel M. Lift this homotopy to a homotopy rel M of 
¢” into a map covering pd’; this last map is the desired ¢’. This proves 
the lemma. 

Let e”** be an (n+ 1)-cell of K—L; let x, be a point on the boundary 
of e"+1, and set y, = g(x,). Then there exists a path € c K” from x, to 2». 
Let Q; (¢ = 0, 1) be the category whose objects are the groups 

(a) z,(C,D,x;) and z,(D,x;) for all n, where K > C> D> €&(1), 

(6) z,,(C’, D’,y;) and z,,(D’,y;) for all n, where E > C’ 5 D’ 35 g&(J), 


and whose maps are all homomorphisms of these groups. Then é, and 
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(g&), together form a covariant functor from Q, to Q,. In particular, the 
square in diagram (2.1) is transformed into 


a 
Tro(En+1, E,,, Y1) — 7, (E,,, ¥3) 


|ost |o. (2.6) 


Tri (K"*!, K", 2) - m,(K", 2). 

Suppose that c”+1(g) = 0; theng, é = é’p,,} in (2.1), and the functorial 

relationship implies that the same equality holds in (2.6). Let 
f: ([n+t, Jr, [°) + (Ket, K",2,) 
be a characteristic map for e”*!; f can be lifted to a map 
0: es, fret, I) iat (E,41 E,, Y1); 
and pye{f} = (9) © 7 11(E, 412,41). Then g,@ = epye implies 
of jure | [*+1 ye] J° 
under a homotopy 7 in E,. Therefore, by the lemma, gf | /"+! ~ 0 | /"+! 
under a homotopy 7’, where pr’(x,t) = pgf(x) for all x, t. Since 
PH xodu Jrtiyx fj 
is a retract of /"+! x J, there exists a map 
6’: [n+1 + EF, ,,, 6’ | je — gf | JrH, 
such that 6’ ~ @ under a homotopy o with o| /*+1x J = 7’. Thus 
po’ = pbrel I+, 

Lifting porel /"+! to a homotopy of 6’, we obtain a map 6”: I"+1 + E,,,, 
which covers pé = f. Now 6” | /"+1 = gf | /"+1; thus 6’f — is single-valued. 
Since é"+! has the identification topology under f, 6”f-1 is continuous. 

Let g’: K"+1 — E be defined by g’ | K" = g and g’ | é"+1 = 6”f- foreach 
en+lc KnA_L Theng’ is single-valued and continuous, since K”*+" has 
the weak topology and is a cross-section extending 9g. 


3. Operators 

Let y, € F be a base point, and suppose that there exists a cross-section 
g, over K! which is extendible to K*, and such that g,(%) = Yo (e.g. this 
condition holds for any y, € F if F is 1-connected). 7,(K,2 9) acts as a 
group of operators on 7,,(Z,,,y,) for n > 2, m >1 as follows: any 
&€7,(K,x,) has a representative map f: (I, /) > (K',2,). Then g,f 
represents an element ¢ € 7,(Z,,, ¥)), and the operation of € on 


B E T(E, Yo) 
is defined to be (8) = (8). 








— aft ts t.. 2 Gee 


— 
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771(K, Xp) alsc' operates on 7,,(F,y) through g, as follows: let 
ae T(F, Yo) 

have representative k: (J”, Im) + (F, Yo) and let € have representative f 
as before. Define a map H: I™x I > K' by H(z,t) = f(1—t), and a map 
A’: imx I +E, by A'(y,t) = g,f(1—t). Then by [1.1] there exists a 
homotopy Al of k which extends A’ and “ae? = pH = H. The opera- 
tion of € on a is defined to be £,(a) = {A( ,1)} € 7(F, Yo). The extendi- 
bility of g, shows that the operation is chiconies of the representative 
maps. Under this definition 7,(K,2z,) is a group of operators, and we 
have the relation 


inép(a) = Exiga) for ae 7,(F, yo). (3.1) 


Different cross-sections g, may give different operations. 

With certain mild restrictions, 7,(K,x,) also operates on 7,,(F’, yo) 
through the group of homotopy equivalences (fF, y,) > (F, yo): e.g. let 
F be a CW-complex, y, a 0-cell, and g, a cross-section as above. Let & 
and f be as above, and define H: F x I > K' by A(y,t) = f(1—t), ye F. 
Then, if i: F c EZ is the inclusion, H is a homotopy of pi. By [1.1], H 
can be lifted to a homotopy Ai of i such that A(y,t) = g,f(1—t). A ,1) 
is a homotopy equivalence of (F,, y)), and thus induces an automorphism 
of z,,(F', Yo) which is defined to be the operation of €. This operation is 
easily seen to coincide with the one previously defined. 

C,(R, L) also admits 7,(K,2,) as a group of operators, so that we may 
define O'(R, L; 7,,(F,yo)) = ophom(C,(K, L), z,,(F, yo)), the equivariant 
cochain group [cf. (8) § 2}. 


4. The obstruction class for n > 2 
Take n > 2 throughout this section, and let g be a cross-section over 
K". Set y, = g(xp), and let 7,(K, x9) operate on z,,(F, yo) as defined in § 3, 
with g, = g| Kt. 
[4.1] THrorem. Jf g’ is a cross-section over K” such that 
q’ Ke = g| Kr, 
then (a) c"*+1(g') is a cocycle in the equivariant cochain group 
0"+1(R, L;7,(F, yo), 


and (b) c”*1(g’) and c"*+*(g) differ only by a coboundary. 
(c) If «is cohomologous to c"+1(q), then there exists a cross-section g” over 


Kk, q” | Kr — g|K"-, 
such that « = c"*+1(g"). 
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[4.2] Derinition. For n > 2, we shall call the cohomology class of 
c"+1(g) in the equivariant cohomology group H"(K,L;7,(F,yo)) the 
‘obstruction class’+ of g, written €"*1(qg). 


[4.3] CorotLary. é"*1(g) = 0 if and only if g | K"— can be extended 
to a cross-section over K"+1; i.e. if and only if g can be re-defined on the 
n-cells of K—L so as to be extendible to K"** U L. 


Proof of [4.1]. (a) Since g’ | K? = g| K}, c"+1(g’) is an operator homo- 
morphism. Consider 


, of 


Yn-+ Cn+ : 
Tn+2(En+2 Ena Yo) “4 Trt(Enss E. Yo) aS Tn (E,, Yo) — 7 alF, Yo) 


[oss Jost 3 
Tnao(K"*?, K*+1, %9) ——> ios Tn i(K"t!, K", 29) aes. 7,(K", %). 
The first square commutes. Therefore 
C9’ ¥ns2 = te (Ons 1dn+1On+2 Pee —Je OnsiIn+1 nse) = 9, 
since @n43Jns1 = 9 = GniiJnii1- Thus, if 6, is the coboundary operator 
in the equivariant cochain system C%(K,L;7,,(F,y)), 
824169’) = C9')¥nse = 9, 


and c(g’) is a cocycle. 
(b) The separation homomorphism 


A(g,g’): 7,(K", K"+, 29) > 7,(E,,, Yo) 


is defined as in (7) Appendix B, but with J° as base point in J”; clearly 
the relation g,—g, = Aj still holds. From the convention for orienting 
the hemispheres it follows that p, A = 0, so A maps into i, 7,,(/, y). 
[3.1] may be used to show that A’ = 1,1 A is an operator homomorphism; 
therefore, for n > 3, 


c(g’)—c(g) = A’je = A’y = 8A’. 


If n = 2, then A’ maps into an Abelian group and can be factored 
through the projection 7, A’ = A”y. A” is an operator homomorphism, 


so that c(g')—c(g) os A’ nje == A’y == $A”. 


(c) We wish to show that, given k ¢ C"(K,L;7,,(F,y,)), there exists 
a cross-section g” over K”, agreeing with g on K"-1, such that A’(g,g”) =k 


{ Alternatively, by (4.3), €"*1(g) is the second obstruction to g | Kr-1, 
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if n > 3, and A’(g,g") = k if n = 2. For, by hypothesis, a—c(g) = 5k 
for some such k. Then, if n > 3, 
x—e(g) = 5A’ = e(g")—c(g), 
while, if nm = 2, a—c(g) = 6A” = c(g”)—c(g); 
and in both cases c(g”) = a. 

First consider the case n > 3. Let (e”),..4 be the set of n-cells in K—L, 
and for each c€ A let f, be a characteristic map for e”. Set z, = f,(°), 
w, = g(z,), and let ¢, be a path in K"-! from 2, to z,. f, represents an 
element {f,} € 7,,(K", K"-1,z,), and the set (£,.{f,}),<4 is a basis for the 
free 7,(K,2x,)-module C,(K,L). Set p, = Cuff}. 

Let g” be a cross-section over K" which agrees with g on K"-!. Then 


AG.9'P.) = (9s 49.93: (4.4) 
where A, is the separation homomorphism for base point z,. Further- 
more, A(g,g")(p,) depends only on those values of g and g” on the point 
set 2”. Thus we need only show that, given the element k(p,) € 7,,(F', Yo), 
we can construct a cross-section g” over K", agreeing with g on K"—e”, 


such that A,G,9° VF. = Gbdz*ink(p,) = B, (say). 
Note that 8, €7,,7,(F,,w,), where F, = p-\(z,) and i,: F,c E,. 

Let s be a base point on the equator of S” [cf. (7), Appendix B for 
orientation]. Let o map S" onto E% by o(ty,...,t,) = (to,---, —t,) for 
(to,..-»¢,) € ZH", otherwise by the identity; and let 7: (Z".,s) > (I”, I®) be 
an orientation-preserving homeomorphism. Let f, be represented by a 
map b: (S",s) > (F.,w,). Let A, be a homotopy rels in E,, of gfr into w,, 
A, a homotopy rels in F, of b| E” into w,. Let A’ be the homotopy A, 
followed by the reverse of A; it is thus a map A’: E" x I > E, with 
A’( ,0) = b| BE", A ,1) =gfr = gfro| E”. Set 

H = pH'(ox1): 8S"x I > KR". 
We can then apply [1.1] with R = 8", S = E", and @ = 5, to obtain a 
homotopy A of 6 which covers H and agrees with A’ on E”. Define 
b': In+E,, by 6’ = (A( ,1)| EX )(o| E”)-1+—; then 6’ covers f and 
agrees with gf on /”. Set g” = b’f- on e”, g” = g otherwise; g” is a 
cross-section [cf. the end of § 2] with the desired properties. 

Now suppose n = 2. Using the notation above, we see that (np,),- 4 
isa basis for the free 7,(K,2,)-module 0,(K, I). The last two paragraphs 
apply, except for replacing k by kn, to give a cross-section g” such that 
A(g,9”)(p,) = 14 kn(p,) for allt e A. Thus A’(np,) = k(np,) for alli € A, 
and A” = k. 
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5. The obstruction class for n = 1 
In this section let L be a non-empty connected subcomplex, with 
a) € L, and let g be a cross-section over K!. Then z,(K', x9) operates 
on 77,(Ey, Yo) through g; i.e. if € € 7,(K1, a9), « € 7,(Z,, yo), then 
Ex, (a) = g4(€)+a—g(E)- 
7,(K1, 2) is also a group of operators on 7,(F,y¥)) defined by 


E,(B) = ix 1(€z,(t«B))- 
The term ‘crossed homomorphism’ will imply that 7,(K?, xy) acts in this 
manner. 

[5.1] THzorem. Let my: 7,(L, x9) > 7,(K!, a») be the injection. Then 
q | K° can be extended to a cross-section over K? if and only if c2(g) = ke, 
where k: 7,(K1,x)) > 7,(F,y9) is any crossed homomorphism such that 
km, = 0. 

Proof. We first establish some preliminaries. 

If g’ is any cross-section over K! with g'(x,) = yo, then iz (g,—g,) is 
a crossed homomorphism, and 

—e(g')+E(9) = tx (Ga—Gx)E- (5.2) 

Suppose given a crossed homomorphism k: 7,(K!, 2) > 7,(F, yo) such 

that km, = 0; we wish to construct a cross-section g” over K}, 

g” | K° = g| K° 

such that k = i, 1(g,—g,). First choose a fixed characteristic map for 
each 1-cell. Let 7 be a tree in L* containing all the vertices of Z, and 
extend it to a tree S c K! containing all the vertices of K, and such that 
So L= T [ef. (9) 322]. Let (e,),.% be the set of 1-cellsin K—S. Let 
e, have initial and terminal points z, and v, (as determined by the 
characteristic map /f,) and let ¢,, 1, be the paths in S (unique to homotopy 
in S) from x, to z, and v, respectively. Let p, = {f,+-f,—p,} € 7,(K!, 2); 
the set (p,),<z generates 7,(K!, x,). 

Let F, = p-(z,), w, = g(z,), 1,: Fc EB. Let (e,),. 4 be the set of 1-cells 
in K—(LU 8). Then, given: € A and any element «, € i,,7,(F,,w,), by 
the argument of the penultimate paragraph of § 4 we can find a cross- 
section g! over e,, agreeing with g on é,, such that? {gf,—g/f}, = «,. 
Define g”| LU S =g|LUS, and define g” on each e,, « € A, such that 

of. —9'fb. = —(9o dg? te k(p,) € ty (FP, w,). (5.3) 
Then 
(Gx—Ga)(P.) = 9. + 9-9. +9". —9'F—G' Sabo 
= (9 dstoh.—9'F db. = —ta k(p,)- 


+ A subscript after brackets indicates the base point. 
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Since this equality is obvious for «¢ B—A, 
k(p,) = t4(Ga—Ga(p,.) for allce B. (5.4) 
Since a crossed homomorphism is uniquely determined by its values on 
a set of generators, k = i; 1(g,—g,) as desired. 
To prove the theorem, first suppose that there exists a cross-section g’ 
over K? with g’ | K®° = g| K®. Then c(g’) = 0, and (5.2) becomes 
(9) = tx (Ga—G)2- 
Since g’ | L = g| L, ig *(94—94)my = 9. 
Conversely, suppose that c(g) = ké, with k as in [5.1]. Then there 
exists a cross-section g’ over K1,9’ | K®° = g | K®, such that 
tx (Ja—Gx) = k. 
Then —c(g’)+-c(g) = ké, so that c(g’) = 0, and g’ can be extended to K?. 
The case of L empty is equivalent to L = x, since g is never varied 
ON Xp. 


6. Lower dimensions 
Let g be a cross-section over K°. 


[6.1] THEOREM. We can extend g to a cross-section over K! if and only 
if (F) = 0. We can extend g | L to a cross-section over K if and only if 
m™(F) = 0. 

Proof. The theorem is a consequence of the following two observations: 

(a) =(F) = 0 implies that g can be extended to K1. For, let e be any 
1-cell in K—L, with characteristic map f. Since K and F are pathwise 
connected, so is p-1f(0). Therefore, if we lift f to a map @ such that 
6(1) = gf(1), then 6 | J ~ gf | / ina fibre-true homotopy, and the method 
of § 2 (much simplified) gives an extension of g to a cross-section over e. 

(6) If there exists a cross-section g’ over K!, then z,(F) = 0. For, let 
Yo = g' (Xp) and let w be any point of F. Then there exists a path pv in E 
from y, to w. Let £ be a path in K! from 2, to x, such that py ~ Crel I. 
Lift the homotopy rel / to obtain a path ¢’ from y, to w which covers ¢. 
Then —Z’+g’f covers —f+¢, and, if we shrink the latter path to 
x rel J, and lift the homotopy rel /, we obtain a path in F from w to yp. 

I should like to thank Prof. J. H. C. Whitehead and Dr. M. G. Barratt 
for a number of suggestions incorporated in this note. 


REFERENCES 
1. 8. Eilenberg, ‘Cohomology and continuous mappings’, Ann. of Math. 41 (1940), 
231-51. 
2. I. M. James and J. H. C. Whitehead, ‘Note on fibre spaces’, Proc. London 
Math. Soc. (3) 4 (1954), 129-37. 





160 NOTE ON CROSS-SECTIONS OVER CW-COMPLEXES 


3. J.-P. Serre, ‘Homologie singuliére des espaces fibrés’, Ann. of Math. 54 (1951), 
425-505. 


4. N.E. 


7 he: 9 
Soc. 


Steenrod, The Topology of Fibre Bundles (Princeton, 1951). 

C. Whitehead, ‘Combinatorial homotopy (I)’, Bull. American Math. 
55 (1949), 213-45. 

‘Combinatorial homotopy (it)’ , ibid. 453-96. 

‘A certain exact sequence’, Ann. of Math. 52 (1950), 51-110. 


‘On the theory of obstructions’, ibid. 54 (1951), 68-84. 
‘Simplicial spaces, nuclei, and m-groups’, Proc. London Math. Soc. 45 


(1939), 243-327 








cr 





ON THE SECOND THEOREM OF 
CONSISTENCY IN THE THEORY OF 
ABSOLUTE SUMMABILITY 


By T. PATI (Allahabad) 
[Received 1 April 1953; in revised form 5 April 1954] 


1.1. Definitions. Let > c, be a given infinite series, and A, a positive, 
steadily increasing, monotonic function of n, tending to infinity with n. 


We write Cy(w) = Cl(w) = > e¢,, 
AnS<w 
and w 
CY(w) = - (w—A,)’c, = 17 | Ci(r)(w—ry 4dr (r > 0). 
n Ww x 


1 


The series > c,, is said to be summable (R,A,r) (r > 0) to C if 


Ci(w)/w" > C, 
as w > 0 [(8)]. 
The series > ¢,, is said to be absolutely summable (R, A,r), or summable 
A,r (r > 0) if 
Bar © eS Co(w)/o" 
is of bounded variation in (h,oo), where h is a finite positive number 


((6) and (7)]. 


1.2. Extending the well-known ‘second theorem of consistency’ for 
Riesz summability [(3) 30-32], Hardy (2) proved in 1916 the following 
theorem. 


THEOREM A. [f the series > c,, is summable (R,A,«) to sum C, and p 
is a logarithmico-exponential function of X such that 


pw = OA), 


where \ is a constant, then the series > c,, is summable (R, p, x) to the same 


sum C'. 


In 1932 Hirst (4) gave a generalization of Hardy’s theorem by replacing 
u by a more general function. Very recently Kuttner (5) has shown that 
under certain restriction Hirst’s conditions become necessary and 
sufficient. 


Quart. J. Math. Oxford (2), 5 (1954), 161-68. 
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Working on the lines of Hardy’s theorem, Chandrasekharan (1) gave 
an analogous theorem for the absolute summability of series by Riesz 
means of the type pu, which is a special class of logarithmico-exponential 
function. The object of the present paper is to extend the scope of 
applicability of the second theorem of consistency for absolutely sum- 
mable series, and to establish a theorem applicable to a wider class of 
types. 

I should like to acknowledge my indebtedness to Dr. B. N. Prasad 
for his valuable guidance during the preparation of this paper. 

2.1. I establish the following theorem. 


THEOREM B. /f d(t) is a non-negative and monotonic increasing function 
of t for t > 0, steadily tending to infinity as t tends to infinity, such that, 
for positive integral x, d(t) is a («+-1)th indefinite integral for t > 0, and 
(2.11) trhir(t)/d(t) € BV(h,oc) (ry = 1, 2,..., «),t 
where h is a finite positive number, then any infinite series which is sum- 
mable |R,X,,,«| is also summable | R,4(A,), «|. 

It is evident that the truth or otherwise of the theorem depends only 
upon the behaviour of ¢(¢) for sufficiently large t. We may therefore alter 
¢(t) in any finite range in any convenient way, and may suppose, without 
any loss of generality, that h = A,, and that ¢(¢) is a («+ 1)th indefinite 
integral for ¢ > 0 (instead of only for sufficiently large ¢). 


n? 


2.2. We require the following lemmas for the proof of the theorem. 


Lemma 1.t Jf « is a positive integer, then 
P 1/d\*_, 
C\(c) = wilde) CX(a). 


Lemma 2. The n-th derivative of {f(x)}" is the sum of a number of terms 


th 


of 





of the form 
K{ f(x)}m-"£ f(xy} =f f(x) a2 { f™(zx)} on ; 


where K is a constant,§ r < n, and the «’s are positive integers or zeros 


such that ‘ i 
> a, = #, > va, = n. 
v=l1 


v=l1 





Further, if m is a positive integer, then 0 <r < m, 

+ By ‘f(v) € BV(h, k)’ we mean that f(a) is a function of bounded variation in 
the interval (h, *). 

t Hardy and Riesz (3). 

§ Throughout, A denotes a constant, not necessarily the same at each occur- 


rence, 


Vé 











CSZ 
tial 


of 


ot 


ad 


on 
at, 


nd 


M- 


08 


in 





ON ABSOLUTE SUMMABILITY 163 
This is a particular case of a result, due to Faa di Bruno [(9) 89] on 
the nth derivative of a function of a function; the factor {f(x)}"-" accrues 


from the differentiation of {f(x)}”" with respect to f(x), and is multiplied 
by a zero factor if m is a tell integer and r > m. 


LEMMA 3. Let 6 be a finite positive number, and let 4(t) be a non-negative 
and monotonic increasing function of t fort > 0. If 


Gio) € BV(8, 0) 


7 


and aes 2 | H(c) do € BV(3,0) (r > 0) 


7 


then ‘| H(a)G(a) do € BV(8,~%). 
wai 


Proof. Integrating by parts, we have 


” 
l F G(») 
H G Cc de 
fd()}" (co) (a) 7 i(m)}" J 
te) 


° 


)do— 





7 


; | cm [ H(r) | do. 


~ {b(n}. 
ce) 


The first term is clearly of bounded variation in (5,00). The derivative 
of the second term is /,(7)+-J,(n), where 


1) 
I,(y) — oF | H (a) do, 


7 @ ; 
rO™n) fF Garey! [ | 
I,(y) ee | G a H(r) m do. 
8 


Now J,(n) is the product of G®(y) and a function which is of bounded 
variation, and hence bounded, in the interval (5,00). Therefore 


x 


| A(m)\ dy < x 


r) 











z x o 

I,(n) dy < al (n) | iL, i Ga) | | | H(r) dr io| dn 

5 '§ ees 
x 

=| Go if H(r) ar\l [ 


\. 


* rh™(n) dn| 
{b(n)}"** | ” 





{d(o "| 
GV H )d in _ Wes 1 
-f ie) I pea © 
=< - fio Via)! do, 
since ( H(r) dr = O({4(c) 
5 
and et ee (o(o))" < 
{o(X)}" ~ 
Hence the result. 
Lemma 4. /[f 
7 
x(7) = aX{h(a)} {PP(a)}™. Lhe +D(q) bo ido, 
Ai 


where the x’s are positive integers or zeros such that 


U < aay tet. +A.) — PK 


K+ 
2 +(K-+1)a 


awQXog-t ee he «+1, 


and 1, + 2a 
then, under the hypotheses (2.11) and h = d,, 
x()/{o(m)}" € BV(A,, 20). 

Proof. Case (i): a... > 0. 


«K 


In this case evidently 


Xy Xo - =a, = 0, 
and « = r—1. Hence 
7 
x(n) =e l [ KS ir—1LA(K« +1) 1 
Sa)” CBlniye J MOM Me) deo. 


AL 








Se 


Pa 2} 
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We seek to prove that, for r > 0, n = 0, 1, 2,..., «, 


as 


(2.21) F.(n) = o"{d(a)}" 16"*Y(a) da € BV(A,, 0); 


] 

{$(n)}" . 
Ai 

the result required for the proof of the present case of the lemma is the 
special one in which n = «x. The result (2.21) evidently holds for n = 0. 
So, it suffices to assume it true for n (0 < n < x—1) and prove it true 
for n+1. 

Integrating by parts, we get 


. n” i, oni 1)( K (n+1) 
F . _ o"S ir-14 (n+) ——_— 
orl) $m) «{()" ey ° ee 
(r—1) f 
ie )yr- 2A n 
Ese on +1 2h D(a)h"+D(a) do. 


The first term is of bounded variation in (A,,0) by hypothesis. The 
second term is evidently of bounded variation in (A,,0). The third 
term is of bounded variation in (A,,«) by the induction-hypothesis. 
The last term may be written as 


. 
as o"{b(a)}" 1g" +(e) ofa) do, 
~ {b(n (0) 
- 
which is of bounded variation in (A,, ©) by the induction-hypothesis and 


Lemma 3, since 


of) & BV(A,, 0). 


$(c) 
Case (ii): a,., = 9. 
In this case Ny + 2oig+... Ka, = «+l 
and X-- a, + ig}... a, = > 


Since Vy +2a+...- Ka, = «+l, 
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there exists at least one index, say «,, which is not zero. Hence 


n 
x(n) =f o*{(o)}r-a1-a+--— mfg 0)}-142(0)}94,,[$'9(0)}% do 


A 
7 
P : . h(a) X1 a" h(a) Xn—1 ak h( a) Kn 
= | ao” -Ud(a)" 16a (" ++e| ——— ) (7 =" if 
J . ils $(0) do) } °° 
y 
== | o” 1 d(o)} i IM (o a) do, say. 
xi 
a 
Thus (7 ) ib(n)\" go” 1f )yr- 1 (n)( G( a) do, 
ein = Bn i 
where G(a) € BV(A,, @). 
It has already been shown that, for n = 1, 2,..., «, 
7 
1 3 


bn). o" 1fd(o)} ir 1d (a )dae BY (A, 00). 


1 


Hence, applying Lemma 3, we obtain the result. 


2.3. Proof of the theorem. By hypothesis, 


RY(q) = CX(m)/1 ak Cy(a)(n—o)*-! da € BV(A,, &). 


We have to show that 


/] 
(2.31) Rio) — = | C\(c) . {b(n)—¢(c)}* da € BV(A,, ~), 
oF do 
AL 
where pw = dA), C= (yn). 


By Lemma 1, Ri(¢) is a constant multiple of 


7 
] a: i= d 
cata | (ia) (M0) gtd)" do. 
l j 


do 


1 
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Since C¥(c) and its first x—1 derivatives vanish for o = d,, the integral 


in the above expression equals 


(—1)* vost] (3,) (6) —8(00¥" oe 


o=7 
4 


d \«+1 
HUF | CH09( 7.) ld —#(e)}* do 





. 


AX 


» 
Re ; . : P . d K+1 
1 CES D)*+(— 1" | cx(0)( 7.) {$(n)—#(0)}* do 
A 
F,+Fy, say. 
(1) 
Now F/{b(q)y* = — ne CAD (ECD) 
n* | dy) J 
Thus, by hypothesis, A, /{4(»)}* is the product of two functions each of 
which is of bounded variation in (A,, 0), and, therefore, 
F,/{b(n)\* € BV (Ay, 0). 
Now, we have only to show that 
F,/{b(n)\* € BV(Ay, 2). 
By Lemma 2, .A, can be expressed as a sum of constant multiples of 
integrals of the type 


uy] 

| CX(a){b(q) —H(o)}*-* {4 (o)}P{G™(a)}F*...fA" O(a) } Fe" do, 
py 

where the f’s are positive integers or zeros such that 


By+Bet+---+Brir = SK 
and B,+2B.+...+(«+1)B.4, = «+1. 
Expanding {¢(1)—¢(c)}*-* by the binomial theorem, we easily see 
that A/{d(m)}* is a sum of constant multiples of terms of the type 


7 
] "\(c) otf Lal HD g)tar  fgle+D(g)iax 1 
{h(7)}” ] (‘ oX Jo (h(a) }{PP(a)}™... A" (a); do, 


where the a’s are positive integers or zeros such that 
0 < atayt...FOy4, = 1S 


Zagat... +(«+1)o,4, = «+l. 


and XT 
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Since, by hypothesis, 
CX(a)/o* € BV(A,, 0), 
the result follows at once by the application of Lemmas 4 and 3. 


2.4. In this section I show that, if 4(¢t) is a logarithmico-exponential 
function (‘Z-function’) such that, for some A, 


(2.41) p(t) = O(t*) (¢t large), 


then the conditions of the theorem are necessarily satisfied. 
Since any L-function is ultimately monotonic, it is sufficient for our 
purpose to prove that 


Tdhlr) 
(2.42) = O(1) (large; r = 1, 2,..., «). 
Hirst (4) has shown that any L-function satisfying (2.41) satisfies the 
conditions of his theorem, and that any function satisfying the con- 
ditions of his theorem satisfies (2.42). 
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ON ORBITAL TOPOLOGIES 
By R. W. BAGLEY (University of Kentucky) 


| Received 5 November 1953] 


In a paper by D. O. Ellis (1) the notion of orbital topologies is defined 
as follows: let S be an infinite set and y a mapping of S into itself. 
A point xin S isan accumulation point of A c Sify"*(y) = x for infinitely 
many yin A with n, a non-negative integer. With closure defined in the 
usual manner, Ellis shows that this yields a 7, space. This space isdenoted 
by S,. The purpose of this paper is to solve some problems mentioned 
in (1) and consider the special case in which y is biuniform and onto. 

Notation. A’, A®, C(A) will denote respectively accumulation points 
of A, the interior of A, and the complement of A. 


THEOREM 1. S, is a T, space if and only if each accumulation point is 
a fixed point. 

Proof. In (1) it is proved that the condition is necessary for S, to be 7). 
To prove that it is sufficient, we take two points of accumulation 29, x, 
and for each x € S, define a set as follows: 


A, = {ye S|\y"(y) = x for some non-negative integer 7}. 
Since x) and 2, are fixed points, we see that A, and A,, are disjoint. 
For each x € S, the set A, is open. This proves that S, is 7). 

THEOREM 2. A necessary and sufficient condition that y be continuous 
is that whenever {y-"(x)} is infinite xp is fixed. 

Proof. Suppose y continuous and A = {y~'(x»)} infinite. Then A is 
closed and, since x,¢ A’, we have x,€ A or y(x% 9) = Xp. In order to 
prove that the condition is sufficient, we let B be any closed set and 
take 2 € {y-1(B)}’. Then for infinitely many y in y~(B) we have 
y"(y) = x. If the set C = {y(y) |y Ee y-(B), y"“(y) = 2} is infinite, then 
y(x) € B’, where B’ is contained in B. If C is finite, then, for some 
Yo ey (B) with y"(y,) = x, we have {y-(y)} infinite. Therefore 


Yo) = Yo. Now 
Y(Yo) = Yo Ow x = y"%(Yo) = Yo 


and x € y-'(B). Thus y~1(B) is closed and y is continuous. 

We note that, if y is biuniform and onto, then S, is 7, only when 
discrete. We see later that, for y biuniform and onto, S, is discrete if 
and only if y is periodic at each point of S (Theorem 3, Cor. 1). 


Quart. J. Math. Oxford (2), 5 (1954), 169-71. 
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Lemma 1. For y biuniform and onto, A,, (as defined in Theorem 1) is 
finite if and only if y is periodic at 29. 
Proof. Suppose that y has period n at x, and let 
Wz.) = 2z,., (§ = l....,%). 
Then y‘(x;) = 2%. Let x be any element such that 7’(x) = 29, where 


r>n. Sows r= kn+r, with 0 < ry < n. We have 


(tq) = Ze = 7 (2). 


Thus xy = y(x) anda = x,,, which completes the proof that A,, is finite. 
Now suppose that A,,. is finite. Then 
- Jy in 
A,, = Wisizor 


where y'(x;) = %. Let x = y—(a,,). Then 
y" +1(a) y"(x,,) — ke» 
Thus x = 2;,. where 0 < ig < n and y'(x) = a. Then 
y" +1 '0(x9) a y" +1(z) — Lo 
which proves that y is periodic at 259. 

THEOREM 3. If y is biuniform and onto, then A, is dense in itself if and 
only if y is not periodic at x5. 

Proof. Suppose first that y is not periodic at 2). Let yy € A,, (Yo A Xp). 
Then y"(Yo) = 2, for some n > 1, and, by the lemma, for infinitely many 
y we have y"“(y) = 2, where n, > n. Thus 

Y"(Yo) = 7"Y), You ve "(Y), 
which shows that yy € Aj,,. ce A,,, is dense in itself since 2, is 
obviously an accumulation point of A,,. Now, if A,, is dense in itself, 
since it is non-null it must be infinite, which means that y is not periodic 
at vp 

COROLLARY |. If y is biuniform and onto, then x, is an accumulation 
point of S, if and only if y is not periodic at xy. 

COROLLARY 2. If y is biuniform and onto, then S, is dense in itself if 
and only if y is not periodic at any point of S. 

In (1) it was shown that a necessary condition for S, to be compact 
is that each orbit ['(2) = {y"(x)} (n = 0, 1,...) be finite. To see that this 
condition is not sufficient, let y be biuniform and onto and such that ¥. 
is discrete. Moreover, for any y biuniform, S, is not compact. To see 
this. let x) € S}, and note then that ['(x9) is infinite since y is not periodic 


at Xp 











ON ORBITAL TOPOLOGIES 171 


THEOREM 4. [f y is biuniform and onto, then S, is the point-set sum of 
two sets A and B (A is null if and only if S, is dense in itself and B null 
if and only if S, is discrete), where A is discrete and B is the point-set sum 
of perfect cou ntably infinite sets pairwise disjoint. 

Proof. Let {a} be a well-ordered set having the same cardinal as S}. 
For x, € S,, define . 
B.. = (J M4). 

n=1 
where y"(x) = a,. Fora, ¢ S,— U B,,, wedefine the set B,. as before. 
x< a" 
We let B= J B,, and A = S,— B. We note by the structure of B,. 
, 


that y is a homeomorphism of S, onto itself. 

Let J be the set of integers with the topology obtained by taking, as 
closed sets, the set of all the integers and those subsets which are bounded 
on the left. The following theorem characterizes S, among general 
topological spaces when y is binniform and onto. 

THEOREM 5. Let S be a topological space. The topology on S is an 
orbital topology induced by a biuniform onto mapping y if and only if 
S = AU B, where A is discrete and B = (J B, (the sets B, are assumed 

x 


to be pairwise disjoint) with each B, homeomorphic to J. 


Proof. For xe A, define y(x) = x. If x € B,, then x corresponds to 
some integer n under the homeomorphism of the theorem. We define 
y(v) = y, where y corresponds to n+ 1 under this homeomorphism. The 
remainder of the proof follows from the structure of the sets B,. We 
note that y is not unique. 
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ON CONTINUOUS SEMI-INDEPENDENT 
FUNCTIONS 
By H. M. SENGUPTA (Calcutta) 
[Received 23 November 1953] 


IN an interesting paper entitled ‘Note on continuous independent func- 
tions’ Offord (1) determined a sufficient condition that two functions 
continuous on 0 < x < | and not constant in it may fail to be inde- 
pendent. 

The independence of two real functions f(x) and g(x) on 0 < 2 < Lis 
defined as follows. Consider all sets 


E, = Ea < f(x) <p] and BE, = Efa’ < g(x) <f'], 


where a, 8 and a’, f’ are any pairs of real numbers between the lower and 
upper bounds /, L and m, M of the functions f(x) and g(x) respectively. 
The functions f(x) and g(a) are said to be independent if 


E, E.| = |E,|.|#,|. 
Offord established the following theorem: 


OFFORD’S THEOREM. Supposing f(x) and g(x) both to be continuous on 
the closed interval I (0 < x < 1) and neither to be a constant, then, if 
either function assumes at least one of its values at most enumerably often, 
f(x) and g(x) cannot be independent. 


In (2) I effected a small extension of Offord’s theorem; this exten- 
sion is explained below. 

Let a denote one of the values of g(x) and let E,_, = E,{g(x) = a| 
be the set of points in 0 < x < 1 for which g(x) = a. We define by 
F, = f|E,-.,| the set of values assumed by f(x) at the points £ 
at the points in 0 < x < 1, where g(x) = a. The extension of Offord’s 
theorem may now be enunciated in the form of the following theorem. 


ay” 


THEOREM. /f the set F, be not identical with the entire range of values 
of f(x) for any value a of g(x), then the functions f(x) and g(x) cannot be 
independent. 


In the same paper | also proved the following. 


If f(x) and g(x) be continuous in 0 < x < | and be not constant in it, | 


then a necessary and sufficient condition for |Z, £,| > 0 is that the set 
of values assumed by f(x) over the set of points where g(x) has the 


Quart. J. Math. Oxford (2), 5 (1954), 172-4. 
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yalue a (m <a< M), must be identical with the entire interval 
|< x < Land also that the set of values assumed by g(x) over the set 
of points where f(x) = a’ (1 < a’ < L) must be identical with the entire 
interval m << y <M. 

Pairs of functions f(x) and g(x), continuous on 0 < x < | and not 
constant in it, will be referred to as continuous and semi-independent 
nO<zx< 1 if |Z,£,| > 0°. 

The purpose of the present note is to prove theorems | and 2. 

THEOREM 1. Two functions f(x) and g(x), continuous and semi- 
independent in 0 < x < 1 and not constant in it, furnish a continuous 
representation on a rectangular area of the unit linear interval. 


Proof. Let f(t) and g(t) be continuous and semi-independent in the 
interval 0<a2< 1. Let none of the functions be constant in the 
interval. Further, let /, LZ and m, M be the lower and upper bounds 
of f(t) and g(t) respectively on O<t< 1. Then! < L andm < M. 
Draw the rectangle 1] <2< L, m<y< M in the (zx, y)-plane and 
take a unit length 0 <¢ < 1. 

Let (c,d) be any point in the above closed rectangle which I shall call 
Rin the sequel. Since] < c < L, the value c is assumed by f(t). Denote 
the set of points on 0 < ¢ < 1 for which f(t) = ¢ by the symbol 

Ty. = EL fit) = 

The set 7;_, is closed, non-dense, and non-null. Now over the set 7;_,. 
the function g(t) assumes every value in m <y< M. And, since 
m <d < M, there is a closed non-null set of points 7,_, on the unit 
interval 0 < ¢t < 1, where g(t) = d and the set of points T,_, has at least 
one point in common with 7;_,. Hence the intersection 7;_ ,.. T,4, which 
is a closed set, is non-null; and over this set f(t) = ¢ and g(t) = d. It 
follows that to any point (c,d) of the rectangle R corresponds a non-null 
closed set of points 7'.. 7, on the unit interval; and to two distinct points 
of R correspond two distinct non-null closed sets of points on the linear 
interval O<t < 1. 

On the other hand, for any ¢t in 0 <?¢ < 1, f(t) lies in the interval 
!< x < Land g(t) lies in m < y < M. So to any point ¢ of the linear 
interval 0 < ¢ < | corresponds a unique point of R. Thus any pair of 
non-constant, continuous semi-independent functions on 0 < ¢t < | give 
a continuous representation of a rectangular area on a linear interval. 

In particular, as the aggregate of pairs of continuous independent 
functions is a subset of the aggregate of pairs of continuous semi- 
inde} -ndent functions, it follows that a pair of continuous independent 
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functions on a linear interval furnishes a continuous representation of a 
rectangular area on the linear interval. 

Since a continuous representation of a rectangular area on a linear 
interval cannot be effected in a (1,1) manner, it follows that there is at 
least one pair of numbers c and d (! < ¢ < L, m <d < M) such that 
T,_,.T,-q consists of more than one point. 

The converse of the above theorem is also true. It is interesting to 
note that we can prove the following theorem. 


THEOREM 2. Any continuous representation of a rectangle on a linear 
interval defines a pair of continuous semi-independent functions on the 
interval. 

Proof. Let a correspondence of the points of the rectangle] < 2 < L, 
m <y <M be effected on the linear interval 0 < x < 1. Suppose 

Se == we), y = y(t) 
to be the functions which effect the correspondence and suppose that 
both a(t) and y(t) are continuous on 0 <¢t < 1. 

Take any value c of x(t) and, as before, let 7;_. be the set of points of 
0 <t < lat which 2(t) = c. This set is closed and, since the points (c, y) 
where m < y < M belong to the rectangle, the set of values of y(t) on 
the set 7;_,. runs over the entire range of values of y(t). And this is true 
for every value c of 2(t) in the range 1 < x < L. The same argument 
applies the other way about, i.e. if d be a value of y(t) in the interval 
m < y < M, then the set of values assumed by x(t) over the set where 
y(t) = d coincides with the entire range of values of x(t). Accordingly 
the pair of functions x(t) and y(t) are continuous and semi-independent 
mo<t<l. 

In particular, Peano’s curve furnishes a pair of continuous and semi- 
independent functions on the unit interval. 
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THE FUNDAMENTAL GROUP OF TWO SPACES 
WITH A COMMON POINT 
By H. B. GRIFFITHS (Bristol) 
[Received 23 December 1953] 


1. Iv is well known that, if two finite connected complexes A, L have 
exactly one point in common, then the fundamental group of their 
union is the free product 7,(A) o z,(L). Also, the first singular homology 
group over the integers is the direct sum #1(A)+.4%1(L). For use else- 
where, it was found necessary to extend these results to a similar union 
of more general spaces, and these extensions are completed in Theorem 1 
and Corollary 2.5 below. For the theorem, we have to assume that at 
least one of the spaces ist 1— LC at the common point, and I show by 
an example in §3 that the 1—LC condition cannot in general be 
relaxed. Our example is a space of the form Z = X U Y, where XN Y 
is a single point, with 7,(X) = 7,(Y) = 0, yet such that the cardinal of 
each of 7,(Z) and #1(Z) is at least that of the continuum. The result 
for #1(Z) is interesting because the one-dimensional Cech homology 
group of Z over the integers is zero. The general homotopy result is in 
contrast to the corresponding result for the higher homotopy groups, 
where no local condition at the common point is required [see e.g. Hilton 
(4) 42; my results correct the statement there at the top of p. 43]. More- 
over, my result for #1(Z) shows that the theorem for higher dimensions, 
given by Hilton (4), cannot follow purely from the Abelian property 
of the homotopy groups of dimension exceeding 1. Consideration of the 
example Z uses the ‘topologist’s product’ of a sequence of groups, which 
is closely related to Higman’s unrestricted free product (3); and in this 
connexion I prove in § 4 the purely algebraic Theorems 5 and 6. 
Notation. I usually denote the unit segment in R! by £', but some- 
times to avoid ambiguity this segment will be denoted by /. If o is any 
interval (open or not) in R!, we use ¢ to denote its frontier. Let G,, G,, @ 
be three groups, with homomorphisms h,: G, > G (r = 1, 2). Then we 
define a homomorphism (h, \ h,) of the free product G, o G, > G by 


(hy \ hg) (ay by...,, b,) - (hy @y)(hg ,)...(hy A, (he), 
where a; € G,, b; € G, (t = 1,,..., m). Since every element of G, o G, can 
be expressed uniquelyt as a product of non-zero elements from G, and 


+ See, for example, Wilder (8), IX 7.9, 287, for the definition. 
t See, for example, Van der Waerden (6). 


Quart. J. Math. Oxford (2), 5 (1954), 175-90. 
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G,, the above definition of h, \h, is unambiguous. We also define a 
homomorphism h, +A, of the direct product G,+G, in G by 

(hy +he)(Git+92) = (4191) + (he 92). 

We shall be concerned throughout with two Hausdorff spaces X,, X, 
which satisfyt the first axiom of countability [Hausdorff (2) 239 (9)] and 
which have precisely one point x in common. Let X, UX, = X: we 
shall suppose that each X; is closedt in X. Define 

1, 74(X,,2) > 27,(X,xz) (r= 1, 2) 
to be the injection homomorphism. From now on, I shall often omit 
the base point and write e.g. 7,(X) for 7,(X,2). Then the main theorem 
can be stated thus: 

THEOREM |. Jf one of X,, X, is 1— LC at x, then 

(i; A ag): 774(X,) 0 2,(X_q) & 7,(X). 

2. The theorem is an immediate consequence of the following two 
theorems: 

THEOREM 2. Jf X, is 1—LC at x, then (i, Aig) is ‘onto’. 

2.1. Proof. Let f: E!, E! > X, x be a given mapping. Since £' is 
compact and f is continuous, then F = f(£#") is closed in X; hence, since 
X, is closed in X (r = 1, 2), then F = FN X, is closed in X,. Therefore 
F! = f-1(F,) is closed in Z', so that the open set H!— F} is the union of 
a countable set S of disjoint intervals J, each J being open in E£!. 

Because the space X, satisfies the first countability axiom and is 
1— LC at x, there exists in X, a sequence 
X,2U,2..2U,2... 


of neighbourhoods of x € X,, such that 
a 
(i) NM Un oS By 
m=1 

and, for each m > 1, the injection 
(il) Jm: 7(U,,) > 774 (U;,-1) 
is trivial. For each m, let S,, be the collection of all those J € S for which 
f(1) ¢ U,,. Since f is uniformly continuous on £!, then 

al Y a, ? 

S,,—8S,, os its | eee 


mn — F, n Ff, sO that finn) = 2, thus 
Sun — (f | | 


+t I have no examples to show the necessity of this restriction; I merely 
require it to make my proofs work. 

{ Otherwise Theorem | is false, as D. Puppe has pointed out to me by means 
of the example of a circle divided into a closed are and a half-open one. 
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x) and therefore by (ii), if m > 1, then f, 


mn 


defines an element of 7,(U, 


m* 


is ~ Orelzt in U,,_,, say by a homotopy 


- (jl j Ty , 
Fan’ (Jian 4 = fm ‘ l) res (On-1> 2). 
Every € € £' is either in F, or in some (unique) J,,,,, and so we can define 


without ambiguity a homotopy 
ws: (Exl, Ex) > (X, 2) (2.11) 
(f(é) ifFe (RUDY... UL ya), 
\YnnlEt) if EE Lyn (mm > 1). 
We must prove % continuous at all points z ¢ EZ! xl. The continuity is 
obvious at all z except when z € £1 x1, and here it suffices by (i) to prove 
that, given U,, there exists a neighbourhood V = V(z) ¢ E' xl such 
that ¥(V) < U,. If the point &, = 0 is in some /,, ,,, then the continuity 
of % for all z = (0,t) follows from that of %,,,,. Suppose then that &, is 
in no interval J, where J ¢ S. Now f is continuous at &, so that there 
isaneighbourhood W = W(é,) ¢ E' for which f(W) ¢ U,. The uniform 
continuity of f on #' also implies that 
lim { Lub. (length Ld = 0; 
mo ‘1<n<p(m) 
hence we can assume W to be such that every J,,,, which meets W is 
contained in W and is so small that eas” mn Xl) S U,. Hence, if € e W, 
then either é € F, or € is in some Jf,,,. If €e FH, hon b(€,t) = f(€) for 


all ¢, and fle) ef(W) CU, 
and, if € 


by b(E, t) 


then € ¢ W, whence 
bE, t) € a ae x l) & U,. 

Therefore 4(W x1) U,, i.e. y% is continuous at all points (0,¢) ¢ B' x. 
Similarly % is continuous at all points (1,¢), so that % is continuous 
everywhere in £! x/ as required. 

Clearly £(€,0) = f(€); define f’ by f’(€) = ¥(€, 1), so that f’ ~ frelx 
in X. We now express #! in the obvious way as 

BE} = J,ULh,VUAAU GU... UI,Y hy VInas, 
where p = p(1), the /’s are closed intervals disjoint from the /’s and 
each other, and the numbering is such that, if 
led, née Ty, £’ ed ;.1, 

then € < » < &’ for each appropriate 7. Write 
fp =f hy 9; = f'\W;. 


+ i.e. with 2 kept fixed during the homotopy. 


Ee n°? 


3695 2.5 N 
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Then Flay Lj) <(X12) and g;(J;,5;)<(Xo, 2), so that f’ is the product 


oe f= hi G2be-Ipbp Ip 


Therefore, if homotopy classes in 7,(X, x), 7,(X,,x) be denoted by R(.), 
R(.), we have 
Rf = kf’ _ ROA Geto---Ip fp Ip+r) 
— (Rg,)( Rf,)..-( Rg,,)( Rf, (Rg, + 1) 
(12 Rog )(t, Ry fy).-(tg Rog Mtr Ry fy le Re Ip +r) 
= (a A is){( Ry g))(R,f,).--(Reg,( Rif, Reg, a} 

(i, A i2)8, say, 
where 6 € 7,(X,) o 7,(X,). Therefore (i, A 7.) is ‘onto’, as required. 

It should be noted that the next theorem does not require the 1— LC 
property. 

THEOREM 3. The homomorphism i, Ai, always has zero kernel. 

2.2. Proof. Every element y in 7,(X,)07,(X,) can be written 
uniquely? in the form 
(1) 7° a, By X12 By---%m Bry» 
where a; € 7,(X,), B; € 7(X_q) (j = 1...., m), and where, without loss of 
generality, we can assume that no « or f is zero except possibly 8... 
We are required to prove that, if y # 0, then 
(ii) (0, Ats)y # 0. 

Let @,: X,x > X,, x (r = 1, 2) be mappings defined by 6,(€) = € if € eX, 
and @,(€) = x otherwise. Then, since X, is closed in X, @, is clearly con- 
tinuous and induces a homomorphism 

(iii) O).: 1(X) > 7,(X,) 

such that 6/7, is the identity. 

First we assert that 7, is univalent; for, if 6 € 7,(X,) and 7,(8) = 0, 
then 0 = 6 1,(5) = 6. Next, we may assume that 8, 4 0; otherwise 
y = a, 8, a, and, if (7, \i,)y = 0, then 

O = A(t, A t)y = %2(B,), 
so that, since 7, is univalent, 8, = 0 contrary to the fact. We shall 
therefore prove the theorem by assuming that «,, ay, 8;, 8, at least are 
non-zero, and yet that (ii) is false; this will lead to a contradiction. 

Let II be a regular polygonal disk in the plane R?, with edges 

A, 0y,..., Un, 5, (in that erder). 


+ See, for example, Van der Waerden (6). 
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We orient the edges and then represent 
i,aj, 8; (J Rising m) 
by maps 
(iv) fj: 4;,4; > X,x, gj: 6;,b; > X,x, 
aS Oe , a 20 2 , " fa hl — ah. ‘. 

respectively, where, if 8,, = 0, g,,(b;) = 2. These taken together form 
a mapping & of the boundary of Il into X. By our assumption that (ii) 
is false, & has an extension %: Il + X over the whole interior I], of II. 

Let F = £-\(x). Since ¢ is continuous, the set I1— F is open in II; 
and therefore, since an open plane set is locally connected, each com- 
ponent C’' of Il — Fis open in II. Hence Cis an open, connected, and locally 
connected set with compact separable closure in Il. Therefore, by Wilder 
((8), 3.11, 81], C is are-wise connected. For each j = 1...., m let 

A; =a,;UUJ C—4,, 

where C runs through all components C of Il— F for which CN a; + 0. 
Define B; relative to 5; similarly except that, if 8,, = 0, then B,, is 
defined to be the empty set. Then A;, B; are obviously are-wise con- 
nected and all are non-empty except possibly B,,. I shall shortly 
prove: 

[2.21] For no p, q can we have A, B,. 

[2.22] Hither one non-empty B; is distinct from the rest of the B;, or one 
A, is distinct from the rest of the A;. 

Granted these for the moment, the reader may find helpful the follow- 
ing outline of the proof, given for the case m = 4 with the aid of Figs. 1, 2. 
The proof for the general case should then be clearer. Suppose then that, 
as in Fig. 1, A, is distinct from the other A,;. The proof will show that 
there is a Jordan curve containing the edge a, such that, given « > 0, 
A,—a, is contained in the interior of J but J <U(A,,¢€). Let pu be the 
portion of J indicated by v, u, u,v, in Fig. 2, so that J = ay+p. Then, 
by the ‘distinctness’ of A,, a, is deformable in II to « with 7, v, fixed; 
and therefore with /, as in (iii), we have 
(v) ob be us a, St; relx in X. 


> 


and with np, < U(P,«,), where P = FA,—a, and «, > 0. Hence {y(,,)} 


We then obtain a sequence of curves p,, like x, each with end-points v,, 


is a sequence of loops in X, all converging to x. But. in U(P,<,,), u,, is 
deformable, with v,, v, fixed, to u,,.,; whence it will follow that, rel x, 


us > us he Swe SS us ee in x 


Hence, with (v), we obtain f, ~ Orelx in X; thus i,a, = 0, whence 
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x; = 0 since i, is univalent. This contradicts the assumption about 


x, in (i). 


a4 

















Fic. 2. 


We now proceed to the general proof. 

Proof of [2.21]. If, contrary to [2.21], we had A, = B,, then there 
would be, in the non-empty, arc-wise connected set A, an are A with 
end-points  € a,, 7 € 6, such that 

A—f—7 ¢ II, N A,, w(€) € X,—2, y(n) € X,—2. 
But the removal of x disconnects X, so that the connected set y(A) in X 
meets x in order to connect its own end-points. Hence, AN Il, meets F, 
contrary to the fact that A,,O Il,cll,—F. This contradiction estab- 
lishes [2.21]. Note that, if A, B, # 0, then A, U B, is are-wise con- 
nected. Hence we could construct the arc A as before and obtain a 
contradiction. Thus, for all p, q, 


(vi) A, B, = 0. 
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Proof of |2.22|. If there is no non-empty B; distinct from the rest of 
the B;,then, since m > 2,thereisaleastd(j) # jsuchthat B; = By; #9. 
We assert that? either d(1) = m, or else for some j, \d(j)—j| = 1. If 
d(1) # m, then m > d(1) > 1: suppose that d(1)—1 > 1. If d(2) = 1, 
the assertion holds; if d(2) + 1, then, since d(2) # 2, we have 

d(2)—2 > 1. 

But, since b; = 6,—b, < B; for all non-empty B;, then 6}, b),,,< B,. Hence 
the arc-wise connected set B, spans the boundary of II. Since II is a 
closed 2-cell, then B, separates II], and, since d(2) ~ 1, then, by the 
‘least’ property of d(2), we have By = B, + B,. Therefore B, lies in 
the component of II—B, containing b,. Hence d(2) < d(1), so that 
d(2)—2 < d(1)—1. By repeating this argument at most d(1)—1 times, 
we obtain a decreasing sequence of integers 


d(1)—1 > d(2)—2 >... > d(h)—h = 1. 


Hence B, = B,, say, where p = d(h) = h+1ifh ¥ 1, and p = 2 or m 
otherwise. If p = m, then B,, is not empty since B, + 0. 

We now obtain a contradiction by supposing not only that each non- 
empty B; is equal tosome By; with d(j) # j, but also that every A; is 
equal to some A,,;, with k(j) + j (as is possible since m > 2). 

With p as above, then in particular A,, = A,, where q = k(p) + p; 
and hence a,,Ua,cA,, where a; = a;—d; (j = 1,...,m). With h as 
above, then b;, U b),< B,. Hence there lie ares A, 1 in A,,, B,, respectively, 
connecting the edges a,, a, and the edges b,, b,,. 


, 


But then » spans the 
closed 2-cell Il, and so separates II. Hence A intersects y since a,, is the 
only a-edge of II which lies in the same component of II —» as points of 
b,, 6,,, because b,, 6, are consecutive b-edges separated by a,.. However, 
if A intersects », then A, B, + 0 contrary to (vi). This contradiction 


Let us therefore assume that, say, A, is distinct from the rest of the A,. 
The closure A of A, in R* is a connected compact set to which we can 
apply Zoretti’s theorem [see e.g. Whyburn (7) VI 3.11]. Thus, given 
« > 0, there is a simple closed curve J<U(A, €)—A which encloses 
A. Let v,, v, be the end points of a, and choose points u,, u. common 
to J and the boundary of II such thatt p(u,,v,) < ¢«(r = 1, 2). Let u,v, 
denote the segment joining u, to v,, so that u,v,<¢ U(A,e)N Tl. Hence, 


if A is the are of JO II with end-points u,, u.. we have 


(vii) Me = 1, U,+A+u,r, ¢ U(A,e) NT. 


+ As suggested by Fig. 1. t p denotes the metrie in R*. 
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Let p. = ¢%\p, so that p.(a,) = o(a,) = x. Therefore p, defines an 
element of 7,(X,x). By the definition of f, in (iv) we have f, £ 0 relz 
in X. Also », is deformable to a,, with fixed end-points, in II; and, since 
A, + A, for alls + t, then a, is the only edge of II contained in A. Hence 


Pp. ~f,relx in X, 
and therefore, with @, as in (iii), 
(viii) Si = 9,f, = 9, p, relz in X;. 
Given a neighbourhood V of xin X,, then, since 0, %: Il > X is continuous, 
there exists in II a 5-neighbourhood W of F such that 6,4(W)cV. If, 
therefore, in (vii) we take « = 46, then, in (viii), 
i Se(Mes fee) = (I ? x), 
because p.S U(A,e)—ASCU(FA—a, €)c U(F,€) 
since F A,—a,Cc F (U now refers to neighbourhoods in I1). 
Since X, satisfies the first countability axiom at x, there is a sequence 


{V,} of X,-neighbourhoods of x such that, for each n, V,.,<V, and 


ns 
L 


f) V, = «. Given JV, in place of V above, let €,, be the corresponding $8: 
n=1 ‘bey 
we may Clearly suppose that «, > 0. Let p,, u, denote p., uw. when 
« =e,. Then all the uw, have the end-points 7, v,, and np, ¢ U(F,.«,). 
Hence, ,, is deformable to pv, ,, in U(F,«,), so that 6, p,, ~ 0, p,,,, rela 
in V,, say by a homotopy 
‘ Des y Py oe 
Xn: (2 xl, E' xl) > (V,, x). 
Now define a homotopy 


x: (2) xl, Ex) > (X,,2) 


t—n-! of P 
x(é,t) = x, {€, if l—n <t < 1—(n+1)-, 
\ x(é, Pe eae. 
The continuity of x at all (€,¢) with ¢ < 1 is immediate; but, given the 
neighbourhood J, of x, then, for all ¢ with l—n-! <t <1, y(é,t) eV, 
Hence x is continuous at all points (€,1). Now, by (viii), 


by n2—(n+ 1)- 


———. 


Si = 9, p, rela in X,; 
and 6, Py = x\(E' x (0)) = x|(#" x (0)), 
so that 6, p, ~ Orelxin X,. Therefore f, ~ 0 rel xin X,, contrary to (iv). 
A similar contradiction is obtained if we start from a non-empty B, 


distinct from all the other B;. Hence the assertion of the theorem 
follows, and the proof is complete. 








If, 
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2.3. If Y is any path-wise connected space, then the singular integral 
homology group % 1(¥) is 7,(Y) made Abelian. A proof of this assertion 
will be found in Hu (5) Theorem 12.5, and his proof is independent of 
any local properties in Y. Also, if G, (r = 1, 2) are groups and if G> 
denotes G, made Abelian, then (G, o G,)* is the direct sum G}+G}. In 
the notation of Theorem 1, let j,: #1(X,) > #1(X) be the injections 
(ry = 1, 2). Just as with the injections 7, in § 2.2 it follows that j, is 
univalent. Moreover, if X,, X, are each path-wise connected, then it is 
implicit in Hu’s proof that 

j, HUX,) = (i,m (X,)). 
Hence we have the following corollaries to Theorems 3 and 1, respectively. 

[2.4] Corotiary. If X,, X, are path-wise connected, then the kernel of 

jitde: HUX{)+H4#'(X,) > HX) 
ws zero. 
[2.5] CoroLtary. If, moreover, one of X,, X, is 1—LC at x, then 
Jitde: HUX)+HA'X,) = A(X). 

2.6. It might be expected that, for Corollary 2.5, the ‘1— LC’ con- 
dition in Theorem | could be weakened to the analogous condition 
‘l1—/c,’ using singular homology over the integers. But the composition 
of the homotopies y,,,,, to form ¢ in (2.11) of the proof of Theorem 2 has 
no general analogue in singular homology (although it has in Vietoris’s 
theory, for example); moreover, X, will be locally connected at x (in 
general) and no example seems to be known of such an X, which is 
1—le, at x but not 1— LC at x. That some local condition is necessary 
for Corollary 2.5 to hold is shown at the end of the next section. 


3. We shall require the following lemma. 


3.1. Lemma. Let A be an arc-wise connected subset of a space X and 
let A denote the cone of base A. Let 


¥=Xu4, Anxk=A4, 

and let j: (A) > 2,(X), k: 2,(X) > 2,(Y) 

denote the injections of the groups based at a fixed point xe A. Then 
(i) km,(X) = »,(¥), 

and (ii) k- (0) = {jx,(A)P, 

where N denotes normal closure in 7,(X). 


Thus (iii) = 7, (Y) & 2, (X)/{ja,(A)}. 








184 H. B. GRIFFITHS 


Proof. Let v be the vertex of A. We first remark that, since A is 
locally contractible at v, then any loop in Y through v can obviously 
be deformed, in a neighbourhood of v, into a loop not through v. Let 
us consider A—v as the cylinder A x R,, where R, = (0,0)>¢ R'. 

Thus, if w¢ 4—v, then we can take w to be (z,t), for some unique 
z€A, te R,. This gives us a contraction 6: d—v A defined by 
6(w) = z, whence we obtain a mapping 

¢@:Y—v>X 
defined by ¢(y) = O(y) if y ¢ A—v, and ¢(y) = y otherwise. 

To prove (i) let « € 7,(Y). Then, by the remark above, we may assume 
that « contains a loop g not through v. But then g ~ dg relax in Y—v, 
whence « = ka’, where «’ is the element of 7,(X) which contains dg. 
Hence k is ‘onto’, and (i) follows. 

To prove (ii), let B €7,(X), where kB = 0, and let fe be a loop. 
Then f ~ Orelx in Y. This homotopy can be represented by a mapping 
~ of EZ? into Y such that # | E? represents f and maps a fixed point c € E? 
onto x. If v ¢ ( £?), then dy gives a homotopy of f to zero in X, whence 
B = 0, i.e. B E{jm,(A)}. If v e f(E?), let F = £-(v); then Fc E?— E?, 
since (EZ?) X and v¢ X. 

Now, in E?, F is closed, and disjoint from the closed set E?. Hence 
p(F, E?) =«>0. Given 5 > 0, there is by Zoretti’s theorem [see 
Whyburn (7) VI 3.11] a Jordan curve J in U(F,5), such that F is 
contained in the interior G of J. Since & is continuous, we can take 
so small that 5 < e, whence J ¢ E?— E?, and y(J)c A. Let q be the 
point of J nearest to c and let o denote the oriented segment cq. Then, 
if J is oriented like E?, E? is deformable to ¢.J.a—, in E2—G. There- 
fore, if / | J = h and d(c) = A, then f ~ A.h.A- relz in 

y(H?—G) < Y-+v. 
But then f = df ~ p.d(h).w relx in X, where » = ¢(A). Let v be a 
path joining ¢y(q) to x in the arc-wise connected space A. Then yp.» is 
a loop in X, and belongs, say, to y € 7,(X); while + = v-!.d(h).v is a 
loop in A, and belongs, say, to ja € 7,(x), where t€ «€7,(A). There- 
fore, rela, we have 


f= pw. d(h).p-! = (w.v).(v-?.O(h).v).(u.v)-}, 
ie. B = yay}, since fe f. Hence, the kernel of & is contained in 
{j,(A)}; on the other hand, since A is contractible, k{jz,(A)}. = 0, 
and so the assertion (ii) follows. The assertion (iii) follows from Noether’s 
theorem. 
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Remark. Since a closed two-cell is a cone, the proof needs only obvious 
modifications to show that, if we add a relation a = 0 to 7,(X), then 
the resulting group can be realized by attaching one two-cell to X, 
whereby o is mapped into X by an element of «. 

3.2. Let B be a second subset of X, and let BA ¥Y = B. Then, if 

j’ = 7,(B)>2(X), li 2, (X) > 2,(¥ uv B) 

are the injections, we have the diagram 


7,(A) j * k mn o 1 = a a 
\or,(X) > a,(X U A) > 2,(X UAU B), 


7,(B) i 
and as an extension of the previous lemma we have 
[3.3] Lemma. (i) 7,(X U AU B) = lkn,(X), 
(ii) the kernel of lk in 7,(X) is 
L = {jm(A).j'm(B)}.F 

Proof. The assertion (i) follows immediately by applying § 3.1 (i). 
For the second, let the kernel of /k be K. Then, from the diagram, we 
obtain 

Ik(L) = Uk{jr(A).j'7( BY} = Uh jr (A)}*) UA (9 (BY) 
= 0.9 = ©, 
using § 3.1 (ii) twice. On the other hand, if o¢ K, then Ik(c) = 0, 
i.e. k(o) is in the kernel of 1. By § 3.1 (ii), this kernel is {kj’7,(B)}’, 
where v denotes normal closure in 7,(X U A). But k is ‘onto’, whence 
{hj’m(B)}Y = tj’ (B)}*. 

Therefore o € {j'7,(B)}). {j2,(A)}* = L. 

Hence KC LC K, and so K = L. This establishes § 3.3 (ii). 

I shall now apply these results to a space C constructed as follows. 
Let {A,,} be a sequence of spaces (assumed for simplicity to be metric), 
and let all the A,, have precisely one point 2 in common, being otherwise 
mutually disjoint. 

Suppose that each A, is 1— LC at x, and that 


G, = 2,(A,,2) # 9. 


n 


-s 


x 
6 9 
Let AM =UYAnr AP=U Am de = APU A®, 
n= n 


with the topology in A, such that 
lim diam(A,,) = 0, 


n->x 
t If G,, G, are subgroups of a group, then G,.G, denotes the set of all products 
91 92 (Gi € Gj). 
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and with each A,,,_, closed in A”, each A,, closed in A®, and A” closed 


2n- 2n 
in A, (r = 1. 2). (This is easiest arranged if each X,, is compact.) 
Let C, be the cone of base A” (r = 1, 2) where C,N C, = x. Clearly, 


if C = C, UC), then C is not 1—LC at x. It will be our object to prove 

[3.4] The cardinal |\7,(C,x) is the cardinal ¢ of the continuum. 

Since C,, C, are each contractible, thent 7,(C.) = 0(r = 1, 2). Hence, 
if 7: 7,(C..) > 7,(C) are the injections, then 

(4) A tg)(74(Cy) © 74 (C2)) = 0, 

so that, by virtue of [3.4], 7, A 7, is very far from being ‘onto’. It there- 
fore remains to prove [3.4]. 

First of all, we have by [3.3] (iii) that 

1(C) & 7,(Ag)/{t, 7(A%) 05 7,(A®)} 
= 1,(A,y)/{(i, A t)(74(A™) 0 7, (A®)) (3.41) 

by definition of 7, A 7, and by Theorem 3. In order to discuss the groups 
in the right-hand side of (3.41), we have to introduce the ‘topologist’s 
product’ 


This is defined{ as follows. 


i 


3.5. For each m let 


of the groups G,. 


Ga — G, re) Gs, — GF Gim+) 
and let 6,,: G+) + G™ be the natural homomorphism defined by 
extending multiplicatively the correspondence 


6,(ab) =a (ace G™, beG,,.,). 


Then we define the ‘topologist’s product’ I G, of the G,, to consist of 


Ul 


n=1 
all sequences {g,,}, with {g,,}{h,,} = {mh}, where, for all m, 
(1) Im € qe and Cus Im +1 — Yim 
(ii) if g,, is of the form 21, Xa_-+-Xp pm, Where 0 A Xj», © Gj m)s 
a(i,m) ~ o(i+1,m) (1 <i < p), then givenr, there exists an) (3.51) 


integer M — M(r) independent of m, such that the number of i 
with o(i,m) = r is less than M. 
Let G, be the unrestricted free product of the G, in the sense of 
Higman (3) and let E 
Go G m). 
U, 


m 
+ We again omit the base point from the notations when no ambiguity arises. 
t A study of this product will appear elsewhere, and will contain a proof of 
Theorem 4 below. 


aed 
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Then, as explained in Higman (3), there is an isomorphism ¢ of G@ onto 
a subgroup G? of G,, and it is easily seen that? 
(Ge = GeciIG,cG,. (3.52) 
An example of an element which is in G, but not in TG, is {g,,}, where 
J, = [44,4][a,,45]...[a,,a,], 0 Aa; € G;. 
We shall assume the following resultt 


x 
THEOREM 4. 7,(A,,x) = TG 
n=1 


n° 


Assuming this, we have, on writing A, as the ‘product’ (A,,),, 


A® = (Ap, -1)*; A® = (Ag, )x: A, (Ag,-1 u Ay, )x, 
so that 1,(A%, x) = TG, 1 ,(A®, 2) = TG,,, (3.53) 
and (Ag, 2) S T2,(Ag,-, UV Ag,, 2) S T(Ge,-_, O Gz), (3.54) 
by applying Theorem 1 to the spaces A,,,_, U Ag,. Write 
I(G,,,_, © Gp,) = T (= IG,). 


Now let us recall (3.41). Since 7, Ai, is univalent, then we obtain 

from (3.41), (3.53), and (3.54) that 

1,(C) = T'/{TG,,_, 0 TG,,}*, (3.55) 
where the NV denotes normal closure in [. The assertion [3.4] is now an 
immediate consequence of the following purely algebraic theorem, to be 
proved in the next section. 

THEOREM 5. Let G be any normal subgroup of V satisfyings 

TGA, 1 0 TG, SAS (IG,,_, 0 TG,,).[T, P], 
where |, | is the commutator subgroup of T. Then, if no G,, is trivial, 
r/G| > ce. 

By analogy with Wilder (8) [V 19.4, 167] let us call a space Z ‘semi- 
l-connected in the homotopy sense’ (1— SLC) at z € Z if and only if 
there is a neighbourhood U’ of z such that the injection of 7,(U,z) in 
7,(Z,z) is trivial. Thus 1—SLC is a weak form of 1— LC and both the 
cones C,, C, are 1— SLC at x. This shows that the 1— LC condition in 
Theorem | cannot be relaxed much, if at all. Indeed, one is led to con- 
jecture that the 1— LC condition at 2 is equivalent to the ‘onto’ property 
of 7, Ai; but I have no proof to settle the matter. 

+ Where no ambiguity arises, we often omit the termini n 1, © from T. 
See second footnote on previous page. 

{ If H is any subgroup of a group with commutator K, then H.K is normal 


because xhkx! le, hk) hk € K.( H.R) HK. 
§ See footnote ¢ on p. 185. 
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Also, we note that the space C can be used to show that a local con- 
dition is necessary for Corollary (2.5) to hold. For, if j,: #1(C,) > #1(C) 
(r = 1, 2) are the injections, then j, +), is ‘onto’ if and only if #4(C) = 0, 
because #1(C,.) = 0 and j, has zero kernel (r = 1, 2). But, since #1(C) 
is 7,(C, x) made Abelian, then by (3.55) we have 

HC) = V/H.K, 
where H = TG,,,_,0 TG, and K = |IT,T]. But, by Theorem 5, 
T/H.K\| > c. 
Hence H(C)| >. 

1erefore j,+j. is not ‘onto’. Admittedly neither nor C, is 1—I/e, 
Therefore j,+js t t Admittedl) ther C, C, is 1—le, 
[see § 2.6] at x. Note that every cycle of mesh < € on C bounds a chain 
of mesh < &(e) on C, where 5 > 0 as « +0. Hence the integer Cech 
group #}(C) is zero. This example should be compared with the well- 
known one of a space E based on the curve sin | /x, such that #}(2£) + 0, 
yet #1(£) = 0. 


4. This concluding section is devoted to the proof of Theorem 5, 
which runs as follows; {G,,} and G are as in (3.52). 

In (1) I have introduced the functions 8,,,(x), which are defined (as 
we recall below) for every pair of distinct integers p, gq > 1, and which 
assign an integer §,,,(x) to every non-zero x€ G®. Each such 2 is a 
unique product 2,2...7,, where 0 42, € Gy; “a a(t) ~ o(i+1) 
(l <i<r). We call x;x;,, a ‘(p,q) pair in 2’ if and only if x, ¢ G, 
X41 G,. Let A,,(x) be the number of (p,q) pairs in x; then B..( 
defined to be A,,,(x)—A,,(x). Hence, in particular, if 


pal 


rEeG,oG,o...0G,,,, or rEeG,oG,o...0 G,, 


(for any n), then, for all p > 0, 


Boy-12)(¢) = 9. (4.1) 

In (1) I proved that Bug(®) = —Byg(2-), (4.2) 

and that Bg(%1 Xe---%5) b 3 Bolt +Y¥ pala oy ,), (4.3) 
where the y,,,(21, %z,--.,%,) are integers satisfying 

2 Y pq(X1> Va5-+-5 Xe)| < 6(s—1), (4.4) 

i.e. 8, acts like a homomorphism on the product x, 2,...2, for all but at 


most 6(s—1) pairs (p,q). 








it 





a 


ee 
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As with the statement of Theorem 5, write 

r IG, H = {TG,,, ° TG, al’: 
and put K = (Tf, I} 
It suffices to prove that |[/H.K)) >c. Since each G, #0, we can 
choose a, € G,,a, «0. Let p = {m(n)} be a strictly increasing sequence 
of positive integers, and define 

x,E€G" (n>1) 

{ Asn - 142» if ne Bb, 


by X n ji . 
10 otherwise. 


Let o,, = 4 %...0,, SO that o, € GY and o = {o,} eT. I assert that, if 
u’ = {m'(n)} is a second sequence like u such that the set 

M = M(p,p') = {m(n)}—{m'(n)} 
is infinite, and if «;, o,, 0’ correspond to «;, o,,, 0, then o, o’ are incongruent 


(mod H.K). 
For, if oo’ ¢ H.K, then o~o’ is a product of the form 


Jy hy...g,h, ky...k,, 
where 9; € TGy,-1, h,e TG, (l<i<cn), 
and k,,..., k, are single commutators in K. Hence, for each n, we have 
(with g; = {9;,}, ete.) 
hs On = Jin hyn---Grn h,» ky y--Kens (4.5) 


while, by definition of o,,, a), 


1 , i —] —] 1 ’ , , > 
Cg On, = Cig * Oi ge ssllg, Oly Clg slg» (4.6) 
. ; ook at ; 9 : 
If b= Nena tn Vin (6 = 1, 2,..., 8), 


then using the relations (4.1), (4.3), and the right-hand member of 
(4.5) we get, for all p > 0, that 
Ban-1,2p(Fn . On) 
Yep—1,2p Gans Mans-+-s rns tens Urns Urns Win’ » Vin 9-9 Usns Usns Wen» Usn' )- 
Hence, by (4.4), the number of non-zero B3,,_19,(¢, +) is 
v(o;,1o0;,) < 6(r+4s—1). (4.7) 


On the other hand, with «, as in the definition of o,,, By,-12,(«,) is 
1 or 0; and, if the set M is arranged as a strictly increasing sequence A(m), 
then, even if cancellation is possible at ay!a, on the right of (4.6), it 


cannot continue beyond aj}) «\,) (ifm > A(1)). For the first non-zero a, 
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with g > A(1) is such that ¢ € »’, and hence q ¢ M; so that ay), «\,) are 
non-zero elements of different groups. Therefore, in particular, 


v(ax4) ony) > n. 
But, since / is infinite, we can take n > 6(r+4s—1) in this last in- 
equality, to contradict (4.7). This establishes the assertion that o, o’ 
are incongruent (mod H.K). 

It is shown in (1) that, if S is the set of all strictly increasing sequences 
pw of integers > 1 such that two distinct np, n’ eS have an infinite 
M (pu, pw’), then ||S)) = c. We have just shown that, if yu, uw’ € S (u + p’), 
then the corresponding o’s are in distinct elements of [T/H.K. Hence 

P/H.K|| >c¢ 
as required. This completes the proof of Theorem 5. 

The proof applies equally well if we use the unrestricted free product 

(now denoted by §), so that we have also 


THEOREM 6. Jf U is the commutator subgroup of 


oO 
y ~ Y 
J x Gy, 
n=1 
then V /({HG2,-1 © HGy,}.U)|| > c, 


provided that each G,, is non-trivial. 


Finally, I wish to express my thanks to Dr. I. James for first bringing 
to my notice a space, of the form C in § 3, as an example of a space which 
is the union of two contractible spaces with only one common point, but 
which, by [3.4], is not itself contractible. I also wish to thank the referee 
for suggesting many improvements to the original draft of the paper and 
for pointing out an error. 
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FOUR SQUARES AND A kth POWER 
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1. Ler fiz) = s Aa, 
r=1 


where A, are non-zero real numbers, not all of the same sign. It was 
shown by Chowla (1) that, if all ratios A,/A, (r + s) are irrational and if 
n > 9, then | f(x)! can be made arbitrarily small for integer values of 
Ty,---5@,, not all zero. This result was improved by Davenport and 
Heilbronn (2), who applied a modification of the Hardy—Littlewood 
method to replace 9 by 5 and the condition of irrationality by the weaker 
restriction that at least one A,/A, is irrational. 

If the continued fraction for the irrational 6 has bounded partial 
quotients, then |2?—6?y? does not take small values for non-zero integers 
x,y. But it isnot known whether or not the 5 in the Davenport—Heilbronn 
theorem can be replaced by 3 or 4. It seems to be worth recording that 
the result corresponding to that of Davenport—Heilbronn holds for 


4 
F(x) = > A,a?2+ pak, 
r=1 


where A,,..., Ay, # are non-zero real numbers, not all of the same sign, at 
least one ratio A,/A, is irrational, and k is any positive integer. The proof 
is based on the analysis given by Watson (4), who applied the Davenport— 
Heilbronn method to prove a similar result for 


d(x) = y A, 12+-Ag 24235. 
r=1 


In fact the proof needs only slight modifications in Watson’s work. 
One way of interpreting the result would be to say that 5 in the 
Davenport—Heilbronn theorem can be replaced by 4+. It would tend 
to support the conjecture that 5 can be replaced at least by 4, if not 3. 
Like Davenport—Heilbronn and Watson I prove more, namely 
THEOREM. Let d,,..., Ay, x be non-zero real numbers, not all of the same 
sign and such that at least one ratio X,/X, is irrational. Suppose k a positive 
integer. Then there exist arbitrarily large P such that the inequalities 
oe wen tS lcs, <P, 
4 
F(x) : > A,2 . prt| = s 
r=] 
have more than yP?*+* solutions, where 
y = y(A,,..-,Ag, pe) > 0. 


Quart. J. Math. Oxford (2), 5 (1954), 191-202, 
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The result for |F'| < ¢ follows by applying the above to F/e. Without 
loss of generality we may suppose that & > 2 and that A,/A, is irrational, 

2. As far as possible I use the notation of (2) and (4). Small italic 
letters, other than e and i, denote integers and q, q,... denote positive 
integers. Small Greek letters denote real numbers; €9, €,, 5 denote small 
positive numbers suitably fixed (in the context), while e«, wherever it 
appears, denotes a positive number which may be taken to be arbitrarily 


small; y, denotes a positive number depending only on A,,..., Ay, , while 
the constants implied by the symbol O depend at most on Aj,..., Ay, 1 
and e. 


For any positive integer P we define 
Pk pk 
S(a) = S(a, P) = > exp(27iax*) = > e(ax*), 
r=1 . 


r= 


P? 22 U 
K(«) = K(a, P) = } exp(2miaar*) = § e(az*), 
r=1 r=1 
pk 
I(a) = | e(a€é*) dé, 
0 
Pp? 
and I(x) = | e(ag*) d€. 
0 





In all the lemmas quoted from (2) and (4) it is to be understood that 
P has been replaced by P*. 


Lemma |. [(2) Lemma 4]. For any 7 


| eln)(“2™") da = max(0,1—|»)}). 


TX 


LEMMA 2. 
pr pk P 


>.» > > max(0, 1—|F(2xy,..., 24, 2%5)|) 
r=1 rs 1 z;=1 





| S(Ay a)... S(Aq K(ua)(— =) dx, 


; TO 
og 2 . 
| we | | max(0, 1—| F(&,..., €4, &5)|) d&...d&, d€, | 
0 0 
| I(dy x) ---T (Ag Tua) m=) de. 
. TX 


The proof follows from Lemma 1}. 
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thout} Lemma 3. 


ional, pk pk pr 
italic a | max(0, 1— | F(&,,..., &4, &5) |) d&...d&yd&, > y, P®*+?. 
sitive 0 0 Oo 


This can be proved byaslight modification of the proof of (2) Lemma 10. 


small 
‘er jt} In view of Lemmas 2 and 3 we have only to prove 
‘arily} Lemma A. 
while . 

: ; 3 

, , sin 7ra\? 
Ayo S(A, x)... S(Ay »)K (nao - =) dx 
ree 3 


x 
. 


| I (Ay). 1 (Ag I na)(=2 =) da--o( P+), 


where P tends to «2 along some sequence. 
3. LemMa d,. 
(i) S(a) = I(a)+O(1+ |x| P*¥+ x2 P3k), 
(ii) K(x) = J(«)+O(1+ |a| P?*-*?+ 02Ps-2), 
We prove (i) as in (2) Lemma 5, while (ii) follows in the same way from 
the Euler summation-formula. 


hat LEMMA dy. I(x) = O(\a|-!), J(a) = O( a'-?*). 





Proof. 
= x 3 
J (a) = | e(aé*) dé = k-"\a|-U* | e(+n)n-2-™ dy 
0 0 
= O(|a|-"*) 
Similarly I(x) = O(\a\~!). 


LEMMA 4. 


. 





I(dy x). 1 (Ag (ua) dx = 0(P™+2), 
TX 


where the integral is taken over \x| > P-@k-«), 


Proof. The left-hand member is 


| o( [ y~2-Uk ds) 


P- tk—€,) 


—_ O( Pa +1) k\(2k ~€0)) 
== o (P2k+2), 


3695 .2.5 0 
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LEMMA 5. 
| (S(A, 1) ..S(Ay x)K (ex) — (A, x). (Ag ua) Z) dx 
— 9 ( P2*+2), 
where the integral is taken over —P-@k-€) < q < P-@k-e0), 
Proof. By Lemma d,, in the interval of integration, we have 
S(A,«)—I(A,a) = O(1) (r = 1...., 4), 
K(ux)—J (ux) = O(1). 
Since clearly S(A,a) = O(P*) and K(ua) = O(P?), it follows that 
S(Ay x)... S(Ag x)K (ux) — 1 (Ay x)... 2 (Ag x) J (ex)| = O(P*), 


so that the left-hand member has the order 
ol [ pe dx) = O( P+) — 9 ( P**2), 


where the integral is taken over |a| < P-@h-©), 
Combining Lemmas A,, 5, 4 we have only to show that, as P+ x 
along a suitable sequence, we have 


Lema A,. 


| S(A, «)...S(Ay Kua) ) da = o(P*+?), 
7m 


where the integral is taken over \x| > P-@k-«0, 


4. Lemma d, [(2) Lemma 6]. Jf 
(ag=1, a="48, p= OP), 
q 


mane S(a) = O(Pkq-!**+-q3**). 
Lemma d, {[(2) Lemma 7]. Jf « = O(P-*) and « + 0, then 
S(a) == O( a —4 *}, 


Lemma 6. Let o > 0 be any fixed constant. Then 


| S(A, x)... SA, Kua) =)" da = o (Prk+2), 


3 7H 
where the integral is taken over P-P-©) < y < oP *, 
Proof. By Lemma d, in the interval of integration, 


S(A, x) = O(|a!-!-€). 











SO ee 
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Also, since K(u«) = O(P?), the left-hand member has the order 


O\P? ( y |-2—4€ da| — O( P2+1+402k—-€0)) — 9 (PR +2) 


P (2k €,) 
since €, is fixed and « is arbitrarily small. 


LEMMA d; [(2) Lemma 8]. 
m+1 
(i) S(a)'\4da = O( P***); 
(ii) when p >0and1 <r <4, 


x 


F si 2 D2k +« 
| S(A, x) ‘( a da = of” = 7) 
. TTX p+ 1 

p 
LEMMA 7. 


| S(A, ») SA a) (ua) 


x|> pd 


. 9 
sin 7a\? — 
. da = 0(P*+2), 
4a 
where 5 > 0 is any fixed number. 
This follows from Lemma d,, since K(ua) = O(P?) and 
1% 4 
Y Y | Y 
S(A, x)... S(Aga)| < fF ¥ |S(A, a) 4. 
r=1 
Combining Lemmas Ag, 6, 7, we have only to prove that, as P > x 
through some sequence and for suitably fixed real positive numbers o, 5, 
we have 
sin TTX 


: S(A, «)...S(Aq )K(ua)( y da = o(P**+?), 


rrge a 


e 


where the integral is taken over oP-* < |a| < P®. 


In particular taking o = A-!, where A = } min |A,|, we have only 
lar<4 
to prove 


Lemma Ag. Let A = § min |A,|. Then 
l<r<4 


da=o (P2* +2), 


f S(A, «)...S(Aq 0) K (na) =| 


oy 


where the integral is taken over X1P-* < |a| < P®. 
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5. From now on the argument follows (4) very closely. For 
AP-F < lal < PS 
we define, as in (4), the Farey fraction 


a a,(«) 
r— 9%) (» 12,3, 4) 
Gr Url) 
as the last convergent with denominator not exceeding P* to the con- 
tinued fraction for A,a. (When A,« is negative, 


a, = a(A,a, P*) = —a(|A, «|, P*), Gp = QA, a, P*) = q(|A, «|, P*). 


rT a 
Then clearly Aa = —+8, 
qr 
where 2 < Pe", 
so that the interval for « denoted by J/,(a,,q,) (r = 1,...,4) on which 


a,,q, have given values is of length O( P-*q;"). 
Following Watson, using the estimate for S(a) given by Lemma d, 
and adding the contributions of different J/,(a,,q,), we have 


LEMMA W,,. [(4) Lemma 10}. 
[ |S(A,.x)|* da = 0( P) 
where the integral is taken over X-1P-¥ < |a| < P-. 


LEMMA 8. 


S(A, x)... S(Ay x) K (ps (= =") da = o ( P* +2) 
ene | 


. 


where the integral is taken over AX-1P-* < \a| < P-. 


The proof follows from Lemma W, since K(ua«) = O( P?). 
After Lemma 8 we need only prove that, as P > « through some 


sequence, we have 


LEMMA A,. 


sin 7ra\? ek! 
' da = o(P?*+?), 


S(A, x)... S(A, IK (ua)( - 


rise | 


























n- 

ch 

i, | 
I 
) 

ne § 
; 
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6. Lemma W, [(4) (8.3) and Lemma 11 with q, replaced by qo}. 


(i) [’ S(A,x)|4 da = O( P®*+«-3) 


the accent denoting the omission of the part (possibly the whole) of every 
interval M,(a,,q,) in which B, < P®-®* in the interval of integration. 


(ii) The above estimate holds for r = 1 if the accent is taken to denote 
the exclusion of intervals or parts thereof on which q, < P®qz or \B.| > P®-**. 

(iii) The above holds if 1 and 2 are interchanged. 

m-+ 1 
Lema h. | |K(a)\4da = O(P**). 

m 
The proof is the main lemma of Hua (3), with P? replacing p. 
LemMA d,. Suppose that for every m 


m+1 
° 


| G(a)| da = O(P'). 


m 
Then +1 


(i) | |@A,a)| dx = O(P%, 


(ii) | GIA, «) as =)" dx = O(P'). 
p-8< \a|< PS ss 
m +1 —m 
Proof. (i) G(—a)| da = | G(«)| da = O(P). 
m —(m+1) 


Writing A, = A for convenience, we have 


m+1 A\(m+1) 


ad l al 
| G(Aa)| da = 7 | G(+.«)| da 
m Nim 
[\Ajm+1] ieee anid 
a ee j 1@(ea)| da 
[\A\n] 1 Am+1)) 
O(P), 


where {| denotes the greatest integer not exceeding 2. 
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(ii) | G(Aa) (ez) da < | G(Ax) (mo2) da 




















TTX vee 4 
rr 0 


1 x 
. . 


< | Gi(Ax) dat | G(Ax) en) ds 
TTX 

0 i 

1 - m+ 


x | G(Ax)| da + Pi ae | G(Aa)| da 
0 » m 


= O(P'), 
G(Ax) = m=) ds : | G(—Ax) (=) da = O(P), 


: ; \ wa J 7X 
p-6 1< pb P-b§<a<Pé 


/ 
/ 


. 


The next lemma is similar to (4) Lemma 16. 


LEMMA 9. 
: ; sin 7ra\” ee 
S(A, a)... S(Ay Kua) (™ ) da = o(P?*+?), 
7X 
P-8<\a|< PS 
where the accent denotes the omission of intervals on which « is such that 
all the following inequalities hold 


(i) |B.| << P-* (r= 1...., 4), 
i) _< PP, ¢< F-, 
(iti) 9g, < P®qe, G2 < P*q,. 
Proof. Let |" dx denote the integration over only those « for which 


B,| > P®-* for some r, say 1. Then 


(m+1) 
ew 


| S(A, x)...S(Ay a) A(x)! da 


m 


m- 1 m+ 1 m+ 1 1 
— O PH } | S(A, x) |4 da S(Ag a)|4 da ... S(Ay a) {4 da}! 
m m m 


= O( P2( Pk +e 5 Pbk+3e)1) 
o (. P?k+?) 
by Lemma W, (i), d; (i), and dg (i). 
Therefore, by Lemma d, (ii), we have 
S(Aj )...S(Aq x) K (war) Fat dx = o(P**?), (1) 
rae 4 


P-5< \a\< Pé 
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Suppose that {* da denotes integration over « for which q, or qo, say 
q, 2 Pk-**«, Then, by Lemma dg, 
S(A, x) sae O( Pi +1-haatek 2+€1)) — O( Pik) tex), 
Then, applying the inequality of the arithmetic-geometric mean followed 
by that of Cauchy, we have 
(m+1) 
“* 


| | S(Ay ax)... S(Ay x) A (ex) | dex 


m+1 
= O{ piste | S(Ay x)... S(Aq x) K (ex) | aa] 
4 m1 \3 m+1 \} 
— o(pus ta} | S(A,«) ae! l | K (ya) |" do ) 
— OfP* +1 tex( P2kreyt( Pavey) 
=: o(P™**) 
by Lemmas dg, h, and dg. 
Applying Lemma d, (ii) we get 

ak 


7X 


’ ; x sin 7ra\2 ee 

[S(A, x)... S(Aq x) A (ex) ( da = o(P*t?), (2) 
P-5<\a|< P® 

Now suppose that {' da means integration over those « for which (i) 
holds and (iii) does not hold, i.e. either g, > P®q, or gz > P®q,: suppose 
the former. Then, by Lemma W,, (ii), 

|S(A, x)|4da = O( P2*+«-) 

m<a<m+1 


and like (1) we derive 


. : 
; sin 7a\? ok ‘ 
| S(A, x)... S(Ay a) A (ux) ( oa ) da = o(P?**2), (3) 
p-6 x < Pd 
and the lemma follows from (1), (2), and (3). 
By Lemmas A, and 9 we have only to prove that, for a sequence of 
P +o, we have 
Lema A,. 


S(A, x)...S(Aq )K(ua)(“22) da = o(P?**2), 
TO 


. 


P-5< |a|< Pé 
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where the bar means that the integration is over those « for which 
(i) {B,| < Pe (r = 1...., 4), 
(ii) 9, < Pk-2+e, qo < Pk-2+e1, 
(iii) 9g, < P®q., qo < P%q;. 

7. Lemma W, [(4) Lemma 2]. Let a/q be any convergent to the con- 

tinued fraction for x. Then the inequality 
x—A/Q| < (49Q)"7, 
in which A, Q denote integers, not necessarily coprime, and Q is positive, 
is not solvable 
(i) for two different A and the same Q, 
(ii) for any Q <q, 

or (ili) for any two different values of Q differing by less than Q. 

Since A,/A, is irrational, there exist infinitely many integers a), g, such 
— Yo > Y, (49,40) = 1, Ay/Az—49/%o| < Yo ?- 
We now restrict our P to those of the form P = {qi4~*], where [2] denotes 
the greatest integer not exceeding x. Clearly 

Go = O(P*-*). 

Throughout the rest of the paper we assume conditions (i), (ii), and 
(iii) of Lemma A, to be satisfied. 

Since 

B,| = n ee = O(P®-**) and P< |a < P®, 


it follows that a, = O(P*4,), q, = O(P*a,). 
Writing A = a,q2, @ = 424q,, we have 
qi = (—.%2. 22} = 0(Q-'!P*®), qs = (;- a — O(Q-'P*). 
42% W2 hh 4291 d2 We 
Therefore, by Lemma ds, 
S4(A, x) = O(P#**38Q-1), SAA, a) = O( P***88Q-1), (4) 
Also, since 
A, _—%9 — O(P>-*k), a oe 
11! | {2 
a = O(P*), a! = O(P*), 


- O( P®-2k), 
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we have 
A, Al Ay 4 | Gs a, |AVq2 
Ae @| |Ae ae%] — |der, NA; 4 
_ AL 42| ee. | 
Ay \q2Az “1 Ay| 
2 (lla, i. * 
“ Aide (1 \az als A, 1% 
~ Ay \Aglde “| A, | 94! 
_ O( Pepe 2k) = O P2%®-2k), (5) 


LemMa W,. Under the conditions of Lemma A, and for P as chosen above 
| |S(A, a) S(Ay x) |? da = O( P2*-4*%), 


Proof. Since 
a, = O(P*q,), 9, = O(P#-*), gg = O(P#-**4), 
% = O(P*-*), 

we have 

Io @ = %42% = O( P4-48+5+2k 4+2e1) — QP 35+2¢1) = 0(P* -25) 
(because 6 and e,, on which there has been no restriction so far, could 
be chosen to have § > 2c,). Hence (q)Q)-! > 7(P®®-**) for any constant 
sand P large enough. Hence by (2) and Lemma W, for P large enough 
the inequalities 

Rqy < Q < (R+1)q 
have no solutions for R = 0, and one at most for each of R = 1, 2, 3...., 
with a unique A for each Q. Clearly A and Q are non-zero integers 
bounded by a power of P and so factorize in O( P*) ways to give O( P*) 
sets of values of a,, 9;, 2, Jz. Each of the O(P*) = O(P*) intervals so 
determined on which all the conditions of the lemma hold is of length 
0( P®-2*) and on all of them, by (1), 
S(A, x)|* = O(P%*+38Q-1)  (r = 1, 2). 
Hence each R contributes to the integral of the lemma at most 
O( P*+#8Q-1) — O( P2* +48 R-1q>1) = O( P*+8-4 R-1), 

The lemma follows on summing over R = 1, 2, 3,... since R is bounded 
by a power of P. 

Proof of Lemma A;. By using the facts 

= TO 


rrge 


) « 4, K(x) = O( P?), 
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together with Cauchy’s inequality and Lemmas W, and d,, we get 


. 


7X 


S(A, x)...S(Ay a) A (xr) ==) dx 





1 
—O Ps [ sa, x) S(Ap ¢ 2)? dal” x 
. ad | 
<I (J's A, x) |4 ‘dal s} i] S(Ay x) * day . 
( 


a O} P2 Pk 2+(9/2)5( Pd P2k+e)hy 
== oO ( p2k+2)_ 


With the proof of Lemma A, the theorem is completely proved. 


In conclusion I would like to express my gratitude to Professor Atle 
Selberg for many useful discussions. 
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ON THE PRIMITIVE LATTICE POINTS IN 
THE REGION |(x+e)y| <1 
By J. H. H. CHALK (London) 


[Received 25 January 1954] 


1. Let L, ve+-By, L, = yw+dy be two real homogeneous linear 
forms in the variables x, y, with determinant A = a—fBy + 0; and let 
c #0 be any constant. The purpose of this note is to establish the 
following result. 

THEOREM |. There exist coprime integers x, y satisfying the inequality 

(L,+c)L.| < (1—4$v2)|A}. (1) 
The sign of equality in (1) is necessary if and only if 
L, = Ay, L, = A,(x+(v2—1)y), e = —(1—4v2)A,, (2) 
apart from a homogeneous integral unimodular substitution on the variables 
x, Y. 

In an earlier paper (1) I investigated this problem by employing a 
method due to D. B. Sawyer (5); and the argument led to a stronger 
inequality, with 1—4}v2 replaced by }, when a/f is irrational. However, 
as Dr. Cassels has pointed out to me, this method contains an unjustified 
assumption. As far as concerns Sawyer’s application of the method, the 
assumption can be completely justified [see Mordell (4)]; but, as I shall 
prove in this note, not only is my earlier proof of the inequality (1) defec- 
tive, but the stronger inequality asserted above when «/f is irrational 
does not hold.*+ I shall show that (1) is the best possible inequality 
whether «/8 is irrational or not. This follows from 

THEOREM 2. Let 8 be any positive number, and let P,, Q,, be positive 
integers such that P,/Q, + 2+-\2asn—>oo. Let 

E,+e = x+-(2P,+v2)y—2Q,, 
L, = x—(v2—l1)y, 
A, = 2P,+2v2—1. 
Then, provided that n is sufficiently large, the inequality 
(L,+¢e)L.| < (1—4v2—8)A,, (3) 
has no solution in coprime integers x, y. 


t+ As a consequence, the inequality (4) in the statement of my theorem on 
bilinear forms [(1) 119] should be replaced by 


B(x, y; 2, t)| < (4—4N2)|A). 
Apart from this, the theorem stands. 


Quart. J. Math. Oxford (2), 5 (1954), 203-11 
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The conclusions of Theorems | and 2 taken together form a contrast 
with those established by Davenport (2) for an analogous problem. We 
observe that the inequality (1) holds when the condition that x, y be 
relatively prime is replaced by the weaker condition that x, y be not 
both zero. Furthermore, it is the best possible inequality; for, as was 
proved in (1), we have 


(y—(1—4v2))(a+(v2—1)y) > 1—4v2 (4) 


for all integers 2, y, not both zero. Now, Davenport has shown that, 
when a/f is irrational, the stronger inequality 


l 

(L,+c)L,.| < — |A (5 
1 2 1 ) 
can be satisfied by integers x, y, not both zero. This was improved by 
P. Kanagasabapathy (3), who obtained the constant (4-25)-! in place 
of (4-1)-!; but the exact constant has not been determined. Thus, in 
essence, there is an ‘isolation result’ in Davenport’s problem, but not 


in mine. 


2. The following lemma due to Davenport (2), which I quote without 
proof, gives a convenient reduction for the forms under consideration. 


Lema |. Let «/8 and y/6 be irrational numbers. Then there exists a 
homogeneous integral unimodular substitution on the variables x, y which 
transforms (L,-+-c)L, into 


A 

+.—- (x+ 6y—)(a—dy), (6 
torgery b)(x—dy) ) 
where > I, 0<¢d< 1, l<y¢< @. (7) 
We shall require some result for the case when «/f is rational, but as 
a precisely similar reduction is not available in all cases, I give the 

following partial analogue: 
LEMMA 2. Suppose that «/B is rational and that y/8 is irrational. Then 


there exists a homogeneous integral unimodular substitution on the variables 
x, y which transforms (L,+-c)L, into 


+ ag ty— Wed, (8) 


where0< <1. 
We shall need to extend this reduction when || > 1, and so it is 
convenient to consider two cases according as |4) > 1 or || < 1. 
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Lemma 3. Jf || > 1 and ¢ is an irrational satisfying 0 < ¢ < 1, the 


form A 
pgp tty Pe oy) 
can be transformed by a homogeneous integral unimodular substitution into 
ta (e+ O'y—W (e—4'y), (9) 
<A LS g 
where > 1, 0<¢' <1, l<—<@. (10) 


Clearly, if the hypotheses of Lemmas 2 and 3 hold, the form obtained 
in Lemma 3 is precisely analogous to that in Davenport’s lemma. In 
the remaining case, we do not continue the reduction but establish the 


main result directly. 


LemMaA 4. Suppose that || < 1,0<6< 1. Then there are coprime 
integers x, y satisfying 
1 ; 
ie (= +¥—oe—4y)| < 1—3v2, (11) 


with strict inequality unless 6 = 1/V2, ~ = (242). 
Lemmas 2, 3, and 4 are proved in § 3, and Theorem 1 is deduced from 


them in § 4. 


3. In the proofs of Lemmas 2 and 3, it is clear that, without any loss 


of generality, we can assume that A} = 1. 
Proof of Lemma 2. By interchanging x and y, if necessary, we can 
write 
L,+e = A,(x+6y—y), L, = d,(x—¢dy), 


where A, A,(0+¢) = +1, @ is rational and ¢ is irrational. Put @ = p/q, 
where p, g are coprime integers, and set 
xu’ = qu+py. 
Then there are integers 7, s such that pr—qs = +1, and we can put 
y’ = ret+ey. 

Hence, in the new variables, 

L,+e = A,(2’—y’), L, = r,(x’—d'y’). 
We now apply a further unimodular substitution of the form 

ge = 2" +9", y = mx"+(m+1)y’, 

where m is an integer. Thus, we have 

LT, te = Aj(x"+y"’—y’). 
L, = A3{(1—md’ Ja" +{1—(m+1)d’}y’]. 
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We now fix the integer m by choosing it so that 
Lo) “ > 


either = Fs ety - 0. 
1—md¢ 
or oe, _ Sat .< @. 
1—(m-+-1)¢ 
In fact, we take m = [¢’-"], 
"A_(m+1 
since then I < 0, 
d'-!—m 


and now one of the above alternatives must hold. Then, by inter- 
changing x” and y”, if necessary, we can ensure that 
L,+e = Aj (v"+y"—"), L, = Ax(x"—¢"y"), 
where 0 < ¢” < 1. By comparison of determinants, 
AjAX(1-+¢”) = +1. 
Hence, by a homogeneous integral unimodular substitution on the 
variables x, y, (L,+c)L, is equivalent to one of the forms 


| Vine te 
tig (x+y—¢p")(x—$"y), 


where 0 < ¢” < 1. This proves the lemma. 
Proof of Lemma 3. We writet 
Lyy+€o = Ao(%o +4 Yo—H%o): Lg = Ho(Xp—$o Yo): 

where 
NoHo = &(1+¢45)7}, 9 = 1, ty = yo, do = ¢, Po| > 1. 
Let the continued-fraction development of ¢, be, say, 

(0, @_,,@_9, @_g,...). 
We can also put, formally, 

O) = 1 = (a). 
Then we define numbers 6,,, ¢,, for every integer n (< 0) by the relations 
©, = (6. Bg ans--s Me), 

4, = (0,4,,.,6,..-), 


and define a chain of integral unimodular substitutions 


Ln = —9y Tpysiisctynsy | 


+ I follow the lines of Davenport’s work ; see (2), Lemma 2. 


(n < —1). 
Yn — x 


n+1 
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In this way we derive a chain of pairs of forms equivalent to L,)+-¢ 9, Loo, 


namely 
Lyn,t+e, = A,(%, +9, Yn—#n)s Lon, = By (®X%,—O, Yn) (nH <9). 
This is easily verified, by induction, if we use the relations 
x, +98, y,, Ay Bn it t¢Ynsit On Una. = Orsi nai tYns 
On (Ay 21 +O, 41 Yn sa)s 


. ° . lw» | 
vn dp, Yn —a,, 4 n+17 Ynsi—Pn Un 41 —dy, t 1 Tn41 7 Yn 


— dy (x, 1—%n, 1Y4n +1) 


From these, we deduce that 


A, 6. sa Anuar tie —niibnap 
An Bn —_ +(0,+¢,)71, 
Co = —A, dy- 
Hence Psa = a = 0,4, 
on = Anat 
i.e. 
Ho A, l r ye 6, >] yp — - > 1 
w_y Pf _o yb 3 
Also, we have @,,6,,,, > 2 for every n < —-2, and so 
%,|>O0 asn> oo. 
Now |\%, > 1 by hypothesis. Since also ~_, = %, we can choose an 


integer n < 0 such that 
$y, 1! < 1 S py, ’ 
which implies that i< | < ¢,. 
Finally, we observe that, if %,, << 0, we can change the sign of both 
variables, since this has the effect of changing the sign of y,, only. This 


completes the proof. 
Proof of Lemma 4. By changing (x,y) into (—a, —y), if necessary, 


=> 


we can suppose that 0 < fb < 2. 


Then, writing k = 2+ v2 for convenience, we shall assume that 


(l—)d > (1+ ¢)k“, (12) 
(2—4)(1—¢) > (1+ ¢)k", (13) 
p(1+¢) = (1+¢)k}, (14) 
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and deduce a contradiction unless ¢ = 2-!, 4 = k-!. From (12), (13), 


(14), we have = 2  1-¢ 
1+¢' 1+¢ 
2 1 | 
> pal. eae eet 
\l—¢ © 2-4) 
s pal? 1 | 
iin \1—k-1 § 2-—kJ 
2 l 
k—1 " 2k-1 
= l, 


with strict inequality unless 
bak, (1-p)p = (14 g)k4, (2-1-9) = (1+ g)k4, 
i.e. é= &*, ¢ = 2-4. 
Thus we have a contradiction, except in this special case. This proves 
the lemma. 
4. Proof of Theorem 1. Clearly, if y/é is rational, the inequality (1) can 
be satisfied trivially with 
L, = 0, (a, 7) = 1. 
Thus we may suppose henceforward that y/é is irrational and, without 
loss of generality, that |A| = 1. The reduction developed in Lemmas 1, 
2, and 3 can now be applied. In this way, either we obtain a product 
(0+4)-*(x+ 6y—)(x—dy), 
with @>1,0<¢<1,1<¢% < 8, equivalent to +(L,+c)L,, or we 
obtain a product 4 
. (1+4)(x+y—#)(a—dy), 
with |f| <1, 0<4¢< 1, again equivalent to +(L,+c)L,. In the 
latter case, Lemma 4 applies, and we see that this product satisfies (1) 
with strict inequality, unless 6 = 1/V2, 4% = (2+-v2)-!; when it remains 
to observe that the products 
V2 
1+% 


—{y'—(1—}v2)}{a’ +(v2—1)y’} (15) 


5 ety (1—gv2)}(@— v2y), 


are equivalent under the substitution (x, y) > (—a’,2’+-y’). 
To prove the inequality (1) in the first case, we shall assume that 


(x+-Oy—)(x—dy)| > k-(8+-4), 
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where @>1,0<¢<1,1<% <8, and k = 24-2, for four special 
sets of coprime integers x, y: namely, 


(~—1) > k-(6+4), (16) 

(O—f)p > k-(0+-4), (17) 
(1+20—#)|1—24| > k-1(0-+-4), (18) 
(1+6—y)(1—¢) > k-"(6+ 4), (19) 


and deduce a contradiction. Firstly, if 6 < }, we use (17) and (18) to 


obtain Kis 2(0+-¢) . 6+¢ 


~ k0—keb * k-2k0— kp’ 
while, if 6 > $, we use (18) and (19) to obtain 
tes St 
k+k0—kp © k+-2k0—hf’ 
But, on using the inequality for ky in (16), we have 
0 < k0—khb < k+k0—ky < kO—(0+-¢4) < (k—1)8, 
0 < k+2hk0—kb < k+2k0—k—(0+¢4) < (2k—1)0. 
Hence, in both cases, we deduce that 


1 > HOt), _O+9 
~ (k—1)0 ' (2k—1)0 
20 CC ) 
> (k—16 2k—10 
=, 
~ k—1' 2k-1 
:: 


~ 





and this is a contradiction. Thus, the inequality (1) is completely 
established. The second part of the theorem now follows from the fact 
that the particular product (15) has absolute value at least 1—}v2 for 
all integers 2, y not both zero. 


5. Proof of Theorem 2. We suppose that there is a pair of coprime 
integers x, y satisfying (3), and deduce a contradiction when n is suffi- 
ciently large. Note that 


(L,+c)—L,| = |A, y—2Q, | > 2Q, (20) 
since the expression in y is obviously least when y = 0. Hence 
L,+c\+|L,| > 2Q, ~ (l—4$v2)A, as n>. (21) 


3695 .2.5 P 
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Os Res 
Now, if n is sufficiently large, the inequalities (3) and (21) imply that 
either Lyt+e!/<1 or |ZL,| <1. 


If |Z,+c¢)| < 1, we write 





x —(2P,+.2)y+2Q,+&, where |£| < 1. 
Let (L,+¢e)(L,+c’) = (a+ 2P, y—2Q,,)?—2y? = N. 
Then |N| > 1, since a, y are coprime. Hence, with |y| > 1 and x large, 
| | _(9P 1./9 tt. 2 4 —  —_ 
(L,+c)L, = ’ as —| = ah td (2P, N 2)y I Q, | é (\ l)y = 
mt Eye’ —(2P, + v2)y+2Q,+€+(2P, —v2)y—2¢,, 


(2P, +2v2—N)y,—2@,—§ | 


2v2y—é 
l y—(2Q,+8)/An| y 








2n2|  y—€E/2V2, |" 
1 y|—A,, | 
2 55 (Co 5) A, 
2v2\!y|+ 42 
where A n F 2d, A,+! A, — i— 4v2 as 1 > @. 


Similarly, if |L,| < 1, we write 
x = (v2—1)y+y, where |y| < 1. 


Let L, Ly = (4+ y)?—2y? = N’. 


Then |N’| > | since x, y are coprime. Hence, with |y| > 1 and » large, 


(L,+¢)L.| > 


| Ly | (N2—Iy+y+(v24+ Dy 


oa i jy—(2@,—n) An, 
3 yt+yn/2v2 “3 





|L,+e (v2—1)y+7+(2P, +v2)y—2Q, 
= | it ime > - 





— 211,/9 
St 4A, _, 8+3N2 ~ 1—Iv2 
2Vv24+4v2 [L672 ~ . 
it remains to consider the cases when |y| = 0, 1, 2, 3. 


If y = 0, then x = +1 since x, y are coprime and 


\((L,+c)L,| = |+1—2Q,| ~ (1—}v2)A, as n> oo. 
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If |y| = 1, 2, 3, and min(|Z,+c!, |Z, ) < 1, then we have, respec- 
tively, . - ‘ ly s 
: min(|Z,+c|, |£,!) > v2—1, 3—2v2, 3v2—4, 
while 


max(|£,+c!,|L,|) ~ 2P,+2Q,, 4P,+2Q,, 6P,+2Q,, asn—>o. 

But 

(v2—1)(2P,—2Q,,) ~ (l—}v2)A,, 

(3—2v2)(4P,—2Q,) ~ (1—}v2)A,, 

(3v2—4)(6P, —2Q,,) ~ (4V2—5)A, > (1—4v2)A,, asn>o. 
Hence, in all cases, (L,+c)L,| > c,, 
for some constant c, ~ (1—}v2)A, asn > «©. Thus, if n is sufficiently 
large, there is no solution of (3) in coprime integers x, y. 
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CORRIGENDUM 


TO ‘NOTE ON A RESULT OF CHALK’, BY H. DAVENPORT 


[Quart. J. of Math. (Oxford) (2) 3 (1952) 130-8] 


The result attributed to Chalk in the introductory paragraph of this 
paper has been found to be incorrect; for the correct results see J. H. H. 
Chalk immediately above. The substance of my paper is unaffected, 
except that Theorem | has less relevance to Chalk’s problem than it 


appeared to have at the time. 











ON L?-SOLUTIONS OF THE WAVE EQUATION 
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1. Iris known [(1); (4) § 10; (8) ch. 2, Theorem 5] that, if every solution 
of the ordinary differential equation 


a) 


— + {A—q(x)}b(x) = 0, (1.1) 
dx? 


where q(x) is a real continuous function and x varies over the interval 
0 <a2< o, is L*(0,00) for one value of the parameter A, then every 
solution is L*(0, 00) for any value of A. In terms of the Green’s function 
G(x, &,A) associated with the eigenvalue problem given by (1.1), 


$(0)cos «+¢4'(0)sina = 0, (1.2) 
x 
and 0O< [ d(x) 2dr < mw, (1.3) 
0 
this result shows that, if G(x, €,A) is unique for one complex value of A, 
then it is unique for every complex value of A. Put in another way, we 
may say that, if the differential system given by (1.1), (1.2), and (1.3) has 
no solution for one complex? value of A, then it has no solution for any 
complex value of A. All this corresponds to the invariance of Weyl’s 
limit-point case for complex values of A. Similar results are known when 
x varies over the whole line —c% < x < o. 
The object of this paper is to show that corresponding results hold for 
the partial differential equation 


V?h(x, y) + {A—q(a, y)}b(x, y) = 0, (1.4) 


where V? = é?/éx?+-6?/éy?, q(x, y) is a real continuous function, and the 
domain for x, y is the whole plane. The theory of eigenfunction expan- 
sions for (1.4) has been given by Titchmarsh (7). I shall use several facts 
out of this theory in the present analysis. Titchmarsh shows that there 
exists a Green’s function G(x, y,&,7,A) corresponding to (1.4) and the 
whole (x, y)-plane; this function is an analytic function of A, regular in 
the upper and lower halves of the complex A-plane, it is symmetrical 


+ By complex, I mean that its imaginary part is not zero. 


Quart. J. Math. Oxford (2), 5 (1954), 212-27. 
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with respect to (x,y) and (€,7), and satisfies the two inequalitiest 


x L 


( ( G(x, y,&,, A)? d&édy < A(z, y, w) 
and ( im G(x, y, €,,A)| du < K(x, y, €, n, Uy, Ue), 


Uy 


where A u+iv. The function 





“ 
. bas ¥ . “ 
H(x,y,€,,u) = —lim | im G(a, y, €, n, wu’ +iv) du’ (1.7) 
Tr0 , 
0 
exists for all values of uw, is of bounded variation in any finite interval, 
and satisfies 


A (x,y, &, 7, U) MA(x,y,€,n, u+0)+HA(a, y,€,n,u—9)}, (1.8) 


and [ [ {H (x, y,&,n, u)}? d&dy < K(x, y,u). (1.9) 


The ®-function, Ss 
O(z,y,A,f) = — ( ( G(x, 4, €, 9, AVF(E, n) dédn, (1.10) 
where f belongs to L?, is a solution of 
V°O+ fA—q(x, y)}® = f, (1.11) 
and satisfies the inequality 
( M(x, y,A) 2 dady < v-* [ [ f(x, y)\? dady. (1.12) 


ny . . 
4 —x * # x 





The relations (1.5)-(1.12) are all given in Titchmarsh’s paper; they 
supply me with what I shall need here. 

After having dealt with (1.4), I shall consider the corresponding non- 
homogeneous partial differential equation obtained from (1.4) by re- 
placing the zero on the right-hand side by a function f(x, y) of Z?; the 
results for (1.1), with the zero replaced by f(x) of L?(0,00), have been 
stated by Weyl. 

2. I shall say that » = (x,y) is an L*-solution of (1.4) if it has con- 
tinuous partial derivatives up to the second order, if ¢ = & satisfies 
(1.4), and if Do 

0< ( i u(x, y) |? dady < ov. (2.1) 
oa 

+ K denotes a function of the variables shown which is bounded when its 
variables lie in bounded regions. 
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For the complex parameter A, let there be two distinct Green’s func- 
tions; then their difference will ng: an L?-solution of (1.4). Conversely, 
if we have an L?-solution (x,y), then G(a, y, €, 7, A)+(2, yh, 7), as 
well as G, would satisfy all the junta properties of a Green’s function. 
Hence, Green’s function is unique if and only if there is no L?-solution 
of (1.4). 


THEOREM 1. /f (1.4) has no L?-solution for one complex value of the 
parameter X, then it has no L*-solution for any complex value of X. 


[ shall give two proofs of this theorem. We cannot expect to extend 
this result, in a direct manner, so as to include all real values of A since 
such a A may be an eigenvalue (i.e. A may lie in the point spectrum). 


First Proof. Let (1.4) have no L?-solution for A = p (complex), but 
suppose that we have ¢ = (x,y) as an L*-solution corresponding to 
A = v(complex). Let O(x, y, 1) be the ®-function (1.10) with f = (u—v)d. 
By using the differential equation for the ®-function (1.11) it is readily 
seen that O(x, y, u)—(x, y) is a solution of (1.4) when A = p. But the 
squared modulus of this function is integrable over the whole plane and 
hence we must have this function identically equal to zero, i.e. 


D(x, y, 4) = da, y) 


Using (1.12), it is seen that 





[ wb \* dady < \im(p)|~*|~—v|? [ ( yb |* dady, 


e., by (2.1), v—p) > |imyp!. Thus v lies outside a circle of centre p and 
radius imp’. We conclude that, if (1.4) has no L*-solution for A = p, 
then it has no L*-solution for any A lying in this circle. If im be taken 
positive (say), then, by proceeding from one circle to another (as in 
analytic continuation), we deduce that (1.4) has no L?-solution for any 
A lying in the upper half-plane. Since q is a real function, it is necessary 
only to take the conjugate value of equation (1.4) to deal with values 
of A lying in the lower half-plane. 


Second Proof. This depends on Green’s formula for an infinite domain. 
Suppose that (1.4) has no L?-solution for a particular complex value of A. 
Let f, g be two arbitrary functions, which, together with f* = (q—V2)f 
and g* = (q—V*)g, are L* over the whole plane. We have 


(V2+A—q)f =Af—f* = 8, say. 
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Subtracting this equation from (1.11), with f= 6, we find that 


f—(x, y,A, @) satisfies (1.4) and must, therefore, be zero. Hence 


f = D(x, y, A, 0): 
and similarly g = D(x, y,A, 4), 
where d = Ag—g*. Thus 


x 


| [ (fg*—ogf *) dady 


x x 
L 


( ( { D(a, y, A, b)O(x, y) — O(a, y, A, O)b(a, y)} dady 

2 —w 

0. (2.2) 
The last line follows by substituting the appropriate integral formula 
(1.10) for the ®-function, and inverting an integration. To justify the 
inversion, let A, be the region outside the square —n < x, y <n. Then 
it is sufficient to show that 


[ [ Aa.y) [] Gry, € 0, NOE, 0) dédndxdy > 0 
eo a <. 


as n > 00. From Schwarz’s inequality and (1.12), the absolute value of 
this expression does not exceed 


v ' [{ \¢ * dgdn)*( ; | 0 *dedy)' 
An -x —x 
which tends to zero; (2.2) is Green’s formula. which holds provided that 
(1.4) has no L*-solution. 

Suppose next that (1.4) has an L?-solution % = %,+%/,; then, by 
equating the real and imaginary parts of (1.4) separately to zero, we 
obtain 

bt = up, —viby, 5 = uber, (A= ut+ir). 
Thus, %,¥3—d.Yf = vib\*; and the left-hand side of (2.2) does not 
vanish for the pair of functions f = ¥%,, g = %. We thus have the 
following theorem: 


THEOREM 2. Green’s formula (2.2) holds for all functions f and g of the 
type considered if and only if the Green’s function is unique. 


Since the left-hand side of (2.2) is independent of A, Theorem 1 follows 
immediately from Theorem 2. 
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3. In the last section A was restricted to take complex values only. 
Here I consider the case of real values; the result is suggested from the 
idea of ‘eigenstates’ which occur in quantum mechanics. I shall define 
the point spectrum to be those real values of A for which the function 

A (x,y, €,n,A+0)—H (a, y, €, n, A—0) 


is not identically zero. 


THEOREM 3. Let the Green’s function, corresponding to (1.4) and the 
whole (x, y)-plane, be unique for one complex value of A (whence, by Theo- 
rem 1, it is also unique for any complex X). Then (1.4) has an L?-solution 
if and only if d lies in the point spectrum. 


Suppose first that y(a, y) is an L?-solution for (1.4) when A = up (real). 
Clearly y% may be taken to be a real function, for otherwise we need only 
consider its real, or imaginary, part. Let 


P(x, y,A) = —(A—p) ( ( G(x, y, €, 7, A)b(E, n) d&dn, 
where A is complex. It is easily verified that ®(x, y,A)—(x,y) is a 
solution of (1.4) and, hence, must be zero. Thus 


i fa bla, y) 
| | G(a,y,& 7, AWE, n) dédn = —- . 
. ’ : A — eh 
Taking imaginary parts in this equation, and writing A = u+iv (v > 0), 


we obtain, after integrating over p»—e <u < pte, 


" Le e/v 
. 


Bt : 
| | | | im G(x, y, €, 4, u+iv) dni n) dédyn = (x,y) = z 
EAS 


. ~e 
uniform convergence justifying the inversion of the orders of integration 
on the left-hand side. With ¢ fixed and greater than zero make v > +0; 
thus, by (1.7), 

mo 
[ {H(x,y.€,n, w+e)—HA (x, y, €, y, w—e) h(E, n) d&dyn = (x,y), 


"me (3.1) 





the justification for the inversion of the limiting process with the 
integration being similar to that used for (15.2) in (7). We may interpret 
(3.1) by saying that in the expansion formula of an L*-solution of 
(1.4), with A = p (real), only those points of the spectrum lying in the 
immediate neighbourhood of » make any contribution; for «e may be taken 
arbitrarily small, If » is a point of continuity of the H-function, then, 
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by making « + 0 in (3.1), we have s(x, y) = 0; the inversion needed here 
is clearly allowable by the inequalities (1.6) and (1.9). 

Next suppose that is a point of discontinuity of H (yz lies in the point 
spectrum); thus, by (1.8), 


d(x, y,€,) = H(x,y, €,y, np+0)—H (zx, y, €, n, w—O) (3.2) 
is not identically zero and, using (1.9), we have 
[ ( (h(x, y, &, n)}* dady < a. 


This function ¢ is symmetrical in (x, y) and (€, y), for this property, being 
true for Green’s function, holds also for H. To complete the proof of 
Theorem 3, it is only necessary to show that, for fixed € and », 
d(x, y) = O(x, y, €, 7H) satisfies (1.4) with A = pw. With this aim in view, 


I shall next prove a lemma: 


LemMaA |. Let the Green’s function associated with (1.4) and the whole 
(x, y)-plane be unique; then 


x x 


(A—2’) ( ( G(x, y,8,t, A)G(s,t, E, , A’) dsdt 


x 


= G(x, y, €,,A)—G(a, y, €,9,A’), (3.3) 

whenever (x—&)®+(y—n)*? ~ 0, and 2, Xr’ are any two complex numbers. 

Since the Green’s function is L? at infinity, both sides of (3.3) exist; we 
have to prove equality. Using the differential equation (1.11), it is easy 
to verify that 

(A’—A)@(x, y, A, D(A’, f)) — O(a, y, A, f)+ O(a, yr’, f) 
satisfies (1.4). The last expression is L? over the whole plane [see (1.12), 
and hence must be identically zero in the case of a unique Green’s 
function; the first term is equal to 
(’—A) [| G(x, y,8,t, (8, 1,0, f) dsdt 

Ar [ | [| Glxy,s,t,NG(s,t,& 1, A) LE 0) dsdtdédn, 
where we have used (1.10), uniform convergence justifying the inversion 
of the integrations in £, » and s, t. Thus, it is observed that we most 
certainly have equality when both sides of (3.3) are multiplied by f(€, n) 
and integrated over the whole (€,7)-plane. Since f is any arbitrary 
function of L?, it follows that both sides of (3.3) are indeed equal. 
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To show that d(x, y) is a solution of (1.4), with A = p, divide both 
sides of (3.3) by A—A’; and, from the resulting equation, subtract the 
corresponding equation with X’ replaced by 4’. Since G takes conjugate 
values for conjugate values of its complex argument, we obtain, on 
writing A’ = u’+iv’, 


[ ( G(x, y, 8, t, A) im G(s, t, €,», Ar’) dsdt 
= —hiG(x,y,&,7,A) cule, 
. ~~ A—N A’) 
fOr) Gla y€0,4')\ 
_.. 5 oe 


j G H 4 F ’ 
_im Gz, 9.8.9.4) , Of\v'| |G(x, y, €, A’) |}, 3.4) 


A—N 


as v’ > +0, and A is a fixed complex number. By an inequality [(7) 21], 





ute 
| (G(x, y, &,n,u'+iv’)| du’ = O(\v'|-*). 
p- € 


Hence we obtain, on integrating (3.4) over u—e < w’ <- p+e, 


ee Bre 
| | Gx, y,8,t,) | im G(s,t, €, nen) du’| dsdt 
-< el b- € 
uU=pre u 
F l 4 4 a ” ° ‘ ” il 
= | — al im G(x, y, €,n, uw" +710’) du [+o v’ |), 
u'=u—€ 0 


By (1.6), the convergence of the right-hand side of (1.7) is bounded; and, 
hence, on making v’ > +0 in the last equation, we obtaint 
G(x, y, 8,t,A){H(s, t, €, n, w+e)—H(s, t, €, n, w—e)} dsdt 


-o —O 





u’ 


pte 
| dH (x, 4,€,9,W’) 


3. 
| ( )) 
u’'=p—e€ 
Since ¢ is the saltus of H at the point u, we may make e + 0 to obtain 
[ [ G(w,y,s,t,A)M(s, t, , 9) dsdt = H(2, £7) 
Dae 8 ; p—aA 
i.e. d(x, y) = (A—p)@(x, y, A, d). (3.6) 


+ For the bounded convergence involved in Stieltjes’ integral, see, for example, 
Widder, The Laplace Transform, 31, Theorem 16.4. 
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Hence, from (3.6), 
(V24 p—gle, y)}b(x, y) = (A—p){V2+A—q(ew, y)} Ole, yA, $) — 
—(A—p)?@(a, y, A, d) 
= (A—p)d—(A—p)? O(a, y, A, d) 
= 0, 


by (1.11), and again from (3.6). The proof of Theorem 3 is now complete. 

Since the discontinuities of a function of bounded variation are 
enumerable, it follows that the real values of A for which (1.4) has an 
L*-solution are also enumerable. By using Green’s formula (2.2), which 
holds for a unique Green’s function, we observe that any two such 
solutions which correspond to two different real values of A must be 
orthogonal. In the case when Green’s function is not unique, it seems 
likely that (1.4) has an L*-solution for every real value of A; unfortu- 
nately, I have not so far been able to find any proof of this conjecture 
save in the simple case of q(x, y) — C(a?+-y?)* (C > 0,a > 1). 

4. In this section I shall prove a theorem of comparison for two 
differential equations of the type (1.4). 

THEOREM 4. Consider the whole (x, y)-plane and the two equations 

V2S-+ A—qlx,y)\6 = 0, (4.1) 

V*b+ (A—qa(x, y)}¢d = 9, (4.2) 
where Ais complex. Let q(x, y)—qe(x, y) be bounded as x?+-y? + cw; then, 
if one of the above equations has a unique Green’s function, so has the other. 
Thus, if (4.1) has no L*-solution, then neither has (4.2). 

The one-dimensional case of this theorem is given in (1) and in (9) 266. 
In the case of the one-dimensional and one-sided infinite range 0 < x < 2% 
with no boundary condition at the left-hand end, the restricted view 
that A must be complex may be relaxed to ‘A real or complex’. 

Suppose it to be the case that (4.1) has no L?*-solution, whilst 
¢, = ¢,(x,y) is an L*-solution for (4.2). Since q¢,—q_. is bounded, and 
hence (¢,;—qs)¢, is L* over the whole plane, we may form the ®-function 

®, (x, 9,A, (1—2)b2) 

1 


x 





] | G(x, y, €, 0, ANTE, n)—aalE, n)}bolE, n) dédn, 


where G, is the Green’s function for (4.1). 
Apply the operator V?+-A—q, to the function 


(2, ¥,A, (41 —G2)b2) + 2(2, y)- 
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The result is, by (1.11), 
(41 —42) 2+ (V°+A—q,)b. = (V?+A—qu)dy = 0. 
Hence, since ®, is L* and (4.1) has no L?-solution, we have 
d(x, y) = —®,(x, yA, (¢4—G2)bo); 
and, by (1.12), 


[ [ (x,y) * dady < A*v-? [ [ p(x, y) |? dady, 


0c — 


. . 


0 x 
where A is an upper bound for ¢,—gq.|. Hence, since % = ¢, satisfies 
(2.1), we have v? < A®, and, by making v > , a contradiction follows, 
This proves Theorem 4. 

In (6) it has been shown that, if 


g(x,y) > —Ar—B asrt= 22+y?> a, 


where A, B are constants, then the Green’s function for (1.4) and the 
whole plane is unique. Titchmarsh has also stated that it seems likely 
that this is a best-possible result for its kind. Sears (3) gives some 
generalizations of this uniqueness criterion. By using the result of 
Theorem 4, together with the corresponding result for the one-dimen- 
sional case, it can be shown that, if 


g(x,y) = —Cr*+O(1) as 7? = 2?+y?> -@, 


where C > 0 and a > 2 are constants, then the Green’s function for 
(1.4) and the whole plane is not unique. 


5. I now consider the L?-solutions of the equation 
V°2h+{A—q(a, y)}d = f(x,y) (5.1) 


for real values of A, where fis L* over the whole plane. It will be supposed 
that q gives rise to a unique Green’s function; thus, in the case of complex 
values of A, the L?-solution of (5.1) is unique and given by (1.10). 
Theorem 3 shows that the point spectrum can be defined in terms of 
the L?-solutions of (1.4); (5.1) enables us to define the whole spectrum 
by means of L*-solutions. I shall say that A (real) is a non-spectral point 
if the H-function is constant in its neighbourhood; otherwise I shall say 
that A belongs to the spectrum. The spectrum may be subdivided into the 
continuous and point spectra in accordance with the points of con- 
tinuity and discontinuity of the H-function. The fundamental theorem 
is as follows: 
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THEOREM 5. Let the Green's function be unique; then a point (real) is 
a non-spectral point if and only if (5.1) has a (unique) L?-solution for 
every } of L?. 

Weyl gave this result for the case of an ordinary differential equation 
and the interval (0,00). In the next section I shall consider how the 
analytic continuation of the Green’s function across the real A-axis 
depends on the spectrum, and this yields the converse part of the 
theorem: for the direct result, it is necessary to use the idea of weak 
compactness for an infinite domain. 


6. Analytic continuation of the Green’s function across the real 
A-axis 
Let C be the square whose centre is at A’ (real) and whose sides are 
parallel to the A-axes and of length 2/. Divide C into three rectangles by 
means of the lines 


imA = +6, A’—l <reA <A'+l, 


where 6 > 0; denote the uppermost rectangle by C,, and the lowermost 
by (,. Then, since G(A) = G(x, y,&,,A) is an analytic function of A 
regular in the upper or lower half-planes, we have, for fixed A inside C,, 
Ll f Gz 1 [ Gz 
GA) = 5 | de, o= =| 2) gy. 


Ini | z—A 2ni | 2—A 
C; c 


x 


Adding these two equations we obtain 


GA) = a +5 2, (6.1) 


Cs NV —1+%8 


1 f Gz) l ae” ale) G(z)\ 4. 
ni | g: 


271 


where ( is the part of C for which jimA| > 5. Since Green’s function 
assumes conjugate values for conjugate values of its complex argument, 
the second integral on the right-hand side of (6.1) is equal to 





2iim G(z l 1 \= : 
(2iim G(z) | (- 4) 9) we es § 


\ z—aA | 
NV —1+ 18 
1+%8 , 
. ff im Giz) 
where L- 2 | eal 2 
, J z—A 
V—1+ 18 
A +1+ r) a 
and I, = =_ 278 | Oe) Zz 
J _ (z—A)(Z—A) 
N —1+ 18 









to 
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From (7) 21 we know that 


Ug 
| |G(u+iv)| du = O(\v|-!) 
uy 
as v > 0; thus J, = O(8!) as 8 > 0. Also 
N41 P N41 
im G(u+78) . f im G(u+is) . 
E=2 ——_—__——_—- du = 21 | —— Oe =e 
' u+id—aA u—aA (") 
V-l v-1 
N-+1 u 
, F ] ‘ ve ’ 3 
—— _d [ im G(u’ +18) du | O(d*) 
J u—aA |, 
V-l 0 
NV+1 
, l 
—> 2m | dH(u 
J u—a (“) 
vV-l 





as 5-0, by a bounded-convergence property of Stieltjes’ integral 


[see § 3]. Thus, on making 6 — 0 in (6.1), we obtain: 


LEMMA 2. Let C be the square described above; then 


u=N +1 
a Ga, y,&, 17) de | dH (x,y, €,, U) 
) a+ ee 


G(x, y,&,,A) = - u—A 


2771 , z 
Cc u=j'-l1 
where 0 < imA < 1, X’—1 < reA < Y’+41. 


The formula (6.2) shows how the analytic continuation of G across the 
real A-axis depends on the spectral form H and, hence, on the spectrum. 
For example, if A’ does not lie in the spectrum, then we have only to 
choose / so that H(u) is constant in A’—I] < u < d’+l and it follows that 
G is regular (and single-valued) at and in the neighbourhood of A’, con- 


jugate values being taken for conjugate values of A. If X’ is an isolated 
point of the point spectrum and ¢(x,y,&,7) the corresponding saltus 


of H, then the formula shows that @ has a simple pole at A’ with residue 
—¢(x,y,&,n). We may make the following remark about the first 
integral on the right-hand side of (6.2). So far, we have only deduced its 


existence as a Cauchy principal value; however, for ‘almost all’ contours 


C, this integral is absolutely convergent and, hence, represents an 


analytic function of A regular inside C. Thus, since 


1 U2 
| | G(u+iv)| dudv 
0 Wy 
: 
is finite [see (7) (2.4)], | |G(u+iv)| dv 


0 
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must be finite for almost all values of u, and, by taking C to be a square 
which cuts the real axis in points lying in this u-set , the required absolute 


convergence follows. 


7. Let A’ be a point not lying in the spectrum; we wish to show that 
(5.1), with A = A’, has an L?-solution which is provided by the analytic 
continuation of (1.10), for any f of L*. Such a solution is obviously 
unique by Theorem 4. By (6.2), 

. l f G(z,y, €, 7, 2) 
G(x, y, €, n, A) = | oan ee - dz, 


=-7l 


Cc 


for suitable contours C. Thus, by (1.10), 





M(x, y,A) = P. ; | O(x, Y>2) dz. (7.1) 


27 . z—A 


Cc 


The inversion of the integration will be valid provided that 


| | G(x, y, €, 9, u-+iv) 2 dédy = O(1) (7.2) 


as v > 0 and w lies near A’; furthermore, by (1.10), (7.2) shows that 
M(x, y,A) = O(1) on C and hence, by (7.1), ®(a, y, A) is a regular function 
ofAinC. To prove(7.2),use Schwarz’s inequality together with (1.5); thus 





b h 
[ [ (G(x, y, €,n, utiv)—G(a, y, €, 9. i f(E, n) d&dy 


r 


, | 
< Ale, mal | | SE, mi? aédn). 


- x 


The term contained in the modulus signs on the left-hand side of this 
inequality is a regular function of u+iv on C. Hence, by Lemma 2.11 
of (5), K(x, y)/|v| may be replaced by A,(x,y) in the above inequality, 
where A, depends only on x and yand not onv. Taking f as the conjugate 
of G(u+iv)—G(i) and making b > «, we clearly get (7.2). Thus the 
inversion of the integration is justified, (7.1) holds, and (2x, y,A) may 
be continued analytically across the real A-axis in the neighbourhood 
of A’. By a process similar to that applied to G it follows that 





( M(x, yA) * dxdy 


is finite and bounded for A in C; thus, in particular, O(x, y,A’) is L?. 
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From Lemma | it follows that, if A, » are any two complex numbers, 

D(x, y,A,f) = O(a, y, wf )—(A—p) P(x, y, w, P(A)); 
and, by analytic continuation, this equation holds also for A = 2’. 
Thus, by (1.11), 
(V?+p—q)@(x, y,r’,f) = f(x, y)—(A’ —p) P(x, yA’. f), 

i.e. (V?+4 eh Ragege == (2,9). (7.3) 
With this, the proof of the statement made at the beginning of this 
section is complete. 

8. By using the Green’s formula of Theorem 2, we have the following 
result: 


Let X’ lie in the point spectrum, and $(x,y,&,) be the corresponding 
saltus of H. Then (7.3), where f is L*?, has no L?-solution ® unless f is 
orthogonal to d(x, y,€,) for every (€, 7). 


For 








} [ fe dady =  (\’'bg— *4) dxdy 
— [ ( (A’Od—O¢*) dxdy 
=| j @(V26+(A’—q)d) dady = 0. 





From this result, it is seen ‘init if (5.1), where A is real, has an L?-solution 
for every f of L*, then such a solution is necessarily unique. For other- 
wise A would lie in the point spectrum, and (5.1) would fail to have a 
solution of L? for f equal to the corresponding saltus. 


9. Completion of the proof of Theorem 5 

Suppose that A is a real number such that for every f of L*, (5.1), with 
A = 2’, has an L*-solution ¢. Then, for given f, we know, from the 
preceding section, that ¢ is unique, and, hence, we may determine a 
least number W/ = M(f), the bound of the transformation f — ¢, such 
that e 


[ [ ¢* dady < Mf) | { f\? dxdy. (9.1) 


+ The corresponding result for a finite domain is well known. The proof of 
Theorem 3 shows that d(z, y, €, n) generates the totality of L*-solutions of 
V2 + (\’—q)® = 0. 
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We wish to show that, for all functions f of L?, M(f) is bounded. Suppose, 

on the contrary, that lim sup M(f) is +00; then we may choose a sequence 
feL? 


of functions f,, such that 
x 


| | \f,|2dxdy = 1 (foreach n), and lim {j ( ¢,,|2 dady = +o. 


x 
oD —-2 ee ati wal 


The sequence /f,, is weakly compact,t i.e. there exists an f of L? and 
a sequence of integers ,, mo,... such that 
x x x x 
lim | |f,,gdady='| | fg dady, 
v-= ‘a “a oe a. 
for any g of L*. Let & be the L?-solution of our partial differential 
equation which corresponds to g; then, by the Green’s formula of 


Theorem 2, we have 





| | ¢,,gdxdy = [| Sy, o dxdy; 
and hence oe « mit ? x 
lim | | ¢,,gdxdy= | | fbdxdy 
=| | dg dzdy, 


again by using Green’s formula, and writing ¢ for the L?-solution corre- 
sponding to f. Hence, ¢,, is weakly convergent to ¢, and, by Corollary 2 
of Theorem I on page 46 of Murray’s book, it follows that 

= 2 x 


. . 
oO —-@® 





¢,,, * dady 


is bounded. This is a contradiction; hence, lim sup M(f) must be finite. 
e€L? 


We thus see that (9.1) may be replaced by 
[ | \d(2dady <M’) [ | \f?dxdy, (9.2) 
where M(A’) is independent of f but may depend on A’. We take J/(’) 
as the least number with this property. 
For complex A, let (A) be the bound of the transformation, f > ®, 
given by (1.10); thus, by (1.12), M(A) < 1/v*. 


+ See Murray, Linear Transformations in Hilbert Space (Princeton, 1941), 47, 
Theorem ITT. 


3695.2.5 Q 
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From equation (1.11), 
V2D+{X’—g(x, y)} = f(A, 
and we may replace f by f+(A’—A)® and ¢ by ® in (9.2). Thus, 


( [ ® |? dady < M(i’) [ f+ (A —A)®/? dady 


. . . . 
—oO — x x 





x x x 


< 2M(N’)| | | f\? dady + \N’—Al? | | © * dady 


x x x x 


and we obtain, for |A’—A! small, 


Tee Se) a pe 
| | ® |? dady 122M) | | f? dxdy. 


Thus, .W(A) does not exceed 2.M(A’)|{1—2\A’—A\2.M(A’)}, and, hence, is 
bounded for all complex values of A in the neighbourhood of A’. Taking 
S(x,y) = G(x, y, €, n, t), (3.3), with A’ = 7, we see that 





G(x, y, €,n, A)— G(x, y, €, 0, i) : 














D(x, y,A,f) = 
A—1 
and thus 
[ G(x, y, €,n, A)— G(x, y, €, n, i) |? dady 
< M(A)|A—i/? ' [ G(x, y, €, n, t) |? dady. 


x x 
Hence | | |G(x,y,&,7,A)|? dxdy is bounded for A near A’; and again | 
J 4 


; 


using (3.3), this time with A’ = A, we have 
im G(x, y,&,,A) = O(imA), (9.3) | 


as imA > 0, uniformly for reA in a neighbourhood of A’. From (9.3) it 
follows that the H-function is constant in an interval containing 1’; 
and the proof of Theorem 5 is complete. 
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1. Ler a {A = 0 1.1 

. Let 3 + A—4(2)}b = at.8 
dx? 

be a given differential equation, in which q(x) is continuous and tends 

steadily to infinity as 2 — oo and as x + —oo. Such an equation has a 

discrete spectrum, with eigenvalues Ap, ,,... and eigenfunctions 


Yo(X), yy (2),.... 


Let X and X’ be the positive and negative roots of the equation 
q(x) = A, where A is real and greater than the minimum of q(x). Thus 
X and X’ are functions of A. The large eigenvalues are then roots of an 
equation of the form 
xX 
| (A—q(x)}3 de = (n4+4)r+0(1), (1.2) 
ig 
where 7 is an integer. 

This formula has been much discussed in books on quantum mechanics: 
see for example Kemble (1) Ch. III, the actual formula being (21.10). I 
reconsider it here because none of the existing methods seems quite 
satisfactory. The method of Zwaan, given by Kemble, assumes that 
q(x) is an analytic function of x, and that certain functions related to 
(1.1) have favourable properties on certain paths in the complex plane. 
The method of Langer [see Kemble (1) 95, the references to Langer in 
Titchmarsh (3), and Langer (2)] can be put into a form in which it is 
not necessary to assume that q(x) is analytic; but, as I shall show later, 
it leaves in doubt the relation between the integer » which appears in 


(1.2) and the integer which is the suffix of the eigenvalue that satisfies 
(1.2). In Ch. VIII of my book (3) I gave another method which solves 


this problem, but only under the assumption that q(x) is an integral 

function of x; the details are worked out only in the case q(x) = 2*. 
In the present paper I assume that q(x) has derivatives up to the third 

order satisfying certain conditions of inequality. I show that (1.2) holds 


Quart. J. Math. Oxford (2), 5 (1954), 228-40. 
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with A = A, and an error-term of a certain order. I consider also the 
corresponding problem involving the interval 0 < x < o, with a given 
boundary condition at x = 0. 

2. I consider first the case where the interval is (0,00), and begin by 
obtaining some approximate formulae for solutions of (1.1). Let 
E(x) = | fA—q(t)}F dt, a(x) = (A—g(x)}*Y(2), 
0 
where, if 0 < argA < 
< arg{A—q(t)}” < pa (p= }, 4). 
The equation (1.1) is then equivalent to the integral equation 
n(x) = pte) 1. j 

q(t) 5q'*(t) 
ia eee > =° 

4{A—q(t)}2 16{A—q(t)}2 


We shall assume that g(x) and q’(#) are non-decreasing, and that, as 


R(t)n(t)sin{é(t)—E(x)} dt, (2.1) 





where R(t) = (2.2) 


ir. q'(x)/q(x) = Ole). (2.3) 
On integrating this, it is seen to involve 
q(ax) = Ofg(x)} (2.4) 


for any fixed a greater than 1. 
Let A = pe'”’, where 0 < yy <y <a. Then 
A—q(t)|? = p?+47(t)—2pq(t)cos y > (1—cos yp){p?+-47(t)}, 
and so A—q(t)| > Afp+q(t)}. 
Let X be defined by ¢(X) = p. Then 
L a x 
q “(¢) de < Aq’'(X) [ep (t) dt a .4 q (t) dt 
A—q(t)|? XJ iat) 
0 x 
Ohi 4 O(X-1p-2) = O(X-1p-*). 
Also 


x x 


[| vO | l ae e A [, q'(t) dt 
{A—q(t) . fo -+-q(t)}2 
0 


af q'(t) . of q’*(t) dt | 
[Lie +a(t)}? Jo | 25 tet+a(t)}?| 


= Op 44. 0(X-Ip-) = O1X-1p-4) 
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since q(x) > Ax. Hence, as |\A > w, 


x 
1 


| | R(t)\ dt = O(X-p-?). 
0 
The equation (2.1) can now be solved by iteration: details are given, 
for example, in my paper (4). We obtain a solution »(2) such that 
n(x) = eS +4 | Rit)sin{é(x)—E(t)}e% dt + O(\e|X-2p) (2.6) 
as p> 0, uniformly for x > 0. 
Suppose in particular that A is real and negative, say A = —yp. Then 


E(z) = $ [ fu+-q(u)}? du. 


Since 
a) a0 \. of £9 | of _' _| 
lutg(t)}e} Uetg(t)}I \{u+q(t)}2) 


we have 


| eR) dt = o| | {u+4(0} texp| —2 | {uta(u)}? au! ay 
r 0 0 
Ol 1 | {et q(t)}¥exp) —2 | fut q(u)}? ~ ar 
r : 0 


: Ol 'exp) 2 [ {u-+ q(u)}2 du F 
0 
Hence (2.6) gives 
| 


— 
ty 
-1 


(ae) = et +i [ Rit) dt + Ou) 


The corresponding solution of (1.1) therefore satisfies 


1 


Y(a, —p) = {utg(x)}-tes ld + yi [ R(t) dt + O(u H}. (2.8) 


3. Consider next the solution ¢(a#,A) of (1.1) which satisfies the 
boundary conditions 


$(0,A) = sina, 





$'(0,A) = —cos«. 











0 EEE 








he 
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Let 7,(a#,A) = {A—q(x)}4d(x2,A). Then 7, satisfies the integral equation 


n(x) = ,(0)cos E(x) + 3 (0){A—q(0)}-? sin E(x) + 


+ [ R(t)n,(t)sin{é(x)—E()} dt. (3.1) 
0 
This also can be solved by iteration. Suppose for example that « = 0. 
Then the solution 7,(2x) satisfies 


wr 


(2) —{A—q(0 4 sin E(x) + [ sin{&(x) t)}sin €(t) R(t) dt + 
0 
+0O(\¢ i$(2)| X- 2p v}. (3.2) 
As before, if AX = —p, this can be reduced to 
n(x) = —p—q(0) } sin &(x)—} cos €(x) [ R(t) dt+-O\e-& ra (3.3) 
0 
Hence 


r 
1 


d(x, —w) = i{u+gq(0)}-Hptq(z)} isin &(x)—} cos E(x) [ R(t) dt + 


| O(\e oy) (3.4) 


4, If is real and positive, the above analysis fails since R(t) is infinite 
att = X. The method of Langer therefore has to be used. This goes in 
outline as follows. Let 

C = U(x) = | (A—q(o} dt, 
x 
_ {in (x > X), 
- \—aw (4 < X), 


uo 


where arg 


X being now defined by q(X) =A. Defining (x) as before, we can 


transform (1.1) into 


d*y 5 
ye FSS = 4.1 
dv? (1 3602 sa) n= Se o 


fle) =. 5 q' (x) 5q” (x) 


where — 
36C? —q(x)}* 16{A—q(x)}>" 
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Now (4.1) is formaliy equivalent to the integral equation 
nla) = (fae) LHD (EL) + gr [ (HP (L)I, (8) —J (HP (0)} x 
x £202 f(t)n(t){A—q(t)}? dt, (4.2) 


where 6 = {(t) 
In order to solve this, we make the additional assumptions that, as 


x >, a" 
{ .. =o(7), [ .. o(;). (4.3) 
q' (a) x q (x) x 
As in § 2, these involve 
q' (ax) = Ofq'(x)}, q" (ax) = Of" (x)}, (4.4) 


for any fixed a greater than 1. 
We shall now prove that, as A > «, 


x 


| f(ar)| |A—q(ax)|? dx = O(X-A-). (4.5) 





6 
As far as the ranges x < $X andx > 2X are concerned, this follows from 
the analysis of § 2, together with the results 


q(X) = | q(t) dt + q(0) < AXq'(X), 


0 


¢(2X)| > Jt —X)q'(X)}? da = 3X2{q'(X)}? > AX(G(X)}, 


eager dx = ;, =O X-1)-2 
f' =e" 


with a similar argument for the interval (0, $.X). 
Next let X <x < 2X. Writing 


z 


q(t) (q(t) —A}? 2 
q (t) 


dt 





—il(a) = 


and integrating by parts twice, we obtain 





a 2{q(a) —A}? {,, 2tg(x)— Ajq"(x) og) 
iC(a — ~"3q'(z) l +- 5q'*(a) Si, 


; 2q'(x) r 
‘her g= 3 \q(t)- 
where (g(a) —i3 g(t) 


3d (q"(t)| 
* dt \q'3(t)) 











m 














= — 
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Hence 
a. 94'%(z) {1- 4{q(x)—2q"(a) , of{g(a)—A*a"*(2)\_, 
C(x) 4fq(x) —A}8 5q’2(x) oe. q'*(x) | 
+O(\S )} 
and so 
2x 


2x - 
f (x) | |A—q(a) |? dx = ol ! q’*(a)dx | | 


anita of 





sé , 3(x) dx ° “yg ld (q” (t) || il. 
) ire AF J (q(t) -}2 lh \g™ t)) | of 


The first term on the right is 


2X 
( l * q'(x) dx | { ia X)}# a 
;}=O — O(X-1)-3), 
| X2q’(X ). | {q(x)—A}e| | X2q'(X)/ *) 


and the second term is 


$ qd ‘(x) da ~ , ” 
O14 i, fz ae | (g(t) —A}zq ™ 


7 a = * { sam). r_3)-1 


similarly. Similar arguments also wy to the interval ($X,X), and 
so (4.5) follows. 
We can now solve (4.2) by iteration [cf. (4) § 3]. The solution satisfies 


n(x) = (4nb)2 HY) (£)-+O(X-10 te-imé) (4.6) 


as A-> 00, uniformly for x > 0. 
In particular, let z = 0. Then f = ze-‘7, where 
x 
z = 2(A) = | {A—g(t)}? dt 
6 
is real and positive; and 


HY(C) = (—2i/v'3)e¥* 4 (2) +42} 


= 2e-bi7(2/m)2z-2{cos(z—}m)+ O(2-1)}. 
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Hence ys(0,A) = 2e-3'*{A—q(0)}-4{cos(z— }ar) + O(z-})}. (4.7) 
Similarly, by differentiating (4.2) with respect to x, using (4.6), and then 
putting x = 0, we obtain 

(0, A) = 2e-5*{A—q(0)}4{sin(z— }7)+-O(2-})}. (4.8) 


5. In the case of the problem with 0 < x < o and boundary con- 


dition ¥(0) = 0, the eigenvalues A, are the roots of the equation 


a” 


u(0,A) = 0, and so they satisfy the relation 
cos{z(A,,)— 4a} = Of{1/2(A,,)}. (5.1) 


Hence z~!z(A,,)—? is approximately equal to an integer, m say, and in 
a 2(A,,) = (m+3)r+O(1/m). (5.2) 
This is just Langer’s result, with a particular form of the error 
term. However, there is nothing in this argument to determine the 
relation between the integers m and n. All that can be said definitely 
so far is the following: let X’,, be the value of A for which z(A) = (m+})z. 
Then, by (4.7), each interval (Xj,,, Xj, 1), starting from some value m = my, 
contains at least one eigenvalue, and any such eigenvalue satisfies (5.2). 
6. We shall now consider the Green’s function G(x, y,A) associated 
with the above problem, particularly in the case where y = x and A is 
real and negative, say A = —y. It will be assumed in the first place that 
io 2) 
[ fq(a)}-2 dx (6.1) 
is convergent. ‘ 
Let ¢(x, A) and us(2,A) be the functions so denoted in § 3, with a = 0. 
Then the Wronskian of ¢ and ¢ is equal to %(0,A), and so, if x < y, 


G(x, y,A) = —d(ax, A)db(y, A)/L(0, A). 
It follows from (2.8) and (3.4) that 


\ 


G(x, x, —p) = —ittu+q(z)} ie sin E(x) — 4028 [RL dt Olu) 
0 
as > 00, uniformly with respect to x. Hence 
. ( . 2i&(x) | 
a € 
da +01 2 | 


. piE(L) gj x 
i (¢ sin €(2) , dx\ 4 
: (e+ g(a) 5? | 


. . {u+q(x)}2 
0 


0 


+l | 
0 


& | 62 
(u+-q(zx)}?| 


| 








—E 
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The last term is clearly o(u-!). Also 


i ile sexp|—2 [ {utq(nj! at} 
aie dx ; x ees ; = 
J {utq(a)} p+ qe) 
0 0 


rt : | 4 =) - ong — | 7 +-q(t)}3 dt dx 
+g); | | 


. 


0 

a [ , AYE _f 2 P y1 \ ae 

— OF On” Oln-e | (e+ g(x) ;2 exp) —2 | {u-+-q(t)}e dt) da 
2}u+q(0)} F | : | 


tu-14 O(u-?). 


x 


, if é& 1 
Hence G(x,x, —p) dx = | 1——+0 (*). (6.3) 
: >. te+q(x) fe 4p ue 


0 


Now let A and A’ be any two numbers not in the spectrum. Then 


G(x, y,A)— Gla, y,X’) = (A—2’) | G(x, t, AG(t, y, A) dt 
0 


— yyy Sab ly) ; 
= (A *) > Oa ¥y" (6.4) 


This follows from (2.13.1) of my book, and the Parseval formula. Let 
A= —p, A’ = —p’, where p and wp’ are real and positive. On taking 
y = x, integrating with respect to x, and using the fact that G(x, x, —p) 
is L(0,00), we see that } Az? is convergent, and then that 


| Ola « > _ | Oe. x. — J -. = eo a _ _ . 
| (7, Ms H) da ! (2 ; B pen (u H) a=0 (A,, | p)(A,, +p’) 
(6.5) 


a 


Now let x’ > oo. The term on the left involving yp’ tends to zero. Hence 


the right-hand side is bounded, 


is bounded, > A,,' is convergent, and so finally 


’ = J 
| G(x,x, —p) dx = i (6.6) 
0 PA A, +H 
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Let N(t) be the number of eigenvalues not exceeding t. Then, by 
(6.3) and (6.6), 


- me An. x 
" N(t) dt _ ) (in +1) dt aS »- 
pf (t+ By n=0 be (+h)? n=0 Ast 


Lf dx Pe 5 
= rs | y y1 = « +O a= Be (6.7) 
2 J wrx) fe \p 


7. Let the number of eigenvalues in the interval (X’,,,X;,,..,), where 


m? 
m > Mp, be p,,, so that p,, is a positive integer. Then, if X),, <t << X,44, 


~ 


m > Mp, 
N(t) => N(X,,) Zm Ping + ++» + Pm-1 
— ml2z(X, .1)—m —§+Pat-+Pe 1 
> n-l2(t)-+ P(t)—m,—3, 
m—1 
where P(t)= > (p,-—1) 
v=mo 


is @ non-negative non-decreasing function of t. Hence 


(tye J ee P ate’ 


fi rm if z(t) dt, f P(t)dt mo+3 
(t+ 7 pb 


where a = X,,,,. We can replace a by 0 with error O(u-*). Now 


x x 


| eo | iat | {t—q(x)}? dx 


0 0 q<t 


rf (ta)! 
7 | - lie we - 


The inner integral is equal to 


ur du l ° vt dv . Pa 

‘ (utptq? (uw q)? (v+1)? (+)? 

—_— [ N(t) dt — a] * - {725- A 
(+o)? 2 J tw tale)}t J (tthe 














by 
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From this and (6.6) it follows that 


A_ [ Pidt_ f Pat, Plu) 


wo J (tty)? ~ J (tn > 2p 
a io 


Thus P() is bounded, and so is constant for sufficiently large ». Hence 
Pm = | for all sufficiently large values of m. 
It follows that we can write (5.2) as 


2(A,,) = (n+k+ ?)xr4+- O(1/n), (7.1) 


where & is a constant. 
8. In the next section we shall require the following results. We have 


x 7 
lf dx lf dx ' 
2" A) = i > - ; AXA-?. " 
” >| A—4(x)j? ~ | A—q(0)}t ~ . ites 


0 


Now let }X <t < $X. Then 


t X 

lf dex fA—q(t)}? =f q(x) g 
2'(A) =; 1+ — | O—ge | 

™ >| ramjet go — | P98 pay 4 

Hence 
X 
z”(A) == | ws s+ : wr atl | L) ay 
44 (\A—q(x)}2 — 2tA—q(t)}2q"(t) * (A—4q(x)}2 q’*(x) 


Since g(x) is convex downwards, 
UX) < Hg) +q(X)j, 


and the first term on the right is 
4X 


(fc dx | — 
O 3 = O XA 2), 
| | (A—q(0)}?} ( 
The second term is 
ol a Y \_of_ *_\ _ox-4 
\{A—q(t)}2q(t)) \Azq(t)) \Azq(X)f sealing 
Since q (x) = re r) Mz) I of} as “of :) 
qa) q(x) q(x) Gx) "2" q@(t))  — \e 
the last term is 


X [g(x de x . 
of | [ i oa of a0) 8! — oc xa-t). 
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Hence 2"(A) = O(XA-?). (8.2) 
Also (8.1) gives 

An. 1 An. 1 

| AXA-2dA < | 2’(A) dA = 2(A,,,)—2(A,,) = O(), 

Xn ae 
so that Ana —A, = O(Xz1At.,). (8.3) 


It follows that, for n large enough, 


Ania, 5. * ? 
l—e 
and so An41—A, = 0(A,). (8.4) 


9. We can now prove that the constant é in (7.1) is zero. Let 


S(t) — 2(t)—42(A,,)—42(A,,41) (A, <S t <= An41): 





Then, by (7.1), S(t) = 2(t)—(n+k+3)r+0(1). 
Hence 
r N(t)d are 
° N(t) dt : S | (n+-1) dt 
t+ . ee. we 
vs ( H) n=no hg ( Ht) 
| f2O-FO)_ 1, oay|_* | o( 3) 
Ji 6 J (t+p)* Ty 
0 


x x 


| taal } ee (") (9.1) 
2 | {ut+g¢(x)} 7 (t+-p)? nu F 9. 


We obtain by integration by parts 


d An 


| f(t) dt = $0, .1—-A,)2'A,)—2’Ana}—-$ [CP — Py)" dt 
id ies 
| _ | 
— OV Ansa An)? | te! day. by (8.2), 
Xn 


— O[(A,, +17 A, PA, H2(A, t 1)—2(A,,)}], by (8.1), 
= Of(A,41—A,,)?An*} = 0(A,41—A,), by (8.4). 


Hn 
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Also f(t) is clearly bounded. Hence, if A,, < T' < 2,,,,, 
. 
F(T) = | f(t) dt =o} 
. y 


0 


YA 


a v 
Nn 


3 A,+1)} T OAs +1 —A,,) 
0 (A,,) = o0(T). 
Hence 


fiat, Fiat t dt | - o(*) a 
(t+ p)? (t+p)8 . (t J p)*| rm . 


0 

From this result, (9.1), and (6.7), it follows that k = 0, so that finally 

2(A,,) = (n+ 3)r74+ O(1/n). (9.3) 

10. The above argument fails if (6.1) is divergent. In any case we 
can operate similarly with the formula 


x x x 
] 


R . { Ces > =—=s, 
| [ Meu —) dady = > Op 


0 0 n=0 


the left-hand side being 


al e~ riz) dx ert dy | a ol dx s 
ie ae)}t J tuto }t) | J tu tala}? 
xz 


which is convergent since g(x) > Ax. A more complicated argument of 
the above type then leads to the same result. 


11. Other problems 
In the corresponding problem in which the boundary condition is 
(0) 0, (4.8) leads to 


2(A,,) = (m+-})xr4+O(1/m) (11.1) 


instead of (5.2). It can then be shown as in § 9 that m = n; for we have 
a formula similar to (6.2) with cos&(x) instead of sin €(2), and so a 
formula similar to (6.3) with }u-! instead of —}y-!. This gives the 
result stated. Actually (11.1), with m = n, holds in the case of any 


boundary condition 
(0)cos a+'(0)sina = 0 
provided that sina + 0. 
Consider finally the corresponding problem in which the interval is 
(—00, 0), g(x) satisfying similar conditions at both ends. Let the function 
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corresponding to negative values of x in the same way as f(x, y) corre- 
sponds to positive values of x be denoted by y%,(2,A), and let 


0 


24(A) = | {A—q(t)} dt. 
J 


TI 2 ‘ 
— (0, A) = 2e-8*{A—g(0)}-4{cos(z, — }x) + O(z, Y)}, 


$4 (0, A) = — 2e-3'7(A—9(0)}4{sin(z, + }m)+ O(z;*)}. 


The eigenvalues are the zeros of the Wronskian of ys, and ys, and so 
satisfy an equation of the form 


cos{z,(A)— 4}r}sin{z(A)— }2}+ sin{z,(A)— }}eos{z(A) — fa 


= Of1/z,(A)+1/2(A)}, 
i.e. cos{z,(A)+2(A)} = Of{1/z,(A)+1/2(A)}. 
Hence =z, (A, ) + 2(A,,) = (m+ 4)x+ Of1/z,(A,,)+1/2(A,)}. 


In this case the equation corresponding to (6.3) is 


j l r dx l 
G(x, t,— ) dx =x i - Oo ( ) 
J 2J wrg(x)}? \u 


wD 


and so m = n. This proves (1.2) with A = A,. 
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SOME ASYMPTOTIC FORMULAE IN THE 
THEORY OF PARTITIONS 


By K. F. ROTH (London) and G. SZEKERES (Adelaide) 
[Received 12 August 1953] 


1. Introduction 

LET uw, (k = 1, 2, 3,...) be a sequence of positive integers which is mono- 
tonic increasing for k > ky, and let p,,(n) denote the number of partitions 
of n into distinct members of the sequence w,,, i.e. the number of solutions 
. n “,,.+&,,+...+8,, (lam < .. < 9%), 

r being arbitrary. Our aim is to investigate the behaviour of the function 
p,(n) for sequences w, of a fairly general nature. We shall in fact obtain 
an asymptotic expansion [see Theorem 2, § 2] for p,(n) for sequences 
u,, satisfying the following two conditions (I) and (II) below:t 


s = lim log uy exists; (1) 
ko logk 
k 
Jj. = inf{ (log k)~ > |\u, x a) >oask—>oo, (II) 
v=1 


where the lower bound is taken over those « satisfying 
sug? <a < }. 
It will beshownin§ 4that, among many others, the following sequences 
satisfy conditions (I) and (II): 
(i) u,. = p,, Where p, is the kth prime number; 

(ii) u, = f(k), where f(x) is a polynomial which takes only integral 
values for integral x and has the property that corresponding to 
every prime p there exists an integer x such that p / f(z). 

(iii) uw, = f(p,), where f(x) is a polynomial which takes only integral 
values for integral x and has the property that corresponding to 
every prime p there exists an x such that p { xf(z). 

+ |\@\| denotes the distance of 6 from the nearest integer. 


Quart. J. Math. Oxford (2), 5 (1954), 241-59. 
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by means of a routine calculation, the formula 


1 tibia 
log p,,(n) = (3)! ( n *{1  o[loglos n \ 
logn} | | logn |J 


In Case (ii), if Uy, = f(k) = ak*+bks-1+..., 


one can deduce from (1) that 


> 1 8» \ 1/2(8+1) 
p,(n) = (14 O(m-Ma+0)2-C+bisay)_ : (2) x 


l7(st+l)J nla ‘ 


; { - yn tNe+1)) 
exp, (' +0 (2) i 


where y = (1—2-") l r(1 1 ‘e( é }. 
s s 8 


These calculations which, although straightforward, are rather lengthy, 
are omitted here. Asymptotic expansions for p,,(n) appear to have been 
obtained previously only in the special case when f(x) = 2°. 

Ingham? has shown how the main term of an asymptotic formula can 
be obtained, under certain conditions, from a Tauberian theorem, but 
the conditions are much more restrictive than those imposed here. 

A problem closely allied to the one considered in the present paper is 
that of investigating the behaviour of the function p*(n), where p*(n) 
denotes the number of partitions of n into members of the sequence w,., 
without the restriction that these members should be distinct. The 
methods of this paper can also be applied to finding an asymptotic 
formula for p*(n) and this will be discussed briefly in § 5. But, although 
condition (II) can be considerably relaxed, the results are comparatively 
weak in the sense that much more is probably true in this case. 

Bateman and Erdés{ have recently established necessary and sufficient 
conditions on the sequence u, for the function p*(n) to be monotonic 
increasing (without obtaining an asymptotic formula). Dr. Erdés has 
proposed to us the problem of proving that p,,(m) is monotonic for x > n, 
in the special case when u, is the sequence of prime numbers. We shall 
in fact prove this for all sequences wu, satisfying conditions (I) and (I). 


+ A. E. Ingham, ‘A Tauberian theorem for partitions’, Ann. Math. Princeton 
42 (1941) 1075-90. 


t} In a paper to appear in Mathematika. 


In Case (i) one can obtain from the asymptotic expansion (1) for p,,(n), 
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More precisely, we shall show in § 2 that the asymptotic formula (1) 
satisfied by p,(n) for such sequences implies 


THEOREM 1. There exists an ny and a positive constant c, depending 
only on 5 and the sequence, such that for all n > ng, 


p,(n i 1)—p,(n) = cn-ee+)) p(n), 
for any positive 8. 


The following conventions and notations will be used throughout the 
paper. 


r r 
>. /(u) is used as an abbreviation for ¥ f(u,). 
1 v=1 


The letter ¢ denotes a positive number which is independent of n 
but may depend on 4, m, and the sequence u,. We shall usually refrain 
from using suffixes with these ‘constants’ c except where several such c 
appear in one formula (so that ¢ does not always refer to the same 
constant). Except where otherwise stated, the constants implied by the 
0 and o notations are of the same nature as the constants c. 

The letter 6 denotes an arbitrarily small positive number; n denotes 
a sufficiently large integer. 

In §§ 2 and 3 we assume that the sequence w;, satisfies conditions (I) 


and (I). 


2. In this section we deduce Theorem | from the asymptotic formula 
for p,(v) which will be proved in § 3. This asymptotic formula may be 
stated in the form of the following theorem. 


THEOREM 2. For any fixed positive integer m (> 1), 


- / ha itl ot ® uk. nuy| N 
SS, faites tmtte-m|] 


m—2 


Pp 2 L O(n ma (1) 
Pp 


p,(n) = (27A,)*exp 





where » = 7(n) is determined from 


u 
n= ; (2) 
uemit f° 
1 


and D, (p = 1, 2,..., m—1) is given by 


x x 
4-6 Vv % ‘ 
Rm Ah FF hi tit (3) 


Mi~<s psp 
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the summation being subject to 
{ |. -| = 12 
Hi tHet--+Hs, = 12p, 
where the d’s are certain numerical coefficients, and 
x 
A, — A,,(n) = Du uhg (em )(en + 1)-+#, (4) 

Here g,,(x) is a certain polynomial of degree less than pw, and, in particular, 
g(x) = 1 and g,(x) = x. 

In order to obtain estimates for 7 and the A’s we shall require the 
following lemma. 

Lemma 1. If 7 is determined by (2) and yp, v are integers satisfying 
0<v <u, then 


. logy 8 » 
ve, ae (9) 
no log n l+s 


x 
a Henvu 
and, if ay = 
b | v 7 
“ & — (en + 1) 


. logA,, s+1 : 
then al ee ne (6) 
no logn s+l 


Proof. Let (as always) be a small positive number. By condition (I) 
there exists ky = k,(3) such that 
e+ >u,>k- fork > ko. 
Hence, noting that 7 > 0 as n > 00, and using the substitution yas-> = y, 


we obtain 


= 20 
| . = 6 
A,, 2 Ze uhe-™ < e+ > vs+5)e—nk 
K=1 


x 8) 
wae [ (a+ 1)HO+Be—nex* Sdr< C,+€, i ghls+d)e—nat~? dy 
i 6 
x 
< Cy +e not Herd pxe—3)* ( yft+ 48+ 15X88) !-1p-y dy, 
t) 
Hence we have Auy < +, 94 er", 


On the other hand, 


A BY Z> u 


-h48 


* 
ub(em+t1)-# > —e+ = [v8-8)e —nk* 8 
K=2 


@ 
> —¢+ { (x—1)me-Bie-ne"*? der > —C, +, n+ H8—HOXe+8)~* 


2 





| 
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Letting n — 00 (so that » + 0) in these inequalities, we obtain 





lim inf 108 Aw» > (1+ps—pd)(s+8)-, 
—log ») 
lim su ae eA, < (l+ps+psd)(s—8)-} 


Since this is true for every positive 5 < }s, we must have 


lim — log Ayy = —(p+s-). (7) 
gn 


n—>o 10 


In particular, since n = A,, by (2), we obtain 


. logn 
lim —2— = —(1+s-") (8) 
no log n 
on writing » = 1, v= 0 in (7). This proves (5), which in conjunction 
with (7), implies (6). 
Lemma | has the following obvious corollary. 
CoroLLary TO Lemma |. If the A,, are defined as in Theorem 2 [see (4)], 
then 
logA,  28+!1 : lo rg A, ps+l ’ 
(u > 3). 


lim = ——,  limsup- 
' > . 
nox logn s+1 n—>co lo og n S s+1 





We are now in a position to obtain estimates of the D, defined by (3). 
In fact, we have by the above corollary, for p = 1, 2,..., m—2, 
log D — 6p(28+-1)+-(Hy +--+ Hsp)8+5p POaee Oe (9) 


lim sup f< 
n—>« log n etl s+1 


IN 


We now prove Theorem 1. Let An, AA, be the increments in », A, 
respectively when n is replaced by n+1. By the definition (2) of », ma 
obtain, on using Taylor’s theorem and Lemma 1, 








ey — f u 
a e jew+an41 emt] 
1 
1 


—v 2(An)e™ o(@anra+en) 
(e+ 1)? \ (em + 1) 
: —nihiceiertNiidge 
Again, using Lemma | Corollary, it follows that 


An = — Az 1+ O( Az? n9s+IXs+0- *+5) — — —Az14 O(n-e+2Xe+1"*+23), 
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Further, by a similar argument, 
— 8(8+1)~*+1+6 = (4—1)s(8 +1) "+8 = =: 
AA, = O(nese An) = O(nie-Wse+"'+8) (y= 2, 3,...), (10) 
and hence 
AD, = O(n-e-s%e+0"'+8An) = O(n-He+-148), (11) 


Choosing m > s+2 in (1), we obtain from (11), 


A(1 + P D+ O(n-m-1X8+0-"43)) = O(n-1+*)., 





Further, —Alog A, = —} loe(1 +5) = O(n-1+>), 
Finally, f 
>, (<2 ae j t log(i +e ™))} 
1 


= 2 (sary iy. eri)er+ Ofn(28+1X8+)-1+8(A )?} 
= —7A, An+ O(n-2s+1X8+0-*+23) 
= n+O(n-1+6), 
Thus formula (1) gives 
log p,,(n+1)—log p,(n) = Alogp,(n) = n+ O(n-1+>), 
which, in view of (5), proves Theorem 1. 
3. In this section we shall prove the asymptotic formula for p,(n) 


which was stated in the preceding section (Theorem 2). We define a 
generating function corresponding to the definition of p,(n), namely 


F(w) = TI. (1-+0") = > pulnyo. (12) 


Using Cauchy’s theorem to express p,,(”) as a contour integral, we obtain 
l : 
p,(n) = — | F(w)w-* dw, (13) 
271 
the path of integration being a circle with centre at the origin and radius 
less than 1. For reasons which have been explained in a previous paper,+ 
we choose the radius of this circle to satisfy 
F’(p) 
7 
F(p) 


+ G. Szekeres, ‘An asymptotic formula in the theory of partitions (II)’, Quart. 
J. of Math. (Oxford) (2) 4 (1953) 96-111. 


= Nn. 








W 


so 
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Writing p = e-”, where » > 0, we see that 


F’(p) — up" . u 
P F(p) sy ps 1+p" a emt’ 


so that 7 is in fact defined by (2). 
Writing w = e-7*"? in (13) and using (2), we obtain 
-f = 
TI. (1+e-"7+ iu) en +1 y(n + 1)i8j p—n+i0 dé 





l 
Py(r) = mi 


i?) 


l | | 
2x =f a(|+-e-7" "4 
= on exp) 7” > - log(1 “v )j ‘ 


x 


; ( ’ ; mm 1e-m+i8u) 
exp! —iné + lo = 160 
J oxpi—i+ 28a | 


7 


7 
. 


l . 2 
= exp | a (0 + log(1-+e-))\(+ +) (say), (14) 


where the last integral appearing above has been split up into the 


integrals Bo <i Op 


The value of 6, will be chosen later, subject to the condition 
6, = 0(7). 

In order to estimate the integral J,, we expand the integrand as a 
power series in @ (apart from one factor, as will be seen later). Now, 
for any u, 

le nu+ibu eidu__] 
L(u) = log = log{/1+- a 
]1+e-7" emt] | 
. ral US G@yykl! 
= > (-1) (1+e™)~“" > (iu) ic 
“1 i Ko 1 
The multiple sum is absolutely convergent for |@| < 69, provided that 


6, < 4», since in this case 


> (1+e7") af (28 Bu | J] 
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is the formal expansion of 


>» Ou) __ 
he 
ent ] 
par elfui_} _ elnt—] = einu—] 7 l a 
em tl S emt) > ew ey] ~ 2’ 
Hence we may write 
ce ] a l a l = ie 
PS (—1)!1 = (e+-1)~ b3 1 iduye| =m D3 “: (idu)”, 
I loans v! 
i=1 k=1 os 


v x x ( = yr 1 ; Vv: 
7 7 == eee = pm + | .. ‘ 
where a, > > pa l (¢ k,!...0! 


l=1 ki =1 ki 
Kit w+ ki=v 


so that a, = (e+ 1)-*g,(e7"), 
where g,(x) is a polynomial of degree not exceeding v—1 and in 
particular 


gi(v) = 1, gow) = &. 


Now, for |z| < @,u < 4nu, 


1+-e-7u+2) — s, | oe 
o ee = _ ut pz=__])l 
log| oe > (—1745 (e411) 


Write, for a fixed integer m > 2, 


2m—1 oa 


1 1 
—]\-1_ (equ —l(pz__])! — * (1) ov 
(—1¥4 5 (em +11) > 54 
l=1 v=] 
: ss 
> (— 1)-1 (e7™ + 1)-“(e#— 1)! iat > — ay”) 2”, 
l=2m v ha 


so that a) +a!) = a,. 








=! 


an 
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Now, since the coefficients in the expansion of (e7— 1)! do not exceed the 
corresponding coefficients in the expansion of e*, 


a 2m—1 a 








1 1 
a] < > 7 (em+1)4 > phe 
v=2m t=1 k=2m —* 
2m—1 
eee 
< a (em-+-1)- )“(c|z|2™e'*') 
|x |2mpSou 
c ' ' 
; “ emt] 
|z|2 
C—————— 
eine]? 
i = Bis x elzi_}\! x | 2mp2mBbou z|2m 
and | —aoi< es =) ee 
v! | em) (em+1)" ~ ef 
! y=2m ' l=2m ‘ : 
™ 1+e-7¥+2 =! 9 } ) 
Thus log |- ide — i 2 4. OS \z 2m (einu + 1)- 
©\ ]+te-nu oe al , 
v=1 . 
Collecting our results, we obtain 
2m—1 1 
L(u) = Pee (em +-1)-*g, (en) (tOu)” + Of (Ou)?™ (etn +-1)-1}, 
v=1 7 
and hence 
ue 0 
I, exp| —ind+ >, L(u)) dé 
i 1 
CP 2m—-1 1 XD 
— exp/— ind+ > - : > (em + 1)-¥g,,(€9")(0Ou)4 + 
’ | ; — L- u 
—O be 1 1 


+O(> >  (Au)?2(eln + 1)- ')} a. 
Since g,(x) = 1, we have, by (2), 
—iné + .a (em -+-1)-!g,(e7)(10u) = 0, 
1 


and hence, recalling that g,(7) = 2, we obtain 


Oo 2m—1 


@ 2 l »A\e 2m . 2mp—jnu . 
= [ exp|—#4.04+ > i Anion +-0( (92 3 wim im) dd; 
(15) 


—Bo fog 3 


where the A, are defined by (4). 
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We now choose 6, by writing 
6, = 7'($A,)-? = nB-?, where B = 477A. (16) 
By (9) and the corollary to Lemma 1, we have 
‘ 1 
lim log B _ 


=<; (17) 
n>ologn s+1 





and we see that 6, does in fact satisfy 0, = o(). Further, for» > 2, we 
have by the corollary to Lemma 1, 


as log Pg Ap 











lim sup — “ < limsup 
I logn I log n 
2s+1 2 s+ 2 
6 8 ge am EP the t-ty* < —fe+-1)", 
I1+s5 s+1 5 s+l1 5 ‘ 
so that, for any 6 > 0, 
A, = O(n-ts+b~*+8), (18) 


Also it follows from the first part of the proof of Lemma | (with y replaced 
by $n) that is 
3 y2me—inu . 4] 
ie ee, (19) 
s+l 
so that, by the same calculation as was used to prove (18) with » = 2m 
(the right-hand side of (19) is also the upper limit of (log A,,,,)/(log 7)), 
we have 


wo 
ee” du y2me-iqu — O(n-#6+0-*+8), (20) 
We now write 
9) 
A, : A, (un = 2...., 2m—1), A... = a y2me—snu, 
1 


We note that the inequality (19) satisfied by Aj,, corresponds to the 


inequality for A,,, given in Lemma | Corollary. Then, by (18) and (20), 


we obtain for |@| < 6, 
2m—1 
l ‘ ’ : 
exp A,,(i0)+ is O(Agm ») 
5m l 2m—1 l \" 
= 14 Df DF Anlidye+ OCA |8)2")}" + O(n-meer 
dont VI <a, pL! J 


= 14 £(0)+ Of R(|6|)} + O(n-m@+D), 





al 
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where 
5m 2m-1 2m—1 1 1 
u(0) _ > Zz tiie oe ' A,,,...4,, (+ 
as 2s 
: 5m 2m 2m 7 . 
and Riej=—-> 2.. 2 A A’ 9 \pite toy, 


=i aes wes - 


the last summation being subject to max(,,...,4,) = 2m. 
Now, using (15), (16) and making the substitution ¢ = (4A,)'@, we 
obtain 


Go 
I, = q 142°] + B(0)+ Of R( 6\)! + O(n mis+0~*)] dO 
Bo 
Bure 
($A,)-! | e-“[14 Eft($A,)-}+ Of R(t] Az*)} + O(n-me® '\] dt. 
— Ri 


Now for each possible p, o we group together those terms in the multiple 
sum defining E{t(}A,)~*} for which 


fyt..-+p, =o and p= o—2p. (21) 


Since in the multiple sum defining E each y is at least 3, (21) implies 
3v < o = p+2yv, and hence v < pando < 3p. Further, (21) implies 


p <a < v(2m) < 10m*. 
10m? 3p 
Ras att - : a a 38 
Thus we obtain E{t(jA,.)"}= > > Cit)’, 
p=1 o=3 
5m 2m—1 2m—1 1 
where C= > >» > A,,,--A,,,($49)-", 
po p ae 7 ' 1* a py\2*r2 
1 fey! oofby! 
v=1 wi =3 py=3 
subject to fyt+..-+p, = 9, p = o—2y. 


We group together the terms of the multiple sum R(|@|A;*) in exactly 
the same way, obtaining 
10m? 3p 
R(\t|Ay*)= SF DC. itl, 
p=2m—2 o=3 
since in the multiple sum defining R at least one of the is equal to 2m 
and the other p (if any) are not less than 3, so that (21) implies 


p+2v = o > 2m+3(v—1) 


and hence p > 2m—2. 
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Now by Lemma | Corollary, 
= $+1)~ {(os+v)+(2s+ $o)+8}) — -$p/(s+1)+ 
GC. ts O(n 1)” {(os+v) 1X—}0) 3}) = O(n-*e! 5), 


Similarly (since the inequalities satisfied by the A), correspond to those 


satis by Z . _ 
satisfied by the A,,) C,, = O(n-e(s+0+8), 


Thus, collecting together the above results, we have 


» 4 2 2m—3 3p : ' 10m? 
I, = ($4,)-* [ e*(1+ YS C,,(it?+O(n-m—ver 43> It\0)! de. 
— Rio p=1 o=3 o=0 


Now, by (17), we have, for 0 < o < 10m?, 
© 
ete dt = O(e-*’), 
Bi/to 
so that, since, for odd oa, t’e-” is an odd function of f, we obtain on 
writing o = 20’ and p = 2p’ for even a, 


oy ; m—2 3p" F : - 
I, = (24,9 fe Lt FS > (—1) Cayo? | dt + O(n-—m—Me+) | 


e.! p=1 o'=3 
m—2 

= (2n/A,)#{1 + S, Dy + Oln-em-nv9s0 ‘+3)| (22) 
é 


where, for certain numerical constants e,,, 


3p 
D, 2 Cog 2p,20° 
o=3 


We shall now show that the D, have the form (3) stated in the intro- 
duction. We have 


5m 2m—1 2m—1 l 
| = 6p9¢0 5p—v 
C2,20 = Az %P2 Pe 5 Mh, nhl, Ay-", 
rope | 3 V. fy----fy,- 
Mi= pe =3 
. 1eEc N | _ ££. 2 * 
subject to fy t+... tp, = 2p+2v. 


Noting that 2p > v for each term of this multiple sum, and writing 


2 2 
5p-—v __ / 
AP = SS App 
vl « ip = 


we obtain 


P 2:n—1 2m—1 2 2 5m l 
y = 90 4— i 
2,30 — “ A; ° z one Z b 3 Aj. Hsp SS ere 
Ma=3  pfv=3 fyy1=2 — psp=2 Vs fay rooeft 
Br + psp=12p siti 
— 274>§6p d’ - oe 
aa Hiyernf5p ~” fa"***" sp? 





fi=2 
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where 4,+...+-"5, = 12p and the d’ are numerical constants. Thus the 
D, have the required form (3). 
Comparing (22) and (14) with (1) we see that in order to prove (1), we 


need now only show that 
I,, Is = O(Az * n-m—We+ 0" 48), (23) 


For this purpose we estimate the modulus of the integrand of J, and J,, 
which we shall denote by G(@). Since 


| |‘ e-n+ iBul2 i 2en"( l—ecos bu) 
a. a he — 
] --e-7 (1 +e)? 


> 


we have, for any positive integer k, 


log G(@) = >, }log{1 —2(1—cos Ou)e™(e™ +-1)-*} 


I 
k 
< —}),, 2(1—cos du)e™(e™+-1)-?. 
I 
We write 6 = 27a, and choose k to satisfy 


x 2 
Up <=. uy = Up. 


k 
Then log G(@) < —e >, (1—cos 27rua) 
T 
k 
< —cY,, |{wal|*. 
I 
Thus, if «| > $u;1, then by condition (IT) and (5) 


log G(@) < —(m+1)(s+ l)log k, G(@) = O(n-"). (24) 


On the other hand, if 


then, by (16) and (17), 


k ke 
>, ||wa||? = a? Fu 
1 v=1 


tw 


> c62 yf a > B-*y?, n- 28-1 +388 
VS 


= 


=> B-*y 1+8' 2 ni—t+sX8+1)~'-8’ > n°, 
and (24) is again satisfied. Thus 
I,, I, = O(n-*) = O( Az! n-m-0+), 


so that (23) is satisfied, and hence (1) is proved. 
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4. We shall show in this section that the sequences (i)—(iii) mentioned 
in § 1 (and many others) have the property (II). First we shall obtain a 
sufficient condition for the validity of (II). We suppose throughout that 
k is large. 

Corresponding to each « in the range 


a 


hut <a < }, 25) 


tom 


there exist integers h, q with (h,q) = 1 such that 





m. < (2u,q)-} (26) 
| | 
and l<q< 2y. (27) 


Here the possibility that q 1 is excluded by (25) and (26). Now, if 


v <k and hu, = v (modq) where |v! < 4q, then by (26) we have 


| hu,,| 
v 2q)-1 
\u,x——*| < (29) 
q 
and hence u,, «|| > $/|hu,g-*|| = dvq-'. 


Therefore in order to prove (II) it suffices to show that 


—[ta]l+q-1 
S(q,h) > wN(q,h'v) > cq log*k, (28) 
v= —([}q] 
where hh’ = 1 (modq) (29) 
k 
and N(q, wv) = l. (30) 


Uy wmode) 
We shall now consider each of the cases (i), (ii), (iii) of § 1 separately. 
Case (i). We shall show quite generally that condition (28) is satisfied 
by every sequence wu, for which 
(a) s < 3, 
and 
(b) there exist constants ky and c such that, for all integers k, g satis- 
fying k > kyand 1 <q < 18u,/k, at least cq? log?k of the numbers 
Uy, Uo,..., Uj, are not divisible by qg. 
Clearly the sequence of primes, and in fact any sequence with s < 3 
and containing at least ck®*-1+® primes (for some positive 5) among its 
first k members, has this property. 








SE 


th 
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Proof. lf q < 18u,/k, then the hypothesis (b) implies (28). If on the 
other hand q > 18u,/k, then, since 


q. A a 
> N(qw) =k and N(q,w) < qwuy,4+1 < 3q- wy, 
<1 


u 
for each w by (27), we have 


| y . (tk (39 tte | 1 e = OL ° 9 9 
S(q,h) > 3q-*w, pd v > cq*k>uj;,* > cq? log*k 
v=1 


since [$4/(3q-!u;,.)| > 1 and s < 3. This settles case (i). 


Case (ii). This is slightly more difficult than the previous one and 
appears to require exponential-sum methods in one form or another. 
We use such a method only implicitly, however, by referring to a lemma 
of Hua’s. 

Let f(x) be a polynomial of degree s (> 1) (the case s = 1 is already 
settled) which takes integer values at integer places and let 


k 
Ni(k3q, wv) > ‘. 
flv) — 
k k x 
r(k;n) > om Se R,(k:q,h) Yr, (kn). 
tw.) - a + 1.) n n Mmede) 


We note that r,(k;n) 0 if n > Lf(k), so that the series defining 
R,(k;q,h) contains at most Lf(k)qg-!+-1 non-zero terms. 


LEMMA 2. (Main lemma in Hua.t) Jf L > 28-1, then, for any 5 > 0, 


. r2(k;n) < ckh2l-s+6, 


Lemma 3. If L, q, H are integers satisfying 


L<¢, l<q< ck, Lc H <q/(2L), (h’,q) = 1, 


H 9 ~ 
| then 1 >  Mlkig. h'r)\" < eq“ Hk 2 ri(k;n). 


+ Quart. J. of Math. (Oxford) 9 (1938), 199-202. 
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Proof. Since 2LH < q and, for each term of the multiple sum below, 
lv, +...tv,| < LDH, we have 


\z H H k k 


H , 
\. 2 Aulksg hv) = Fw 2 > ia 7 1 


(=-H ty=-H 


y4=1 VE 
(v1) =h’v;(modgq) f(vp) =h’v,z(modq) 


; te k k 
< > 2 8 
w=—LH n=l wal 
f(y) +... +f(vz) = w(mod g) 
LH 
= > R,lkg,h'w). 
w=—LH 


definition of R,, and noting that 2LH < q, we obtain 


iz. je ye 1 4)2 
> M(ksg,h ae > RB, (k39¢,h'w); 
v=—H w=—LH 


LH 
<cH > Ri(k;¢,h'w) 
w=—LH 
LH 2 : 
<cH{f(k)q7+} > > ri(k; n) 
w=—LH 


n=1 
n=h'w(modq) 


< cHq'k* y ri(k;n). 


n=1 


We now assume [see § | case (ii)] that corresponding to each integer 
q > 1 there exists an x, such that f(x )) = wy (mod q), where (w»,q) = 1. 
Now suppose that 1 <q < kt. Then 


N(q, Uo) = Nyi(kiq, wo) > [kq-!]—1 > cq? log?k, 
which clearly implies (28). Suppose, on the other hand, that 
kt<q< 2f(k) < ck. 
Then, writing L = 2-1, H = [q'-™(2L)-"] 


we have, by Lemmas 2 and 3, 
> N,(k3q, h’v) < ck'+8(H q)! (2L) — hk, 
v=—H 


for any integer h’ satisfying (h’,qg) = 1. Hence, since 
—lialtg-1 


N,(k;q,h'v) = k, 


v=—([ig] 


/ 





Hence, using Cauchy’s inequality, recalling the remark following the | 





V 





he 


er 
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we have, writing N,(k;q,h'v) = N(q,h’'v), 


—[(iq]+<« 1 
S(q.h) > HH? S N(q,h’v) > MH? > cgXkq-") > eg?! 
v=—[}q] 
vi >H 


which again implies (28). This completes the proof of case (ii). 


Case (ili). This, of course, is the deepest of the three cases and requires, 
besides a refinement of Lemma 2, an estimate for the number of primes 
in an arithmetic progression. We shall retain the notations of case (ii). 


LemMA 4. Jf L > 2%+2, then 


oO 
2 ( Jo- P »)-2L-—s8 
> rilkin) < ck®4-s, 
n=1 
This lemma follows at once from the asymptotic formula for 7,(k; 7) 
given by Hua (loc. cit.). It could also be deduced by standard methods 
from Lemma 2 


LemMaA 5. Let 7(X,q,h) denote the number of primes p < X satisfying 
p = h(modq), where q and h are coprime. Then, for any 5 > 0, there is 
a positive c = c(d) such that 


, dt , 4 Xi-r* 
a(X:q,h) = . — + O(Xe-Atlog X)*) 4 Qf = - 
(459.4) d(q) J logt - + (q)log X]’ 
7 q)log 


; 
where A is a certain absolute constant. The constants implied by the 
O-symbol are independent of q and h. 

The estimate is obtained from the work of Siegelt on the magnitude 
of the class number by substituting Siegel’s result o, < 1—ck~* in the 
theorem given by Page.t 

Proof of Case (iii). We may assume f(x) a polynomial of degree s > 1 
taking only integral values at integral places, and that, corresponding to 
each integer g > 1, there exists an 2, with (29,q) = 1 such that 

f(%) = Wy (mod gq), 
where (w»,q) = 1. Suppose first that 
l<q< (logk)™, L, = 2*+2. 

+ Acta Arithmetica 1 (1935), 83-6. For a simpler proof see Estermann, J. of 

London Math. Soc. 23 (1948), 275-9. 


t Proc. London Math. Soc. (2), 39 (1935), 116-41. 
3695.25 Ss 
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k 
Writing N,(k; gq, Wo) > L, 


: v=1 
S( py) = wel(mod q) 






















we see from Lemma 5 that 


k ' 
N(q, Wo) = No(k3 g, wo) > > l>c 5 > cq* logk, 


v=l1 
Py=7o(modq) 


so that (28) is satisfied. 


Suppose, on the other hand, that ! 
(log k)P41 <q < 2f(p,) < e(klog ks. | 
Then, writing H = [q/(logk)*“]| and using Lemmas 3 and 4 with & 
replaced by p, and L replaced by L,, we obtain 
HO ee ; 
I Nik; 9; h’v) qm b Ni (py gh’) < cp,(H q)! (2Z1) 
v=—-H v=—-H 
< cklog k(log k)-? < $k. 
—(tgl+q-1 : 
But > N,(kg,h'v) = &k, 
v=—(iq) | 
and hence I 
—(tal+q-1 . | 
S(q,h)>H? YS  Ny(k:g,h'v) > 4kH? > cq? log?k. 
vaalip | 
5. By a slight modification in the argument used in the proof of | 
formula (1), one can obtain an asymptotic expansion for p*(n), i.e. the 
number of solutions of | 


n=uU,+...tu, (l<y<... <»,; 7 arbitrary). 


V1 Vr r 
Using the generating function 
x 8) 
F*(w) = JJ, (l—w*)-! = > pi(n)w", 
1 n 


=0 


one obtains the asymptotic formula 


p(n) = (27Af)-3 exp| :. (n*u(e”"“— 1)-1—log(1—e m))| x } 


x1 4 > D*4 O(n-™ mae +48|, 
p=1 





of 


he 


} 


ASYMPTOTIC FORMULAE IN THEORY OF PARTITIONS 259 
where 7* is now determined from 
n= >, u(e”™—1)-1, 
I 
and At (pe 2, 3,...) is defined by 


x 
At -” : # whgm(en™)(en™ —_ 1) “ 
1 


for certain polynomials g*(x) of degree less than yx. Here g3(x) = x and 
DS is constructed from the At similarly to the D, in (3). The relations 
(5) are also valid for the primed quantities. For the validity of (1*) con- 
dition (II) can be relaxed to 

k 


Jt inf | (lose) ("2) im. v2) +00 when k->oo. (II*) 
bug! x 2 | 


Finally, we note that in the particular case when 
uy, = f(k) = ak*+bks-1+ 


formula (1*) gives 


: as 1 y \—baxs+1) t 
pan) 1. T O(n e+) n(s ; JPyen ( : ) x 
‘ j y 


\27r(s+- 1) *q 
*8y)\(s+1)~* 
ue exp|(s+ 1) bon Le, 
| a ‘. 
where y* = s P(1+s)f(1l+s 


and F Il (1-+-«,)(27)-**, where f(x) =a a (x—a,). 
v=1 v=l 











ON THE HOMOTOPY GROUPS OF CERTAIN 
PAIRS AND TRIADS 


By I. M. JAMES (Oxford) 
[Received 5 January 1954] 


1. Introduction 

AN important problem is to determine the homotopy groups of com- 
plexes. If an induction on the dimensionality is attempted, an essential 
preliminary is to investigate the homotopy groups of the n-section of a 
complex relative to the (n—1)-section. It is these relative groups which 
are our present interest, and I supplement the results of Blakers and 
Massey (4). We use their methods of triads. 

-Let (X; A, B) bea triad where X, A, B, and C = AN Bare pathwise- 
connected. Let (A,C) and (X, B) be io Paseaiiall: where n > 3. 
We suppose that 7,,(A, C) is free abelian, and is isomorphic to 7,,(X, B) 
under the injection. If r > n-+-2, let 

Pia Tr —n+ i(B, C )@ 7,(A,C) > 7,(X;A, B) 
be the homomorphism whose value on the tensor product «a @ 8 of 
x € 7,_,,.,(B, C) and B € z,,(A, C) is the triad Whitehead product [«, 8], 
as defined in (3) or (8). Let (B,C) be /-connected and let C be m-con- 
nected (m > 1). With these assumptions I shall prove the following two 
theorems? in § 3. 

THEOREM (1.1). Let p = 1+n—1+min(/,m). Suppose thatt 
H,(A,C) = 0 

ifn+1l< -p and that H(X,B) = 0ifn+1<—r<p+l. Then, if 
nt+2 <r < p, the homomorphism 

P: 7,_n4(B, C) ® 2,(A, C) > 2,(X; A, B) 
has a left inverse. 

THEOREM (1.2). Let g =1+n—1+min(l,m,n—1). Suppose that 
HAA, C) = 0ifna+1 <r <qand that H(X, B)=0ifn+-laor<qtl. 
Then, ifn+2<r<q, 

P: m,n 4,(B, C) ® 7,,(A, C) & 2,(X; A, B). 
t Iam glad to acknowledge the help of Dr. J. C. Moore in connexion with these 


theorems. 


t Here and in (1.2), H refers to the singular homology theory with integer 


coefficients. 


Typ n+1 


Quart. J. Math. Oxford (2), 5 (1954), 260-70. 








——— 
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We apply (1.2) in the upper mnaenegy ages of the triad, 





| 6. seed, 0) ~ asl a 4 tO... 


in which i and j are injections and 6 is the boundary operator. Hence 
under the conditions of (1.2) we have 


CoROLLARY (1.3). The following sequence is exact: 


(A, C)- 
m- . i , P-j -_ 
oa a ... > 1,(A, C) —>2,(X, B) —> 2,_,,.,(B, C) ® 2,,(A, C) ——> 
ra > m,4(A,C )- > 
ag | In (1.3), 5P may be replaced by Q(8’ © 1), 


st “Wie (B,C) @ 2,,(A, Py ele m,_,(C) ® 7,(A, C) Rep 7,_,(A, C), 


where 5’ © 1 is the tensor product of the boundary operator and the 


se- ? . ‘ : Lh: eer" 
3 identity, and Q(a @ f) is the relative Whitehead product [a, 8]. For by 
B) (4.3) of (3) or (2.18) of (8) we have 
>= £Q(6' © 1). 
If B is contractible, as it is in the following application, then 5’ © 1 is 
of an isomorphism. 
8] If (X, A) isa pair of spaces, we represent elements of 7, (X,A) by maps 
yn - (V", S"-) — (X, A), 
wo | where )’” is an n-dimensional element and S"~! is its boundary sphere. 
Hence, if n > 3 and r < 2n—2, the composition homomorphism 
7,(X, A) x af¥*, ili — m,(X, A) 
is defined. Let K be an m-connected CW-complex (m > 1) and let K” 
if | denote the n-section of K. Let M be a cone on K"~" as base which is 
disjoint from K"—K*"-!, and let L = A" UM. Then, if n > 3 and 
r < 2n—2, we have the following naturality diagram, in which i and 7’ 
are injections, and % and y#’ are the composition homomorphisms, 
A 5 : a wb —— 
bat 7,(K", Kn -t) we 7} =, §*-1) rn m™(K", K*-1) 


4.4 Ql] i 
r4(L, M) & 2,(V%, S*-1) —> a,(L, M). 


} Now 7’ is an isomorphism, and it follows from (23.1) of (6) that yf’ is 
— an isomorphism. Hence ¢ has a right inverse which embeds z,(L, M) in 
7,(K", K"-1) as 


yer 


p{7,(K", a4 & 77,( r, S*-")}. 
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In (1.3) we take (X; A, B) = (L; K", M) and substitute Q(3’ @ 1) for 5P. 


Then, since 6’ © 1 is an isomorphism, we deduce 
THEOREM (1.4). Let K be m-connected (m > 1), and letn > 3. Then, 
if r < min(2m-+n, 2n—2), we have the injective direct sumt 
b+: {r,(K", K"-1) @ 2,(V", 8S" )}+- {7,1 44(K"-) @ 7, (K", K"-)} 
a 2{(K*, K*-*). 
If p > 1 and p+q => 3, the group # 


pd 
spectrum [see (6)] is defined as the kernel of @,, factored by the image 


of @), where @, and @, are the boundary homomorphisms 


(K) in the Massey homology 


- - €o , , can , r P 
Tyagu(KP*}, KP) <*> w(K, KY-2) > op (KY, KP), 


Let G, denote the stable group of the q-stem in the homotopy groups of 


spheres. Then arguing as in $§ 12-16 of (6) we deduce from (1.4) 


THEOREM (1.5). Let K be m-connected (m > 1). Then, if 
0 <q < min(p—3, 2m), 
we have the direct sum 


HK, (K) = H,(K, G,)+H,(K, 7,.,(4)). 


2. The groups 7,()*, Y) 

Let Y be a l-connected CW-complex and let ¥* = Y Ue” be the 
complex formed by attaching an n-cell. This section is devoted to a 
study of the groups 7,(Y*, Y). We apply (1.3) in two different ways, 
and in each case obtain a useful exact sequence which generalizes the 
sequence in Theorem | of (10). We proceed at once to the first of these. 
Let n > 3, let r >n+2, and let r < 3n—4. Let EH” be the n-fold 
suspension isomorphism, let H be the generalized Hopf invariant of 
(9), and let «, be induced by the attaching map a: S”~! + Y, as follows: 


H : En s a > 
a(S”) seamen oat 77,(:S2” *) —— Ty» (S" *) ——" Ty »Q ). 


We write H, = «a, E-"H. Let x be induced by shrinking Y to a point, 
and let Q(y) (y € z,_,,(Y)) be the relative Whitehead product of y and 
a generator of 7,,(¥*, Y), as shown: 


x: 7,(¥*, Y) > 2,(S8*), Q: 2,_,(Y) > z,_,(Y*, Y). 


+ %+@Q is the homomorphism whose value on the pair (a, 8) is ya+Qp. 








ee 
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Assuming (1.2), I shall prove 


THEOREM (2.1). Let Y be m-connected and let p min(3n—4, 2m-+n). 
Then the following sequence is exact: 


, , x 
aJ{¥*, F)—+ ... 
a pil Ss H, a. ~—- 
—> 2,(¥*, ¥Y) > 2,($") —> 2,_,(¥) —> 2,_,(¥*, ¥) >... 
In case (Y*, Y) = (V", S"-1) and « = 1, (2.1) is essentially the same 
as Theorem 1 of (10). For let 7,(V", S"~*) be identified with z,_,(S”"~?) 
by the boundary isomorphism. Then it follows from (2.1) that the 


sequence 


E 
(S” 1) - — 


7 


‘3n-5 
, Q ‘ 
Sn 1) ——> 7, 2(S” 1) “ae 


2.2) 


“—_ E : H’ 
~ Ty 1(5" ) > 7,(S") — nf 


, 


isexact, where H’ = E~-"H and Q'(y) is the ordinary Whitehead product 
of y € z,_,,(S"~}) and a generator of z,,_,(S”"~1). Using (3.59) of (9), the 
sequence of (10) is easily transformed into (2.2). 

The proof of (2.1) is as follows. Let Z be a cone on Y as base which 
is disjoint from e", and let Z* = ZU Y*. Since z,(¥*,Y) is cyclic 
infinite, we identify 

( @ 7,(¥*,Y) = G, 
where G is any abelian group. We apply (1.2) to the triad (Z*; Y*, Z), 
for which gq = min(2m+n,m-+2n—1) 
since Y is m-connected and / = m-+-1. Hence, if r < q in the following 


diagram, P-1j is a homomorphism. 


P y 
71,(Z*,Z)—> 1 Z,Y 
F a ) Tn ay ) sP 
r(Y¥*,Y) x’ 5’ om,-(Y*,Y). (2.3) 
* a(S") ———> 9,17 


In (2.3), x’ is induced by shrinking Z to a point, so that y = y’i, and ,’ 
is an isomorphism since Z is contractible. For the same reason the 
boundary operator 6’ is an isomorphism. Hence it follows from (1.3) that 
the sequence x, h, Q,..., is exact starting with x: 7,(Y*, Y) > 7,(S"), 
where h = 8’P-1j(y’)-1. Since g > p = min(3n—4, 2m+n), this proves 
(2.1) apart from the identification: 


k= wt m,; 7,(S") — 7,—»(Y) ifr Sp. (2.4) 
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We proceed to prove (2.4). Let £" and E” be the hemispheres of S", 


so that E” U E” = S" and E% nN E”™ = S*"-1, Let 
6: (S"; HE" , BE") + (Z*; Y*, Z) 

be a map which agrees with « on S"~! and is such that 6 | (Z% —S"-') is 
a homeomorphism onto e”. Then, if 6, denotes the homomorphisms 
induced by 6, we have a naturality diagram, as follows, in which j,, P), 
and 8 refer to the triad (S”"; H" , E" ) and we place no limit on r. 

in Y Jo tne Jn mn Po ™ Qn-1 8s yn—1 
7,(S , £") — > 7(S8 ey )<— tee, 8 ) ae t.. Ae ) 

| | 

| 9» | 9x | 9x Xe 

Y Fe ae 
7,(2*, Z) many 1,(Z*; } aa Z) < Pp Tp—n (Z, } ) ae a 7 

J 


r-n 
If r < 3n—4, P, is an isomorphism, by (1.2), and then 
ho a 80 Po jo(xe) ¥- 7,(S") —} Wy. n(S” ') 
is the homomorphism h for the triad (S”; E"., EF”), where 
Xo = x04: 7,(S", BE") > m,(8") 
is induced by shrinking £" to a point. If r < p, both P and P, are 
isomorphisms, both h and h, are defined, and so, by reference to the 


diagram, 
Xx hy Xo = Xo Pot jg = 8’P-104 = hy’, 
Therefore a, 4, = h, and (2.4) follows from 
LemMa (2.5). E"hy = +H: 7,(S") > 7,(S*"-}) if r < 3n—4. 
To prove (2.5) we study the following diagram: 
he h 
Tn S"-4) <—— 7,(8") —*-> o,_y(S"-1) 
A 
35 f Enit (2.6) 


Y Y 
Tp—niy( LL", S"-!) —> x,(S"; BE", E™ ) —> 2,,,(S?"). 
H 


Po ; 
In (2.6), J is the injection, so that 
+I = jo(xo)-? = Po(So)-%o, 
by the definition of hy. Also H is the homomorphism defined in (3.2) of 
(8), but there denoted by H, such that HJ = + EH. It follows from 
(2.24) and (3.5) of (8) that HP, = + E"+18), and so 
EH = +HI = +HP,(&)-1h, = + E"+hy. 


Since E: z,(S?"-1) = z,,,(S*"), this proves (2.5) and completes the 
proof of (2.1). 
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Wenotice the following corollary.+ Suppose that EF: 7,_,(S"-!) = 7,(S8") 
for a certain value of r. Then the composition 


‘ P 6. we 
a,(E" , S”-1) —*> 2,(¥*, Y) —> 7,(S8") 
is an isomorphism [(5) § 1]. Hence x has a right inverse, and from (2.1) we 
obtain the direct-sum decomposition 


aA(Y*, Y) < Q7,-n+1(Y)+4 77,( Eb" ’ --*) (2.7) 


if r < min(3n—4,2m+n). Here @, is an isomorphism into, but the 
kernel of @ is H,7,.,,(S8"). 

The foregoing is one approach to the problem of this section. For the 
other approach we apply (1.3) in another triad. Let M be the mapping 
cylinder of «: S"-!> Y, so that MN E" = S"-!. We identify 


Y*= EX uM, 


so that the pair ()’*, )) is a deformation retract of the pair (Y*,./). Let 
Y* be /-connected. Then, if r < /+2n—3, it follows from Theorem I of 
(2), applied to the triad (Y*; £"., M), that the injection 


Tn (MM, S"-1) > a,_, 4(¥*, BE”) 


Cr—n +l 
is an isomorphism. We factor this into an isomorphism 


é: 7. n (NM, -*) — Try 4(1*) 


’ 


followed by injection into 7,_,,.,(Y*, B"%.). In (1.3), applied with 


(X; A, B) = (Y*; EB", M), 


we identify 7,_,,.,(M@,S"-!) with z,_,.,(¥*) by &, 2,(#"%,S"-) with 
7,-4(S"-1) by the boundary isomorphism @, and z,(Y*, M) with z,(Y*, Y) 
by the inverse of the injection. The result is (2.8) below. As the reader 
will easily verify, the following are homomorphisms to replace those in 
(1.3) when we make the above identifications. 

If r < min(2/+n—1,]4+2n—3) let H, = €P-'k, where & is the 


injection: 


& P 
7,(Y*, Y) es wA{Y¥*; E" ’ M) <—— Tr_-n (MM, Ss” Bae a Tr—y (Y*). 
Ifr < 3n—4 let P;- = Q’E-%, 
. E ; 
Tr—n u(Y*) <i = ~ Tyr—n + (S") mem, »(S"-1) oth th, 


+ Some examples of this and other applications of (2.1) were earlier obtained 
quite otherwise by Dr. M. G. Barratt, and will shortly be published. 
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where Q’ is the same as in (2.2) and ¢ is induced by shrinking Y c Y* to The 
a point. Finally, let 6 = 6, ¢-1, where yrs 


é é ‘ : 
Ny. 4(8* 1) eco 7,(E", §*-*) Patt IAN a,(1 - y . 





isa 
Then we have ‘ 
bC(: 
THEOREM (2.8). Let Y* bel-connected and letq = min(3n—4,2/+n—1). | of 7 
Then the following sequence is exact: I 
. d 
T-\(S" 1) —_> ,., 
’ d . e H, 2 P : : 
> tty g(S"-2) Se a, (¥*,Y) > my al ¥*) > a, g(S" 2) >... | hs 
The analogue of (2.7) for this theorem is 
COROLLARY (2.9). Suppose that E: 7,_,(S"~1) = 7,(S"). Then, if | . 
; na secc 
r <q, we have the direct-swm decomposition 
el. pro’ 
: 7,(1 * Y) = 7,(8")+P (0), disj 
in which ly) = x(y)+Ay(ly) (y € 7(1*, Y)). | n-S] 
; | the 
3. Proof of the main theorems a 
We prove (1.1) and (1.2) simultaneously. The idea of the proof is to am 
obtain these results for complexes by shrinking C = A” B toa point, | ¢);, 


the extension to general spaces following from an application of the 
realization of singular complexes given by J. H. C. Whitehead in (12). 
[It is convenient to carry out the proof in four stages of increasing | has 
generality according to the class of triad considered. the 

Let A be an /-connected CW-complex (/ > 1), and let A and S” be 
embedded in K x S” as the axes of the product, so that they meet in a 


has 
- ry : _s mn P ‘ 
vertex of K, say y. Let A be the n-fold suspension of A. Then, as is inte 
° . .  - ° y . ° . > . 
shown in § 2 of (8), A is obtained from AK x S" by shrinking A U S" to 
a point. By Theorem II of (2) the induced homomorphism is a 
id ’ r Y Fa =“) 
0: 2,(K x 8S", K U S") > 2,(R) | ae 
. . ort 
is an isomorphism if r < wu = 1+n+min(/,n—1). Let r > n+-2 and let of ( 
C: 2,_,(K) > 7,(K x 8S", K U 8") 
be the homomorphism whose value on « € 7,_,,(A) is the cross, or star, be t 


product of « and a generator of 7,(S"). By (2.10) of (8) the n-fold 
suspension homomorphism is } 


+0C: 7,_,(K) > 7,(R). 


re 





Therefore, by Lemma 5 of (2), 6C is an isomorphism if r < 2/+-n. 
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Therefore C has a left inverse if r < 2/++n, and C is an isomorphism if 
r <u. By (8.3) of (3) [ef. § 3 of (8)] the boundary operator 

8: 7(K x S”, K U S”) — 7,_4(S" U K: S”, kK) 
is an isomorphism. Also it follows from (5.7) of (3) or (2.1) of (8) that 
5C(a) (a € 7,_,,(K)) is the triad Whitehead product of « and a generator 
of z,(S"). Hence, altering r to r+1 in conformity with § 1, we have 

LemMa (3.1). T’he homomorphism 

P: Tp (Kh) ) a, (S") —> ,(S” U K: S”, K) 
has a left inverse if r < 2l+-n, and P is an isomorphism if 
r<u=l4+n+min(l,n—1). 

Lemma (3.1) is the first stage in proving our two theorems. In the 
second stage we replace S”" by a cluster of spheres of dimension n, and 
prove the corresponding results. Consider a set of n-cells e? which are 
disjoint from one another and for each of which S? = e? Uy is an 
n-sphere. Let Il denote the product complex of these n-spheres, with 
the weak topology, and let = cIl denote the union of the spheres, 
embedded as the set of axes of the product in the usual way. Let K be 
as before, so that y is a vertex of AK, and suppose that IIN A = y. It 
follows from (3.1) that each of the homomorphisms 

P: TT». n (K) x 7, (S?) —> 77(S? U K m4 S?, Kk) 
has a left inverse if 7 < 2/+-n and is an isomorphism if r < uw. Taking 
the direct sum on both sides we deduce that the homomorphism 


P: 7,_,,.,(K) © =, (I) > 2,(I1 U KI, K) 


3 
has a left inverse if r < 2/+-n and is an isomorphism if r < u. Now the 
injection . . . ¥ , ; 

J i:7(XU K: 2, K)—>7,(1U KT, K) 
is an isomorphism if r < /+2n—2. This follows by applying the five 
lemma [Lemma 7 of (1)] to the injection of the lower homotopy sequence 
of the triad (© U AK; X, AK) into that of (I1 U A; II, A) since by Lemma 5 
of (2) the triad (II U A; 2 U K, TI) is (1+-2n—1)-connected. Let 

i’: ,(X) & 7, (I) 
be the injection isomorphism. Then we have the naturality diagram: 
T,-ns(K) ® 7, (XZ) —> 2,(Z U K; X, K) 
1@v’ i 


Tr-ne(K) © (M1) <> 2 (1 UK; IT, K). 
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Taking these conclusions together we obtain 
Lemna (3.2). The homomorphism 
P: 7,_n4,4(K) ® m,(2) > 7,(2 U K; %, K) 
has a left inverse if r < 2l+-n, and P is an isomorphism if r < u. | 
In the third stage of the proof let L be a CW-complex and let MW be a | 


subcomplex. Let M@* be a CW-complex formed by adding n-cells (n > 3), 
disjoint from L—M, to M and let L* = LU M*. We prove 





Lema (3.3). Let (L, M) be l-connected (l > 1) and let M be m-connected 
(m > 1). Then the homomorphism 


P: 7,_,.4(L, M) @ z,(M*, M) > 2,(L*; M*, L) 


; 
' 
; 
; 
‘ 


has a left inverse ifr < p = 1+-n—1+min(I, m), and P is an isomorphism 
ifr<q=l4+n—1+mini(l,m,n—1). 


Let M be a cone on M as base which is disjoint from L*—M, and let | 
L* = L*U M, M* = M*U M, and L = Lu M. The complex formed | 
from L* by shrinking M to a point is of the form ¥ U K considered in | 
(3.2), where the cells of 14*—M correspond to the spheres of © and K 
is formed from L by shrinking M to a point. Let 7 be the injection, and | 
let 6 be induced by the identification map: 


7 Te. i U ‘ore 
a,(L*; M*, L) —>7,(L*; M*, L) —>27,(XU K;%, K). 
It follows from Theorem 12 of (11) that 6 is an isomorphism. Also », 
and hence @, is an isomorphism if r < /+m--n by Corollary (3.5) of (7). 
Also the homomorphism 
1,(L, M) > ,(K) 

induced by the identification map is an isomorphism if r </+m. In 
particular K is /-connected. Therefore in the following naturality 
diagram the vertical homomorphisms, which are those induced by the 
identification map, are both isomorphisms if r << /+m-+-n: 





P 

Tp—-n+y(L, M) ® a,(M*, M) —> x,(L*; M*, L) 

| | 
TWr—n (K) oS 7,(2) “- 7,(2 U kK ; 2, K ). 
Hence and from (3.2), (3.3) follows at once. ; 
We now begin the last stage, in which (1.1) and (1.2) are proved. Let 
(X;A, B) be as in § 1, so that (B, C) is l-connected and C is m-connected 
(m > 1). We assume that / > 1 since both theorems are vacuous if 
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1 = 0. Let (L,M) be the singular complexes of the pair (B, C), realized 


as in Chap. V of (12), so that Lisa CW-complex and M is a subcomplex. 
Then by Theorem 22 of (12) and the five lemma the natural map 
k: (L,M) — (B,C) 
induces an isomorphism of the homotopy sequences of the pairs (L, M) 
and (B,C). Let é be the boundary homomorphism and let k,, be induced 
by k: k 
. ‘ c . * 
7, (A, ———— 7, -4(C ) ae He 4(M). 
By hypothesis z,,(A, C) is a free abelian group. For each element g of 
its basis we attach an n-cell to M by a cellular map representing 
ky) €(g) € 7,,_,(M). 
Let ./* denote the resultant complex, which we assume is disjoint from 
L—AM, and let L* = M*U L. Let 
k’: (L*; M*, L) — (X; A, B) 

be a map which agrees with k on L, and which induces an isomorphism 
7, (M*,M) = z,(A,C). Throughout what follows it is to be understood 
that the homomorphisms, apart from P, are those induced by k’. 

Suppose that H,(A,C) = 0 if n<r<s and that H,(X, B) = 0 if 
n <r <8-+1, where s =p in the case of (1.1) and s = q in the case 
of (1.2). Since H,(M*,M) = HA, C) ifr < s and since H,(M) = H,(C) 
for all r, it follows from Theorem (3.4) of (7) that 7,(M*, M) — 7,(A, C) 


is onto if r = s and is an isomorphism if r < s. Similarly 
7,(L*, L) > 7,(X, B) 
is onto if r = s+1 and is an isomorphism if r < s. Hence by the five 
lemma we have ,(L*; M*, L) = 2,(X; A, B) 
if y < s. Hence (1.1) and (1.2) follow from (3.3) and the following 


naturality diagram : 


Pp 
7, a(L, M) @ m,(M*, M) —> 2,(L*; M*, L) 
| 


Tp 


TT, 


aa(B, C) @ 2,(A, C) —-> 2,(X; A, B). 
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HOMOTOPY RINGOIDS AND HOMOTOPY 
GROUPS 


By M. G. BARRATT (Ozford) 
s [Received 17 February 1954; in revised form 20 August 1954] 


1. Introduction 
Ir X, Y are CW-complexes, the set of homotopy classes of maps X — Y 
may, under certain circumstances, be given a group structure. This 
gives rise to the homotopy groups, Borsuk’s cohomotopy groups and 
their generalizations by Spanier and Whitehead, and to track groups. 
If Cis a collection of suitable spaces, the multiplication by composition 
of homotopy classes of maps between the spaces of C may be distributive 
over a suitably defined addition; I consider such collections, and use 
| the name ringoid for the algebraic system I1(C) so constructed. 
I show how to compute the ringoid associated with a collection of 
} finite (»—1)-connected complexes of dimension less than n+2; this 
rests on a calculation of the structure of the ringoid of a particular 
collection Y”+!, of spaces S” U e”+1, 
: I use these concepts in the latter part of the paper to compute the 
first 2n—2 homotopy groups of spaces of the type S” U e"*! in terms 
of the homotopy groups of spheres, and hence the structure of the 
ringoid of C = (Y"+1, 8”) (m < 2n—2, n < 2m 





3). In a later paper 

} I shall discuss the (2n—1)th and 2nth homotopy groups of these spaces. 

I am deeply indebted to Professor J. H. C. Whitehead for his helpful 
advice and criticism. 


2. On ringoids I1(C;’) 
Let (G;, ;) be a collection of disjoint abelian groups, written additively, 


one for each ordered pair of symbols (7, )) in some indexing set. Suppose 
that there is a bilinear product 


rere ee 


G50 Gy C Gi y, 
for every triple (i,j,k). I describe such a collection as a ringoid if every 
G,; possesses an element 1,, necessarily unique, such that, for every 
9;;€ Gj, 


- 1, O95 = Gig = 915 © 1;- 


Let S be the reduced suspension functor as defined in § 3 of (6), which 
associates with every space X another SX, with every map f: X > Y 








Quart. J. Math. Oxford (2), 5 (1954), 271-90. 
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another Sf: SX — SY, and with every homotopy class v of maps X — Y, 


written oes 
a homotopy class S,v: SX > SY. 

Let r > 1, let CY be a collection of (r—1)-connected CW-complexes | 
of dimension not exceeding N, and let II1(C’) be the collection of homo- 
topy classes of maps between the spaces of C’. We suppose that 
N < 2r—2, and turn II(C) into a ringoid. 

Let SC} be the collection of spaces SX for all X ¢ CX. It follows 
from Theorem (5.1) in (6) that S, maps I1(C3’) on II( SC) in (1, 1) fashion, 
and hence S} = S, o S, maps I1(C) on II(S?C,Y) in (1, 1) fashion. The | 
homotopy classes of maps S?X + S?Y form an additive abelian group 
under track addition [see (1, 6)]; let X;, X; eC, and let G,; be the 
collection of homotopy classes of maps X; > X;. Turn G;,; into a group 





by v9 4 " 2 Y 6 
: (a+B) = (S%)-"(Ska+S5B) (a, B © Gj). (2.1) 
The identity element of G;;, writtent 0; ;, is the homotopy class of all 


the maps of X; into some point of X,. 
If y € G;,., let « o y be the composition 


r Yyvyp &@ wy, 
XxX; — x;— X;3 








then, if S$a 0 S}y is similarly defined, 
S3(x 0 y) = Sao SBy. (2.2) 
It follows from § 2 in (1) that 
(S}a+S¥B) 0 (Sky) — Shao S$y+S3Bo Sky, (2.3) | 
and, if de G,;, 
S25 o (S$a+S82 8) = S25 0 SZa+ 825 0 SZP. (2.4) 
Therefore nthoy= covtbor, 
80 (a+fB) = 80a+8 oP. (2.5) 
If 1,; is the class of the identity map X; > X,, we have obviously 
loa=a=aol,. (2.6) 
We have proved 


THEOREM 2.7. If N < 2r—2,r > 1, Il(C) is a ringoid when addition 
is defined by (2.1), and multiplication is by composition. 
Though the n-fold suspension homomorphism 
Sx: T1(O¥) > 18") 
is an isomorphism onto for every n, I do not identify these ringoids, 


+ I shall frequently omit the subscripts, and write just 0. 
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since I do not wish to confine myself to the S-theory of the spaces in CY 
[see (6)]. On the other hand, all the results in the present paper have 
counterparts in S-theory. 


3. The ringoid [1( Y”"*") 
Let p > 0 be an integer and let Y"*! be formed by attaching an 
(n+ 1)-cell to a sphere S" by a map of degree p; let ¥"*"! be a collection 


of spaces Y7*1, one for each integer p = 1, 2,...: we shall determine the 
structure of II(Y"*") (n > 3). The elements can be quickly obtained by 


obstruction methods, and the additive groups have been determined 
in (2). 

We construct the spaces Y"*! in a definite way and define three types 

of maps 

yuri, yati, = Yat, past, = Yael, ysl 
The first maps the (n+ 1)-cell homeomorphically and S” with degree ¢ 
on S"; the second maps S” homeomorphically and the (n+ 1)-cell with 
degree gq on the (n+1)-cell; the third pinches S” to a point and maps 
the whole in S”. 

Let S' be the unit circle in the Argand diagram, S" its (n—1)th 
suspension, and let f,: S! > S' be the mapf,(e!’) = e'”®, a map of degree r. 
Thus /, is the identity map, and 

fn fa = Sow (3.1) 
Let f,: S” > S”" be the (n—1)-fold suspension S"-'f, of f,. Then (3.1) is 
true for these suspended maps. 
Let £”*! be a disk bounded by S” and extend f,: S" + S” to 
Fy: (B™, Sm) > (Em, 8) 

by taking polar coordinates (t,@) in E”*!, where 0 <t < 1 and 
(1,0) = 0E 8", 
and setting Ft, 0) = (t,f, 0). 

Let S" = i,, 8" be a homeomorph of 8", and attach a cell e"*! to S? 
by the map i,, of,,, of degree p. Then there is a characteristic map for 


the (n+ 1)-cell, f',: (E"+1, 8") > (¥ +1, $n), 


such that f’, maps £"*!—S" homeomorphically on Y}*!— Sj, and 
f, |S" = 4, of,. 
Let homotopy classes ¢,,9,,, Up,»_ be defined by 
Pyqp (Se ° (fp) “h: Y>" = Yona ; | 
Yp,vq wa (fp of, ° (fa) My: Yoq wh Y;* 
where the brackets indicate homotopy classes of the contained maps. 
3695 .2.5 = 


(3.2) 
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Then 
2 ba —— ; is a on 
Sing 2 (Sp) : Sd a tng ° Sng 2 (Sp) tot, aie nq P q © (ty) . 
a map of degree g, while 


y fF Ye 3) On . ¢ 7 P P \-1 ; S eee ; \-l 
Fin °Sq © (Sing) Soa _ by of, © f, 2 (fing) ° (tng) * v, 02 (059) J 
a homeomorphism. 
Let a’, u’ be maps 
y 4 y x Y 
} ie Et Sr+i —»> Qn 
such that x’ squeezes S” to a point and maps e”*! homeomorphically on 
h that p’ sq sit t and art | hicall 
S”-1_ (8%), and a’ is essential. Define 
weit , Q. Yn+l 7n+1 
Map = {tga op}: YF ~>Y% | ey 
| (3.3) 
Ep eas Ep,p 
Then ,,, is inessential if either p or q is odd. 
From the definition of f, and (3.1), we see that /,, of, = f,, and we 
deduce at once from (3.2) 
(a) Dias - —— © —_ 
(5) a = —_ o Puan (3.4) 
(c) i. e) — _ — e) Pinar 
Now let (p,q) = G.C.D.(p,q), and define k = pq/(p,q). Then, again 
from the definitions, we have 
(a) Hap ors Dak o Kr ° Px.» 
) »Pq o , pias Ly,p —= oo ie) Hrq,p 
) Pq.p so] For = IE pas . (3.5) 
(d) Lp oO Paar ss "hey ar 
) Epa o Har 0 
Let 1, = ¢,,, = 4), be the class of the identity map. Notice that, 
using (3.5a), we can replace any expression in the p,,, bygn> Yp.vq PY 
one involving p,,, byq,,> Yp,», Only. However, it is convenient to retain 
the redundant pu 


7 
a 





q.p° 

By a set of generators for a ringoid we mean a collection of elements 
such that any element of the ringoid is a sum of products of these 
generators; for example, we could take all the elements of the ringoid 
as a set of generators. My principal theorem? is 

THEOREM 3.6. The ringoid I1(Y"*") (n > 3) is generated by 1,,, ,, 
Pyo.p> Yp.pq Sor all p > 0, q > 1. All relations are implied by relations 
(3.4), (3.5), and (3.7) below, in which p,_,, is defined by (3.54). 





~ 





t This gives both the additive and the multiplicative structure of the ringoid. i 


; 
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(a) 2uoyp = 9: My» = 0 if and only if either p or q is odd 
(b) Pl, = $p(p—1)p, (3.7) 
(C) Pong 2 Pray = U1,+tPa(p—1)(q—1p,. 


Except for (3.7 5), (3.7), the theorem is a straightforward application 
of obstruction theory; (3.75) is, effectively, proved in (2), and we shall 
deduce (3.7¢) from (3.75), using the fact that the left-hand side is a 


suspension of a class of maps Y? > Y?. 


4. Proof of (3.7) 
To prove (3.74), let g: Y}**— Y?"*! be the constant map which agrees 
on S?, with i, o a’ op’: then the separation cochain d = d(i, 0 a’ 0 p’,g) 


n+1 
qa 


if g is odd, and is a coboundary if p is odd; in either case, i, 0 a’ 0 p’ is 


has valuey {i, 0 «’} € 7, ,,(Y7*") on the (n+1)-cell. Since n > 3,d = 0 
inessential. If p,q are both even, the cohomology class of d is non-zero, 


so that p,,, #0. But then 


» If, 1 to"? Fon*8 fa i » | re 
“Hag,p =Ulgs OUR pO 5 = yyy O (2{a }) © ws = 9, 
since 2{a’} = 0. 
To prove (3.7 5), observe that in (2) it is shown that, for some extension 
g of the identity map S¥% > Yi*?, 


f Sf; , a 
Pig} = Ai, Oa’ Op’} = Ap, 


where A = $p(p—1) (mod 2). We have seen that py, = 0 for all p, so 
that 
pU,+H,) = Ppl,. 
However, there are at most two classes of extensions of the identity 
map i,, and they are 1,,, 1,,+-, if these are distinct (i.e. if p is even: 
if p is odd, there is only one class {g} = 1,,). Therefore p1,, has the re- 
quired value. 

We now proceed to the proof of (3.7¢). The composition ¥,, © bpq,p 
is, by definition, the class of 


| of, 0 (fing) , © fing o (fp) . } of, . (f°. 
This is a cellular map (if S%, = e° U e”), mapping S?, with degree pqp-' = q 


onitself. Therefore y,, 4 © Pyg,p 
and so, for some integer D(p,q) = 0, 1, 


Pong? Pray = UW ,pt+D(p, Dep- (4.1) 


and q1,, contain maps which agree on SJ, 


+ Brackets indicate homotopy class. 
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When p is odd, «,, = 0, and we may take D(p, ¢ 0 in this case. We 
I Kp : 1 
suppose p even unless otherwise stated. 
Expand ,, 97 © Ppgr,» in two ways by the relations (3.4): 
(a) Gane °  —— - Puce oO —_ ° Guene ° _—_ 
(5) Pi ° —_— = —_— ° —— ° _— ° —_ 


a o Pune o Priest ° — 





On expanding these by (4.1) and (3.5) we obtain 
2’) ty nar ° Ppary = ¥p.pq © (71 y+ D(Pds "HM pg) © pap 
rH» nq O —_ + D(pq, r)e, 
qrl,+rD(p, q)ep»+PD( pa.) Hp» 
(0°) by nar © Pparp = (U1p+D(p,DE,p) © (71, +D(p,r)Hp) 
qrl,+rD(p, QV) phyp+dD(P. 1) p- 


Comparing these we have, since y,, is of order 2, 
D(pq,7r) = qD(p,r) (mod 2). (4.2) 
This has two consequences: if ¢ is even (so that pq is divisible by 4) then 


D(pq,r) = 9 (mod 2) for every r. Also, if we take p = 2 and q odd, then | 
D(2q,7) = D(2,7r) (mod 2) for every r. Thus we have 


LeMMA 4.3. D(p,q)u, = $p(p—1)D(2,q)m, for every p, 4. 


' 
This form includes in fact odd values of p, which reduce it to triviality. | 
We must now compute D(2,q): it does not appear possible to deduce | 
this from the previous relations. } 
serve th; is » class ae ”\-1 which is > 
Observe that y,,,, 0 dy,» 18 the class of f', of, o (f;,)~!, which is the | 


' 


(a—1)-fold suspension of the similar map 
4 f “\-1. y2 72 
fn °Sq © (fp) Hf. > ¥5. 
Therefore ¢1,+ D(2, q)u, is an (n— 1)-fold suspension element. We prove | 

Lemma 4.4. The only classes of (n—1)-fold suspensions of maps Y3 > Y} 
are the identity element 1, and the zero element (n > 2). 

Let 1,0: ¥3*! + Y}*' be, respectively, the identity map and a constant 
map, for x > 1. Then Sl = 1, and we may so choose 0 that SO = 0. 
Given a map g: Y3 + Y3, we may so deform it that g | S} = t | S3, where | 
t= Oor 1. Then g, t have a separation cochain d(g,t), which we identify } 
with its value in 7,(Y3) on e?. A simple argument shows that 


d(S*g, S't) = Skd(g,t), 





where we again identify the cochain with its value on the (k+2)-cell. 


=| 


th 








I. 
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Therefore, if we prove 
Lemma 4.5. S, 7(¥3) c 27,(¥3), and, for n > 2, S¥-47,(¥3) = 0, 


we shall be able to deduce Lemma 4.4: for S,d(g,t) is a coboundary or 
zero, and S}~1d(g,t) = 0 for n > 2. Thus, for n > 2, S"—1g and S*”-!t 
are homotopic. 

Lett x be the non-zero element of 7,(¥3), and let € be a generator of 
m(¥3) = 7,(S*). Then, if . indicates the operation of 7, on 75, 
2.&€ = —€, 
£é—x.€ = —[z, é], 


the Whitehead product. Now, according to (2.27) in (7), if B € 7,(X), 


» 


la 


so that 


Y Ee 77, (X )s S,1B, y] OE Ty .g(SX), 


whence 2S, € = 0. Since 7,(¥3) is cyclic of order 4, S, € € 27,(¥3); and 
> 


it follows that SZ€ — 0. This proves (4.5) and completes the proof 
of (4.4). 
Now qg1,+D(2,q)u. = 1, or 0 since it is a suspension element. By 
(3.76), 21, = py: therefore, if g = 0, 1 (mod 4), 
ql,t+P(2,q)u2 = €1,+ D(2.q)p2, 
where « = 0 or 1: in this case D(2,q) = 0. If ¢q = 2, 3 (mod 4), 
qla+D(2,q)oH2 = €1y+D(2,q)p2+ Be» 
where « = 0 or 1: in this case, D(2,q) = 1. Therefore 
D(2,q) = 4¢(q—1) (mod 2), 
and so D(p, Qe» = tpalp—1)(q—1)z, 


in all cases. This completes the proof of relations (3.7). 


5. Proof of Theorem 3.6 

The relations (3.7), (3.5) imply 

Lemma 5.1. Pdyo, = $PUP— Ve pap: P¥p.pg = 2PUP—V)ey,nq 

gn © bey = HRV peg 

where d = G.C.D.(p,q), and k = pq/d. 

For, by (3.75) and (3.5¢c), 

Pb yan = Pap 2 (P1p) = 4P(P—1)b yap Hy = 8PUP— VE pan: 

the second relation follows similarly from (3.76) and (3.5d). 


+ This proof was kindly suggested to me by Professor J. H. C. Whitehead. 
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Now integers a, b exist such that ap+bq = d; therefore 
defy 4, ° Pip os bq, x) ° Px p+ byt © (Pbx.») 
= $q(q—1)(k/Q) ge © bi,p-+ 34P(P— Mk! Phan © bisp 
= $k(bg—b+ap—a)p,,, 
= $k(d—a—b)p,,. 
If either p or q is odd, p,,, = 0 = $k(k—1)py,,,. If both p, q are even 
and k = 0 (mod 4), both $4(d—a—b) and 3k(k—1) are even. If p and q 
are even but k = 2 (mod 4), thend = 2 (mod 4), and (a+6) = 1 (mod 2), 
since this situation occurs only when p = q = 2 (mod 4). In this case, 
both $4(d—a—b) and $k(k—1) are odd. This proves the lemma. 
We now exhibit a canonical form for an element of the ringoid. 





LEMMA 5.2. Every element of I1(¥"*!) has a unique expression of the 
form «= mp, pO by y+€gp» where k = pq/(p,q), 0 < m < (p,q), and 
« = 0, 1 if p, q are both even; « = 0 otherwise. 

Recall that Y?*? has a cell structure e?Ue"Ue"+!, Any element 
a € I1(Y"*") can be represented by a cellular map g’: Y},*!— Y"*?. Then 
g’ ot,: S" > Yi*! maps S" with some degree r’ on S7 (if Sis oriented 
by means of the map i,). If r’ = 0, we can deform g’ so that g’ 0 i, is 
a constant map; otherwise we can deform g’ into a cellular map g such 
that got, = 1,0 f,, for some positive integer r. Here f, is a map of the 
type described in § 3. 

In the first case, we may suppose that g’ and i, 0 «’ oy’ agree on S”, 
and so possess a separation cochain d. If d is zero or a coboundary, these 
are homotopic and a = p,,,. If d is non-zero, we may compare g’ with 
the constant map: the separation cochain must vanish, and we deduce 
that « = 0. 

We now examine the map g: since r > 0, consideration of the obstruc- 
tion to the extension of g | S? over the whole shows that q divides pr. 
Let k = pq/(p,q): then k/p = q/(p,q) divides r. Therefore, for some 
integer m, pr = mk. We compare « with %,,,0¢ 
a representative map 

h = i, © finkig © (fink) = Of a. ° 1 te —  - © frnklg ° (f;,) ms 
Then g, h agree on S’, and possess a separation cochain d. Then it is 
easy to show that a = Py np OPmey OF & = Pyamk © Pmk,y +Hg,p according 
as the cohomology class of d is zero or not. 

Now from (3.44), (3.45), (3.7c¢), for some e’ = 0, 1, 


Po mk e) Pink,p a 


pep» Which latter has 


j , 
ms, 5 so) Pip € Rap: 
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Therefore, in all cases discussed, for some integer m > 0, and some 


e= 9, 1, ois 
x = Mpa. O Py yp +My, p- (5.3) 


However, for some s, m’, where 0 < m’ < (p,q), 

m = m'+-8(p,q). 
Then it follows from this, (5.3), and Lemma 5.1 that « can be put in 
the required form. 

We must now show that this is unique: clearly, it is sufficient to 
consider 0 = mib,,. 0 b,,+€Mg,,- This element can be represented by 
a cellular map g such that g o7,, maps.S” with degree mk/p = mq/(p,q) 
on S?. Therefore g is essential unless m = 0, or (p,q) divides m, which 
last is impossible. Therefore m = 0. Also, if p,q are both even, y,, +9, 
so e = 0. 

The proof of Theorem 3.6 is now simple: by (3.5a), 


Hay = Pak O Pe © Px, 
and by Lemma 5.2 any element can be put in the form 
x = oy 0 (M1,+€pU,) O ,.,. 
Therefore I1(Y"*!) is generated by the stated elements. 

We now prove that, if « is any expression in the generators, it can 
be reduced to the canonical form, as in (5.2), using the listed relations. 
If « = 0, the canonical form is identically zero, so that we can deduce 
that every relation is a consequence of relations (3.4), (3.5), (3.7). 

If « is given as a sum of products of the generators, we say that « is 
a sum of terms, and the generators in each term are called its factors. 
If « is given in any other way, it can be written as a sum of products, 
using the distributive laws. 

If a term of « does not contain a factor py; ; (for any 7, j), it can be 
transformed by relations (3.4) into a product in which all the #’s are to 
the left of all the ¢’s; therefore, by (3.4) again, it can be put in the form 
wb,. 0 ,,,. Where both p and q divide s. If a term does contain a factor 
;;, it can be reduced to a multiple of y,,, by using relations (3.5) (it 
may be a zero multiple). 

Consider the terms of the first sort: since p, q divide s, so does 
k = pq/(p,q), and, for some m, s = mk. Using (3.4), (3.7¢), we get 


Rs ° — Pat ° Pimk © Pink,k ° Px,» 
Pan © (M1; + Ep;,) © Px,» 


- mba 4. ie) Pept Ea.p> 
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for some « = 0, 1. Adding all the terms together, and using Lemma 5.1 
and (3.7a), we find that we have expressed « in canonical form. This 
completes the proof of Theorem 3.6. 


6. On I1(C”+1) 


Let Ci! (n > 3) be a collection of finite (n—1)-connected CW- 
complexes of dimension not exceeding n+1. Since they are A}-poly- 
hedra, we can suppose without loss of generality that they are in the 
normal form for A%-polyhedra described in (4). That is, if by a cluste; 
of spaces K; we mean a space K = [J K; such that pairs of distinct 
spaces K;, K; meet in but one point, common to them all, then K ¢ C”*! 
is a cluster of spaces of the types S”, S"+1, Yn+1, 

Let {A; B} denote the additive group of homotopy classes of maps 
A — B; let K be a cluster of spaces K;, and let a;, 7; be respectively the 
classes of the retractions and injections 

o;:K > K;;: 7,;,K,;>K. 
Then it follows from Theorem 7.41 in (1) that, if K is in some C2"-?, 
there is an isomorphism 
r*: {K;X} = XL? {K,; X} 
where =F denotes the strong sum and7z*(«) has coordinate « 0 7; in {A;; X}. 

Let K be a finite cluster of spaces K,, let K = X, and let 1, 1; be the 
classes of the identity maps K ~ K, K; > K;. Since oa; 07; = 1,;: K;> K;j, 
o,07;=0(i #)), 

*(> 


4 ‘* , 
T iTi oO g;) = dy (7; ° OC; c@) T;) > (7;) = r*( l ). 


Thereforey &;7; 00; = 1 in {K; K}. 
Let K be a finite cluster of K,;, K’ a finite cluster of AK’, and define a 
1 J 


homomorphism a , 
. - V* f : A [k-k" 
0: DF A; ; i ~~ (AK; K f 
"7 


a (6.1) 


, [y* i. $ fk -K 
by ADF j(cx; ,)} — —ij7j° Xj; O Oj, a E \A;; A 
where the summation on the left is direct summation,{ that on the right 
is summation in {K; K’}, and where 7; has a similar meaning to 7;. Then 
we have 

LEMMA 6.2. @ is an isomorphism onto. 

For let o; have a similar meaning to o;, and define 

an ol KN" 
v(x) = LF (a; 0 «0 7;), a €{K;K’}. 
+ This has also been proved by J. H. C. Whitehead. 
t Since the number of groups is finite, the strong sum is the direct sum. 
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mm AS* __ ow 
Then VOLE px; 1) = LDF ajy, 
and O(a) = X,;7; OG; ONO T, 09; 


(X57; 0 a;) ow 0 (X;7; 0 0;) 
x, 


by the remark above. Therefore @ has a two-sided inverse v, and we 
may use it to identify the groups. 

Notice that, if A’ is a finite cluster of spaces and K is an arbitrary 
cluster, we can set up an isomorphism similar to @, using 7*. We can 
extend this further if A is a cluster of finite complexes and K’ an arbi- 
trary cluster. 

Let K, K’, K” be finite clusters of subcomplexes K,, Kj, Kj: then the 
direct-sum decomposition leads to a convenient formula for multiplica- 
tion, for we can verify 

(DF, Bxs) 0 (Lj ay) = UPL; By; O a.) (6.3) 
Alternatively, one can express these results in matrix form, with the 
usual definition of addition and multiplication. 

These formulae show that the ringoid of C”*!, a collection of finite 
A!-polyhedra, can be computed from the ringoids of the collections 
which consist of triples of spaces (X,Y, Z), where X, Y, Z are, separately, 
S”", 8S"! orin Y"*1. If they are all in Y"*!, the ringoid can be obtained 
from Theorem 3.6; there is no difficulty in computing them in other 
cases, and they can be deduced from the results below. 


7. The ringoid Il(Y"*',S"); homotopy groups 

Let max(m,n+1) < min(2m—2,2n—2), and let the collection Y”*! 
be augmented by a sphere S”: we shall compute the ringoid of the 
augmented collection, [l(Y"*!, 8”). It contains the subringoid II(S”) 
isomorphic to the ring of integers and the ringoid II(¥Y"*!) already 
discussed. Our problem is to compute the groups 

(Vt!) = {8"; YR} (m < 2n—2), 

the groups (Yet1; S™} (n < 2m—3), 


and the operations of II(Y”"*") on the left and right respectively. The 
operations of the ring I1(S”) are determined by the distributive laws of 
multiplication. The groups {Y%+1; 8™} are given by formulae in (2). Our 
results will be expressed in terms of the homotopy groups of spheres. 
We first calculate the homotopy groups 7,,(Y7*+1), and the effect of left 
multiplication by elements of [1(¥"*?). 


m 
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It follows from (4) that, if p is a product of mutually prime numbers 
Pys+5 pr, then Y}\*? is of the homotopy type of a cluster of spaces 


YRot.., YRt1. Let K be such a cluster, o;: K > Y}*? the class of the 
retraction; then - - at 
o = 2;4,,,09;: K >Y> 


is a class of homotopy equivalences. For, if feo, wu generates H, vata 
U; =t,y,»(u) generates H,(Y?*1), and, if we identify H,(K)and =H, (¥7* 
align fa(Dtt;u)) = Eyt(p/P diya), 

for all integers ¢ 

Now the p; are mutually prime, and so therefore are the integers 
P/Py,---, P/pp. Choose t; so that ©; t,;(p/p;) = 1: we deduce that f, is onto. 
Also, if &;t;(p/p;) = 0 (mod p), then each t; = 0 (mod p;); therefore /, 
isanisomorphism onto. Hence finduces an isomorphism of the homology 
groups, and so is a homotopy equivalence (10). 

A homotopy class of maps . X + Y induces a homomorphism 
yb: 7, (X)>7,,(Y) such that Y¢(a) = aoy. I shall write go7,,(X) 
for the image under #. In § 6 we seacat m,(K) with &fz,,(¥%*1); 
then the isomorphism o: &*z eG mt) SS M,(Yp*?) is such that 

a 0 (Lfa,) = U;d,p,0% 
Thus we have 

THEOREM 7.1. Jf m < 2n—2, and pisa product p,...py, of mutually 

prime numbers, then 
y(YR*) = Tidyp, 0 mV R*), 


where each $,,,, is an isomorphism onto a direct summand. 


The characteristic map f),: (Z"*1, S") > (Y%*1, 8S") of the (n+ 1)-cell 
induces for m < 2n—1 an isomorphism 18), (5)] 
fe 7, (H"*+!, 8") ~ *JA¥s**, Be) 


such that the following reer is commutative: 


ip 


’ I 4 . Cp 
Fate”) mae OF A. > 1 St — Tn (S”) —> 


- A 


|Sp Sp 
é y 
T»,( E"* " ,S”) aie Tm—1(S") 


n+1 
nd > )= Tm 


In this, i, and f, are the homomorphisms induced by the maps 7,,, f,,, 
and the horizontal sequence is equivalent to the exact homotopy sequence 
of the pair (Y?*1, S%). 

This can therefore be replaced by an exact sequence, beginning with 
rw 5 ™n+1 
Up: T2,-1(S") ro iach ); 


p 


> 7,,(S") 2 + z,,(S8") 4 wt e**) 4 Tm (S") c. 4 Tm (S") >, (7.2) 

















n 








SS rr eee: Cee 
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where jp = 20(f,) O95. (7.3) 
Notice that S, 0 j),: 7,,(¥%*1) > z,,(S"*1) is the homomorphism induced 
by the map p’: Vit} > S"*l if this map is suitably chosen in the para- 
graph containing (3.3) above. 

Now, if @ is an additive abelian group, an integer p determines a 
homomorphism p: G > G such that p(g) = pg. Let ,@ be the kernel of 
this, the subgroup of elements whose order divides p, and let G,, be the 
co-kernel, the factor group G/,G@. Let «,: G— G, be the natural pro- 
jection. If there is an exact sequence 

0>G,-> E+ ,H +0, 
it is said that F is an extension of G, by ,H. Then it is shown in (9) that 
E is uniquely characterized by the homomorphism e: ,H > G, such that 
e(h) = «-42(j-(h))}: that is, given any e: ,H > G,, there is a unique 
equivalence class of extensions E’ with this homomorphism. 

THEOREM 7.4. 7,,(¥7"+1) is an extension of 7,,(S"),, by ,7%-(S"), for 
any p, any m < 2n—2. If p #2 is a power of a prime, the extension 
,(S"), the extension is 


is the direct sum. If p = 2, and x" generates 7,,, 


determined by the homomorphism e, where 
e(0) = Ka(a”" o S, 0) € 7,,(S")o. 


The first part is well known, and follows from the exactness of (7.2). The 
method of determining the extension is essentially that used in (3) in the 
case m = n-+-2, p = 2. 

Let p be a power of a prime; then, by (3.75), pl,, = Oifp ~ 2. Hence, 
for any y € 7,,(Y%*1) (p ¥ 2), 


m 
pr = pl,oy = 0. 
In particular, if p is a prime other than 2, every element of z,,(¥7*") is 
of order p, and the extension is the direct sum. On the other hand, if 


p = 2,21, = py, where p, is the homotopy class of the map i, 0 «’ o p’. 
Then, for y € z,,(¥3*%), 
2y 2l,oy = bi ote) 0 {p'}o {y} 
{i,} 0 a" 0 Sy jo(y) (7.5) 


> 
= 1,(a”" 0 Pre 

and 7, is the natural projection «,. 
If p is a higher power of any prime, we must proceed more indirectly. 


We have homomorphisms 


a. Tn( Ys )- 7 (¥ py ‘), Pause * ANS. : )—> (YF, > *, 
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and prove 


LEMMA 7.6. 


J pa ° Gus — Jp Jp ° Dia : {. O Jng 

Ppq.p o Up = tq © fy #y.pq o tng = *p- 
Let {} denote the homotopy class of the contained map, so that 
, en 2 tek —_ » bow : a ee eae ene 
i, {i»}s fp = tf,}- Then, for the last two formulae, observe, since 


f,|&* =4, of,, that 
drap © ty Une © (fp) 7% ty) 
na Sng 2 (fy) 
Ung of, tng of: 
Yy.nq ° tng : ‘fp of, ° (fina) ‘0 Ung) 
= {ty Ofp Of, 2 (fg) 
ty. 
Now f,,, 0 (f;,)~? is a cellular map and determines a map 
h: (Y5**, Sh) > (Yog*s Spa) 
with the same values; clearly 
hy: #,,{¥5**, 85) > #,AY¥52", 53.) 
(a) hy of, =fing ) 
(6) he Oj, jug Fngny | 
Since f',, f,, are isomorphisms onto (in the range considered), so is hy. 


is such that 


Since j,, = €0(f,)-!0j,, we have 
Ine ° Pog.p go (fing) . © Jpg o Ppa.p 
Co(h,of,)toh, oj, 
€0(f,)* Oj, 
Jp: 
Similarly y,,,, is represented by the cellular map f,, 0 f, © (f; 
determines 


1 whic 
— 1g)? which 


be: (es? Be) > (7et*, BS), 
with the same values, such that the induced homomorphism fk, satisfies 
ks ° Ive 7 Jp ° Yo,p9q° 

Jp 0 t,q = 00 (fp) , Ojp o #y.9 

€0(f,) bOky O jing 

6 of, 2 (Liq)! © dng 

f,0@0 (f;,)7 © jing 

fa doa 


since €of, = f,o@. This proves the lemma. 
q a 


Thus 
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Since 7z,,_,(S") is finitely generated, ,7,,_,(S") is the direct sum of 
cyclic groups of orders dividing p, which we suppose is a power of a 
prime. Choose a set of generators of these cyclic summands, and let 6 
be one, of order q, say, a divisor of p. Then 6 € ,7,,_,(S8"), and there 
exists a y€7,,(Y%*") such that j)(7) = 0; we have seen that qy = 0 
unless g = 2, when 27 is given by (7.5). Let y = ¢,,, 0 7; by Lemma 7.6, 


Inv) = IP) = 4, 
dy = $),°(¢7) = 9 unless q = 2. 


When q = 2, by (7.5), 
2y = $p20%,0a"0 8,8 


a 
i, (3 pa” oS, 4). 
Now «" is of order 2, so that either p = 2, or }pa” = 0. Therefore we 


have proved —_ 
I qy = 90, unless p = q = 2. (7.7) 


Here p is a power of a prime. This, in conjunction with (7.5), completes 
the proof of Theorem 7.4. 
Now we have shown that, if p + 2 is a power of a prime, 


(7>"*) ~ Th + Me (S"); 


oT oe 
however, this decomposition is not natural, in the sense that j), has not 
a natural right inverse (compare the natural summands in Theorem 7.1). 
This leads to awkwardness in the description of I1(1"*!, 8S”). 
We now compute the operations of I1(”"*!) on these homotopy groups. 
It is clearly sufficient to compute the operations of the generators given 
in Theorem 3.6. 
Obviously 1,, is a left identity on 7z,,(Y7*!), and we have seen, for 
€ 7,,(¥R*1), that 


beh 
/ “m 


BpoCy= ty oa"o S,jp(y): 
To determine the operation of the other elements, we must give a more 
detailed description of the groups. 

Since 7,,_,(S") is finitely generated, it can be expressed as a direct 
sum of cyclic groups whose orders are powers of primes or are infinite. 
In such a decomposition, choose a generator for each of the finite cyclic 
groups, and order the generators. Then the subgroup of elements of 
finite order is generated by 4, of orders q, (t = 1, 2,...). In 7,,(¥2*?) 
select an element y, such that 

Juve = % ny = 9 if A 2. 
If q, = 2, 2y, = t,o a" o S, 6. 
Let d, = G.C.D.(p,q) and k, = pq,/d,. Then ,7,,_,(S") is generated 
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by the elements (q,/d,)6,, generators of cyclic summands; (q,/d,)0, = 0 if 


p is prime to q, Consider 


ve = Pky ° Pia OV (7.8) 


7.6, 

Tw) = frtvJadvd = (kl p)O, = (qd). 
Therefore, if d, > 1, yp is of order at least d, By Lemma 5.1, even 
with d, —_ :. 


By Lemma 


= LLAl - l})-(]- ; y 
d, VE = th(kh— 1) ona oy = h(k,—1)(q% d,)i, oa" o S, A. 

We deduce from this that y? is of order d, unless p = 2 (mod 4) and 

ae , 
q = 2, when . 
f 2yP — ty oa"o S, 4, 
and y) is of order 2 or 4 according as this is zero or not. Our theorem 
is, for m < 2n—2, 

THEOREM 7.9. 7,,(¥%*1) is generated by i, 0 7,,(S") and by the non-zero 
elements y} (i.e. those with d, > 1). The only relations are those of 


ty o T(S"), 
together with 
2yPp =1i,0a"0 8S, if q = 2, p = 2 (mod 4), 


d,yp = 0 otherwise. 
The multiplication on the left by the generators of I1(¥"*") is given by 
relations (7.10), (7.11): 
1, 0, (8) = i,(8) 
od) ° i,(4) = 0 


P vap ° i,(0) = Geng?) (9 Em, (5 )), (7.10) 
Yp,vq ° tng(9) — i,,(0) 

1, On? = 9 

Hy Oy? = (q/d,)i, oO a" o S, 8, | fi 


Pray ° vw mt) VT +-ne oa”"o Sy 4, 
Pies ° yy" = , y+ ny Ooa”o Sy 6, 

where r= (pg,%)/(P.U)s & = U(P.%)/(P9I.%); € = 0 or 1, and « = 1 if 

and only if pqq/(pq:%) = 2 (mod 4), and also r, = 2 or 3 (mod 4); and 


9» = Vor 1, and » = Lif and only if pq/(p,q) = 2 (mod 4) and s, = 2 01 
3 (mod 4). 


These expressions result from calculating the canonical form (as in 


Lemma 5.2) of ' 
Poa.p ° Yop kt ° Piva 


and Pong ie) Pra,ki ° Pkiae 











if 


n 
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where k, = pq,/(p,q) and k, = pqq,/(pq, q), by using relations (3.4), (3.5), 
and (3.7). 


8. The groups {Y?*; 8”) in (II"*!, 8”) 
Let m < 2n—3. Then it follows from § 2, and §§ 5, 9 in (1), that there 
: 33 
is an exact sequence 
i(S™) > {¥R+1; S) or, (S™) > 0, (8.1) 


Tn 4 


wheret 
* ’ “_ ’ . 2 
(2) = fo {p’}, (0) = prys(S”), = JR(€) = E0%,, (8.2) 
if uv’ is asin § 3. The analogue of Lemma 7.6 is 
He - 


Lema 8.3. If Ce 7,.,(S™), €€ {¥2t}; S™}, bef {Y%+?; S™}, then 


n pa 


UagS) se) Cin - ix(f). in(f) ° —_— "2 ine Sify ° ¢). 
TE o Poaad Fogl€) © Seo Teé Oo Py nq) v Feé). 
Eop, = = i*(j*(E) ° x"). 
For we easily see that 


, 


1} OF ian = {Hs (SOV nm = Saby oH, 
Ppap 0 tp = tyq OS Yp.pq° Ypq = tp 
Also Eop, = E0t, oa" o {u'} = i*(j*(E) 00"). 
It is shown in (2) that, if @ € »™,(S™) is of order g, there is a € € {¥"*1; S™ 
such that 


i*(@oa") if p=q = 2 (mod 4), ; 
EE—F, € mM «x. : (8.4) 
lo otherwise. 
This gives the structure of the groups {Y"+!;S”™'. The analogue of 
S [- »- j S 
Theorem 7.4 is 
THEOREM 8.5. {Y7*1; S™} is an extension of 7, .,(S"), by ,7,(S”). 
If p # 2 is a power of a prime, the extension is the direct sum. If p = 2, 
the extension is determined by the homomorphism 
é: 27 ,(S™) - iz Ty o(S”) 
given by e(@) = i3(8 0 x"). 
This will follow from the previous lemma and the next theorem. The 
point of considering only powers of primes lies in the analogue of Theorem 
1, proved in the same way. 
Now 7,,(S™) is finitely generated, and so can be expressed as a direct 
sum of cyclic groups whose orders are powers of primes or are infinite; 
and 7. 


+ No confusion should arise between ty 
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let generators 6, of orders q, be chosen for the finite summands in some 
such decomposition, t = 1,.... In {¥/7*1; 8S™} choose €, such that 
je(é) = 9 and q€,=90 unless q =2. 
Let d, = (p,q), and k, = pq,/d,; define 
EP = £,0 Vane, © Pray (8.6) 


Then, as with y?, 
TEP) = (qd), 
dE? = 4h q/d))(ki— 1 )i% (0, Oo a"), 
so that d,é? = 0 unless gq, = 2 and p = 2 (mod 4), when it has the value 
i% (A, 0 x"). 
Then the analogue of Theorem 7.9 is 
THEOREM 8.7. {Y¥7+1;,8™} is generated by i} 7, ..(8™) (= 7,4,(S”),) 
and by the non-zero elements &? defined by (8.5), with d, > 1. The only 
relations are those of i* 7, ,,(S™) together with 
2é? = i%(0,0 x") if q, = 2, p = 2 (mod 4), 
d,gé? = 0 otherwise. 
The multiplication on the right by the generators of I1(Y¥"*") is given by 
(8.8), (8.9): 
i(f) 0 1, = a5 (f) 
pe ; 
v(S) OM, : 0 
- ‘titi 
tq($) © Ppa.p = tS) 
US) Oy ng = WqlS) 
spol, = 
EP Op, = (q%/d,)tn(8, © x") 
sf? o Peas = 8 EP + nin (O, ° a”) 


. rk 
Pp ° — . rhe a o x”) 


(8.9) 


where 1, &, €, n mean the same as in (7.11). These last two expressions 
are obtained by an argument similar to that used in proving (7.11). 

There remains one problem: when m = n, n+1, there are essential 
maps S”-—> Y"~!, yi*!— 8S" whose compositions we must determine. 
It is obvious that all compositions 

Sm > Yirt+ 8" (m= n,n+1) 
are inessential, and also that all essential maps 
Y5ti+ 8*@+ Yat! (m =n, n+1), 


if any, are multiples of y,_,,. 
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The results are summarized in 
LEMMA 8.10. If c*, «* respectively generate 7,(.S*), 7;,,,(S*), then 
i, 0 85 (a") = pig.» = 8, 0 a* 0 i9(e"+1), 
and all other classes of compositions 
ee 1_, §m_, > fall S* — Ys" 1,8" (m=n,n+1) 
are zero. 


On the other hand, the general problem of determining the com- 


positions Sm_y yar > Sr. 
where m < 2n—2, n < 2r—3, is not solved. 
Appendix 


Theorem 5.1 in (6) has a special case: 

THEOREM A. I[f f: SK, > SK,, where K,, K, are CW-complexes, K, is 
(r—2)-connected, and dim K, < 2r—3, then f ~ Sg, for some (cellular) 
map g: K, > Kg. 

This can be proved from, and implies, a lemma derived from Theorem 
II in (11): 


LemMA. /f r > 3, and K is (r—2)-connected, 
S,: 7,(K) > 2,,,(SK) 
is an isomorphism for q < 2r—4, and onto for q < 2r—3. 


This lemma is used in the proof of J. H. C. Whitehead’s theorem 
(unpublished), 

THEOREM B. If K is an (r—1)-connected CW-complex and 

dim K < 2r—1, 
then there is an (r—2)-connected CW-complex L with dim L = dim K+1, 
such that K and SL are of the same homotopy type. 

I have already referred in (2) to this result. It is clear that A’ is of 
the homotopy type of a cluster of r-spheres; let L’~' be a similar cluster 
of (r—1)-spheres so chosen that there is a homotopy equivalence 
f.: SL’-! + K". Suppose that L”~', f,, have been constructed so that /,, 
is a homotopy equivalence f,: SL"-! > K". By the lemma, 

fy © Sg: 7y-3(L"-") > 27, (K") 
is onto for n—1 < 2r—3. Let the (n+ 1)-cells of A”*! be attached to K” 
by maps g,; then there exist maps gj: S"-! > L"-! such that f,, o Sg; is 
homotopic to g;. Let L” be formed by attaching cells with attaching 
maps g;: by Lemma 3 of (10), we can extend f,, to a homotopy equiva- 
lence f,,,,: SL" > K"*!. Thus L can be constructed skeleton by skeleton. 
. 


3695 .2.5 
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Let K be as in Theorem B, with dim K < 2r—2,v;: SL; > K (i= 1, 2) 


classes of homotopy equivalences. Then v, possesses an inverse vz 1, and 
by Theorem A there is a class of maps 6: L, > L, such that 
S,0 = vytoy,. 
We can use this to introduce an additive structure in {K; X}, for any 
simply-connected X, in a slightly different way from that of § 3. For 
v, determines a one-to-one transformation onto, 
Vy: {K; xX} => {SL,; X} 

given by v,(~) = 20 »v,; since X is simply-connected, the set {SL,; X} 
can be identified with the elements of the track group (L,)'(X:x,), 
x, € X. Also 6 determines a homomorphism (L,)!(X;2,) > (L,)'(X:2,) 
[§ 2, (1)], which is a homomorphism {SL,; X} > {SLZ,; X} such that 
a—->ao8S,6. Therefore, since v; are classes of homotopy equivalences, 
the homomorphism is an isomorphism onto. Define addition in {A; X} 
by the rule 

: a+B 


= (aov,+Borv,)or}. 


Then the addition is independent of the choices of L;, v;.. The addition 
in our application in § 3 is abelian because (Theorem B) each L is of the 
homotopy type of a suspension SM, and, if X is 2-connected, 


(SM)'(X;x,) = (M)?(X;2,). 
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UNIVALENT REGIONS OF INTEGRAL 
FUNCTIONS 


By J. CLUNIE (Keele) 
[Received 19 February 1954] 


1. THe object of this paper is to prove the following: 


THEOREM. 1'o every integral function f(z) of order 0 < p < } corre- 
sponds an infinite sequence of simply connected domains D, whose minimum 
distance from the origin tends to infinity with q, and a corresponding 
sequence of numbers A, such that lim A, = © (q > ©) with the following 
property: each domain D, is mapped by w = f(z) univalently either onto 

w' < A, or onto this circle with not more than 2e(2—logcos zp)sec zp non- 
inlersecting segments joining interior points to the circumference removed. 


Valiron (2) has proved the above theorem for p = 0 with 
2e(2—logeos mp)sec mp 


replaced by 2 and has conjectured that this result is true for p < } 
The method of proof will depend on Wiman’s classical result for integral 
functions of order less than }, and on the idea of proximate orders. 


2. The notation used is as follows. f(z) is an integral function of 
order p (0 < p < 4). The maximum value of |f(z)| on the circle |z| = r 
is denoted by M(r,f). The number of zeros of f(z) in |z| <r is n(r,f); 
n(0,f) is the order of the zero of f(z) at the origin. The number of 
zeros of f(z) inr < |\z| < Ris n(r, Rf). 


The proof of the theorem requires a series of lemmas. 
| 


LeMMA |. (1) Joan integral function f(z) of order p there corresponds 
a continuous function p(r) (a proximate order of f) such that 


(i) p(r) is differentiable for r > ro, except at isolated points at which 


p'(r—0) and p'(r+-0) exist; 
(ii) lim p(r) = p; 
rx 


(iii) lim rp’(r)logr = 0; 
ra 
lim np EUS) a 


(iv 
r—>ox rp) 


~— 


Quart. J. Math. Oxford (2), 5 (1954), 291-6. 
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Lemma 2. [(3) 128.] Jf p(r) is a proximate order of f(z), then, for an 
infinite sequence of r, 





log| f(z)! > (cosmp—e)r™ (€ > 0). | 
Lema 3. If p(r) is a proximate order of f(z), then for all suitably large r 


n(r,f) <e(p+e)r™ (> 0). 


By Jensen’s theorem, 


— —~ewesee 


r 27 
* n(x, f)—n(0, P neat 
a ai »f) dx + n(0,f )logr = — log f(re ‘®))| d@ — log|c', 
0 0 
where c is the coefficient of z"/) in f(z). When r is large enough, then 
, ) Se 
log M(r,f) << (l+yn)r (> 0), 


so that, with k > 1, 


kr kr 
mad dx < | els dx + n(0,f )logr 
0 0 
,_—__ 
= — log | f(kre’’)| dd — log'\c 
27 J ; 
0 
~ log M (kr, f )—log cl< ( ewe n)(kr Pe”, 
= © (Joy \plkr 
and thus nr, f) < (1 )(kr per 
; log k 


Now it is easily shown that 7?™-?- is ultimately a decreasing function | 
of r for any 6 > 0. Hence, when r is large enough, 


(kre p—5 a yP(r)—p-8 | 


which gives (kerr) < fp +8pptr), 
, es p+d pplr) 

Therefore n(r,f) < (1+ 9) ke ae i 
log k 


The minimum value of 4?*/log k is e(p+8), so that finally 

n(r,f) < e(p+8)(1+ n)re™. 
It is apparent that by choosing y and 6 sufficiently small the lemma 
follows. 


Lemma 4. Jf p(r) is a proximate order of f(z), then 


p COS 7p _ elon (ce > 0) 


n(r,f) > 


~ \2—logeos zp 


for all sufficiently large r for which Lemma 2 is true. 
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From Jensen’s theorem, 
r 
* n(x, f)—n(0, 
| (%,f)—2(9,f) 9, 


x 


n(0,f logr > (cos zp—n)r\—log \c 

0 
for » > 0, provided that r is a value for which Lemma 2 is true, with 
replaced by ». Hence, with 0 < p < 1, 


n(x,f) 4. 


x 


4 4 
| - Sf) dx > (cos 7p—2n)re”) — | 
x 


. . 


vr To 
if r is taken large enough. When the result of Lemma 3 is used in the 
integral on the right-hand side of the above inequality, we get 


. l ° aPlr) 
n(r, f log— > (cos tp—2n)r” —e(p+ 5) | "dx (8> 0) 
L x 

To 

ar 
= (cos 7p—2n)r\” —e(p+8) Px)—p+8y-p-8-1 dx 
Po 
“ (cos 7p- — 2n)re” — e(p+ +8) 1p —5;-p(r) 


p—d 
since 7”-?*° is ultimately an increasing function of r for anyd > 0. Thus 
[cos zp—2n—{e(p+8)/(p—5)}w?*] 
log(u-?) 
 /Cosmp—ewh—y| | plr) 
| loge) 


when », 6 are suitably chosen. It can be shown that 





n(r.f) > 








cos mp—epP—y > p(cos mp—y) 
log(u . 


~ 2—log(cos zp— -y)’ 
and so the result follows when y is taken small enough. 


Lemna 5. If r is so large that Lemma 2 is true, then 


(i) n(r.f) > { pcos7p — ae ron), 
\2—lozcos ™p | 
(ii) n(r,f’) < € (p+ €)r P(r), 


where p(r) is a proximate order of f(z) 





Lemma 5 will follow from Lemmas 3 and 4 if it can be shown that a 
proximate order of f(z) is also a proximate order of f’(z). This will be 
the case if log M(r,f’) 


lim sup ——__—_ = 1. 
r—»o0 Ptr) 
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Now fle) = [£0 a +f) 

d 
which gives M(r,f) <rM(r,f’)+ | f(0)|. 
Therefore log M(r,f) _ log M(r,f’) , logr fo 








pp = ptr) 2 ar 


K 


logr 








for some positive constant K. When the limit is taken of both sides, then | 


og M(r, g M(r,f) 


= lim sup — 
p pr) 


r>x 


< lim sup — 


By Cauchy’s theorem, 
’ 1 f 
f(z) = f(s) d€. 


Qari J (¢—z)? 





Choosing the contour of integration to be |{—z 


M(r.f’) < <M(r4+38,f), 


1, 
< 54 
and so 

log M(r,f’) 


pr) 





lim sup — 


TO 


< lim sup 


roa 


< lim sup 


Since 7°-P-7 (y > 0) is ultimately a decreasing function of r, it follows 


that, if r is large enough, 


(r+8)er+8)-p—-9 < yplr)-p—n, 


(r+§)per+d) - (ay 


and thus 





yer) r 


which shows that 


, M( p+n 
lim sup 8M.F") — < lim sup{— sas = | 
ro rrr) ro r 
: log M(r,f’) 
Hence ine ——— = |, 


and p(r) is also a proximate order of f’(z). 


Lema 6. It is possible to choose a sequence of annuli such that on the 
boundaries of each member of the sequence Lemma 2 is true and also 


Fh ne 





(i) n(r, R;f) > —¢} RAR), 


|2—logcos zp 


(ii) n(r, R;f’) < e(p+e) RM, 





log. M(r,f’) 
rer) 





| = 6 gives 


log M(r+-6,f) 
Pir) 
(r-+3)Ar+9 


ro Ptr) 


a Seep en 





then 


lows 


the 
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Suppose that Lemma 2 is true for r, R. Since n(r,f) > 0, it follows 
that, given r, we can choose R so that n(r,f)/n(R,f) < » for any » > 0. 
— n(r, R:f) = n(R,f)—n(r,f) 
> n(R, f)(1—n) 
~ {__pcosmp _ _ <l Rew. 


\2—logeoszp | 


/ 


\\ 


when 7 is taken small enough. Also 
n(r, R;f’) = n(R,f')—n(r,f’) 
<n(R,f’)' 
< e(pte) RH, 
whence the lemma follows. 


Lema 7. Jf Lemma 2 is true on the boundaries of the annulus (r, R) 


and Lemma 6 holds in this annulus, then the set of points in (r, R) such 


| that f( 


z)| < (cos 7p—e)re™, cos7p > € > 0, 


| denoted by E, is open and is the union of a finite non-zero number of simply- 


a 


connected components. Each component contains at least one zero of f(z) 
and is mapped p times onto |\w < (cos7p—e)r™ by w = f(z), where p is 
the number of zeros in the component. 


By Lemma 6 the annulus contains at least one zero of f(z) and there- 
fore E is non-empty. If £ contains all points on a simple closed curve, 
then it follows from the maximum-modulus principle that all points 
within the curve also belong to EZ. This shows that each component of 
the set is simply connected. If z, belongs to EZ, then 


\f(Zo)| < (cos mp—e)r&™ < (cos mp—e)(1—n)r™ 
for some » > 0. From the continuity of f(z) it follows that for some 5(7) 
all points of the circle |z—z,| < 6 satisfy 

if(z)| < (cos mp—e)(1—4n)r0™ < (cos mp—e)r, 
i.e. the set His open. 

By Rouché’s theorem, in each component f(z) —w, |w) < (cos 7p—e)re” 
has the same number of zeros as f(z). Since f(z) is non-constant, it takes 
at least one value once, and so must contain at least one zero. Therefore 
the number of components of F does not exceed the number of zeros of 
/(z) in the annulus. The final point of the lemma follows from the above. 


3. We are now in a position to prove the theorem. Let {(r;, R,)}? be 
asequence of annulisuch that on the boundaries of each annulus Lemma 2 
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holds and such that the zeros of f(z) and f’(z) in each annulus satisfy 
Lemma 6. There is at least one component of the set of points in the | 
annulus (r;, R;) satisfying 






















f(z)| < (cos zp—e)rh'" : 
which contains « zeros of f(z) and not more than 
xve(2—logcos wp)sec mp-+-e 
zeros of f’(z). If this were not the case, then Lemma 6 would be con- 
tradicted. 
When z describes the above component, then w describes a Riemann 
surface of « circles of radius (cos 7p—e)r?. In one sheet of this surface | 
there must not be more than 
2e(2—logeos mp)sec mp+e 
branch points. The inverse image of this sheet (after the removal of | 
non-intersecting segments joining the branch points to the circum- 


ference) is also simply connected. The domain D, is defined to be the 
component described above and 4; is defined to be (cos 7p—e)r@'””. 
It is to be noted that, when p > 0, then 
2e(2—logeos 7p)sec 7p — 4e, 
so that the limiting case disagrees with Valiron’s result. 
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= EVEN QUADRATIC FORMS WITH 
| DETERMINANT UNITY 
By F. VAN DER BLIJ (Utrecht) 
i [Received 26 February 1954] 
* Con- 


Ix this note I give some elementary proofs of theorems concerning 





mann | positive-definite even quadratic forms with determinant unity. 


irface 
1. Definitions 
Let & denote a positive integer. We define the following functions 
.) of t (¢ emit gi < 1): 
val ot \ d d ) 
‘cum- 1] 8k 8k 8k 
: A, ; $ (99 +9 + P40 , 
e the : 
where topo bs q" Oe, b 3 (—1)"q"", 319 = > Gut” » denotes > 
} n n n n n x 
and B, = > qe—™, 
(mig) 
where Q(m,,.... Mg.) is an even quadratic form with determinant unity. 
1 8k { i 
| (A quadratic form a,,2?+2a,.x7,%,+... is called even if the numbers 
i 1 u*% “is 
) 4a,), Gyo,... are rational integers. ) 
Math, 


2. Theorems 
nul} [1] AP = Ap. 


elsea, | [2] There exist forms Qi such that the corresponding function By 
equals A,.. 
[3] The [4k]+1 functions Af **Aj, with a fixed integer k, are linearly 


independent. The function A, can be represented as a sum of these 


functions with constant coefficients. 


' 3. Modular forms 

If we use the theory of modular forms, parts of the theorems of § 2 
| become trivial facts. From the well-known transformation formulae of 
' theta functions it can be deduced that A, isa modular form of dimension 
—4k, Using the transformation theory of multiple theta functions (2), (5) 
it can be proved that B,, is a modular form of dimension —4k. We know 
there exist [44]+ 1 linearly independent modular forms of dimension — <. 
| Thus A, = B, and A? = A, = B,. 


Quart. J. Math. Oxford (2), 5 (1954), 297-300. 
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4. Proofs of the theorems ‘3 


[1] I first prove #4, = 34, +-34,, a well-known formula from the theory} wi 
of theta functions. I give an elementary proof, which illustrates the! 


VAN 


methods used in the proof of [2]. Write 
= > py(N)qX, c 
N=1 | 
w= 1+ s r.A(N)q’, | 2 
N=1 es 
H = 1+ S (-1P ne | 
We have p,(2V) = 0 since (n+ 4)? = } (mod2). I show that, if V is } 
an odd integer, p,(V’)) = 2r,(N). Let odd integers wu, v, w, s satisfy iM 
u?+v?+-w?+s? = 4N. 
Then = are as many solutions with } wu = 0(mod4) as with i. I 
> wu = 2(mod 4). For, if ¥ wu = 0 or 2 (mod 4), then 
—u+v+w+s = 2 or 0 (mod 4). \ 
Let x, y, z, t be integers satisfying E 
y2+-y2+ 22+ 72 = N. 
Then, when > u = 0 (mod4), we have a one-to-one correspondence | 
between the two sets of variables given by fi 
u=2r+y+2+1, v= 2+y-—2-1, n 
w= r—y+2-1H, 8 = r—y—z-++, } 
since this gives 
ut = 45 2%, 4x = u+v+w+s ; 
and wu, v, w, 8 are odd integers. 7 
We proved r(N) = (—1)*r,(N)-+p,(N): | 
that is to say #4, = 34,4 34). 1 
From this we find after a simple calculation h 
Aj— Ay = (Ho +9 +F}0)?— 3(H09+ 91+ 515) = 0. i 
[2] 4, =1+ ¥ (Ng 
N=1 | 
where A(N) = HHre(N)+(—1)*7rq.(N)+ pg, (N)}- 
It may be readily seen that A,(V)) = 0 if N equals an odd integer. ; 
If N is an even integer, we have ; 


N(N) = re(N)+ dpe). 
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8k 
) Thus A,(2.V) equals the number of the integral solutions of } y? = 8N 
i=1 

leory} with 

. | 

3 the Y, = Yo mae Ya, (mod 2), Yy+Yot..-+Yg, = 0 (mod 4), 
| since every ‘even’ representation (y) satisfies the second congruence and 

half the number of the ‘odd’ representations (y) satisfy the second con- 

} gruence. Now there is a one-to-one correspondence between the systems 
| (y) satisfying the congruence relations and all systems (z) of integers 


established by 
} 


| Y, = 42,—22,—...— 22g,_, —Zy P 

Y; 22; —2Zg) (j = 2, 3.,..., 8k—1). 
V is} Yar — Ze, 

| We find that A,(2)) denotes the number of integral solutions of 

4Q* (2450-5 Zap) = (42, —2zo.--)? Ms 22;,—z9,)*-+22, = 8N. 
vith <% 


It can be readily seen that Q*(z,,...,Zg,) is an even quadratic form. The 
determinant of the substitution y > z equals —2**. Thus 
4Q*| — 216k, Q*| = 1. 
| 2 2 
| Hence we have proved 
} A, = J+ > AAN )q® 7 > A,(2N )q?* aioe ¥ qerm gooey mek). 
(m) 
tae [3] We prove that A, can be represented by a linear combination of 
functions Af~**A%. This is trivial if k = 1, 2, 3. We proceed by mathe- 
| matical induction. We use the identity 


Ay = 24, Ay ;—A? Ag gt HAs—ADAr-» (K>4). (1) 
In order to prove this identity we note that 
} (x—F§,)(x— 95, (wa — Fg) = 23+ a, 2?+0,7+ d5, 
where auth, «etiicdia 
%y = —§(A,+2A?—3A, A,) = 3(A?—A,). 
' 
: Thus ak — 2A, axk-1— A? xk-24 3(A,— Af)a*-3 
) has roots #8, 98,, and #. By substituting these roots and adding the 
| equalities thus obtained, we can prove the formula (1). 


Since 35, 35, F{, + 0, we have A, + A}. 
Now we prove that the functions A*~ **A3 are linearly independent. 


For let ; 
> Ha Ai AS = 0. 
Then ¥ (A, A; *)* = 0; thus A, A; * equals a constant number. Since 
} A, = 1+... and A, = 1+..., we find A, A;* = 1. Since A, + A}, we 


have proved that the functions A*~**A? are linearly independent. 
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5. Conclusion 

Since there is only one class of even quadratic forms with determinant 
unity in 8 variables (3), we have A, = B,. There are two classes of such| 



























forms in 16 variables, but we have for every form Q, the identity 
A, = B, (6). Using the theory of modular forms, we have proved that} 
every modular form of dimension —4k can be represented by a sum of| 
multiple theta series. } 
Using the simple proof given by B. van der Pol (4) of the formulae 


A, 14240 ¥ o,(N)q?’, } 
N71 

A, = 14480 ¥ o,(N)q?’, TH 
come } sin 


we have found a simple proof of the fact that the number of the} th 
' 
representations of an even integer 2N by an even quadratic form with} ev 
determinant unity in 8 and 16 variables is given by 240c,(N) and 
4800,(N) respectively. (1), (5). 
We remark that 


A,— A? = 3x 2°A,, } 

, r wh 
where A; = q [J (i—q")* = > r(N)q*. 
n=1 N=1 } 
Here 7(.V) denotes the number-theory function of 8S. Ramanujan. If we 
denote the Eisenstein series of dimension — 12 by : 
- ' 

Cy = 1+53889 S on (¥ 0%, } an 
we find in due course 
691A? = 432-000A,+ 691C%, 
691A, = 697-344A,+ 6910. ! 

Le 
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ant! A NEW EXPANSION FOR THE MODIFIED 


such 
pees BESSEL FUNCTION &K,(2) 
that 
n ol By C. P. SINGER (Hayes) 

} 
lae 

[Received 4 March 1954} 
) 


, 


THE following is a new expansion for K,(z) in terms of J,,,(z), where the 
singularity at the origin is isolated into a single logarithmic factor to 
the} the first term only, while the remaining terms of the series are regular 


vith} everywhere. The expansion is 
and 


. l 
K,(2) (y-+log 4z)Jg(z)+2 > I,,, (2), 
n 
1 
where y is Euler’s constant. 


Proof. We have 


we 2m 
(2 go 1x)](z) + 
K,(2) (y-+log 42)Iy(z) 2 DF 


and so the theorem asserts that 


} 
x a ‘ n 

Se. ee} > 

inn ™ 24. (n!)? k 

n=1 n=1 k=1 
} 

x 
“ (4z)%e+m) 
Le., since I,,,(2) / \(9naum)!’ 
: a m!(2n+m)! 
m=0 

' 

’ Z if S x ‘ m 
m, « | 4 (iz 27 +m) l =~ 1, 2m — ] 
that S * L ) ; 2 (3 a 
an <. m!(2n+m)! 2 (m!)* k 
the n=1 m=0 m=1 k=1 


The coefficient of (4z)?” on the left is 


er 
' n 
On.y = ] 
— r(n—r)!(n+r)! 
ul-f r=] 
th.) ] = J 


and on the right is 


| 2(n!)? 


Quart. J. Math. Oxford (2), 5 (1954), 301-3. 
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Thus the theorem requires the identity Adc 


n 


(n!)? ie 
pi r(n—r)!(n-+r)! > 2, k 








To prove this result, let the left-hand member be }S,; then 
a. -1(y,1)2 
i ws 2> r*(nt )? 
(n-+r)! (n—r)!’ 
AS, po Sn _ } anc 
2. pV 2— (n2— 2) 
= (n—1yye Y ae) 
L, (n+r)!(n—r)! 
r=1 
I 
n-+-r)—(n—r 


< (” +r)! '(n—r)! 


—_ mn 
i(m—1)!} Z. 


r=1 


| EEE 
\(n-+r—1)! (n—r)! (n+r)!(n—r—1)! 


{(m—1)!}* l 


since there is zig-zag cancelling in >. 


n l 
i Ss S = S = a 
hus n = > (AS,) bs i 


cs (n!) 

and so 2 —— - “5D 
r(n-+-r)! (n—r)! ke I 
r=1 } 
This result can easily be generalized. For, using the Wronskian, we 
know (see, for instance, N. W. McLachlan, Bessel Functions, p. 116, 
ix. 20) that 
D(z) K,43(2)+-1,4(2)K(2z) = 27, 


V 


where v, z are in general complex. When v is a positive integer n, we 
thus obtain the following set of equations: 


| 
| 
| 
| 
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|Adding all the equations, we have 


, ' Kz), 1S io 
K,44(z) = (—1)"*1,, , 
n 1 ) ( ) r (2 Niet z) | 2 Liz i _(2)) 


where ” is a positive integer or zero. When n is a negative integer, we 
have K,(z) = K_,(z) and so K_,(z) = K,,(z). 

These expansions are convenient in permitting operations on K,, 
to be carried out in terms of J, (a function which is regular everywhere 
jand tabulated in British Association tables) with the exception of one 
term only which has a singularity at the origin. 


we 
16, | 











EMBEDDING IN HOMOGENEOUS SPACES 





By M. SHIMRAT (Jerusalem) 
[Received 3 March 1954] 


1. A TOPOLOGICAL (or metric) space S is said to be (metrically 
homogeneous if, for any two points a, b of S, there exists an (isometric 
homeomorphism of S onto itself carrying a into bd. 

A completely regular space can be embedded in a (normal) homo-| 
geneous space. This follows from the fact that it can be embedded in| 





a cube [see (3) 29] and therefore in a product of |-spheres. It is the| 
main object of this note to prove that any space can be embedded in 
a homogeneous space and that the separation and connectivity properties} 
of the given space can be preserved in the process of embedding. 


2. THEOREM |. Any topological space S can be embedded in a homo-| 
geneous space S* so that 


(i) if S is T, T,, Hausdorff, regular, normal, completely normal | se¢ 
(1)| or perfectly normal,*+ the same is true of S*; 
(ii) if S is T,, then S is closed in S*; and 


(iii) if S ts connected or locally connected, so is S*. { 


Before carrying out the actual construction of the embedding space| 


. . ous ° . . . ° 5 
I shall explain the intuitive geometrical idea behind this construction. } 
A homogeneous space may be thought of as one in which every on 


is in the same relation to the rest of the space. Let S be the given space} 
which is (perhaps) not homogeneous. We provide ourselves with an} 
unlimited supply of copies of S (in each of whith we denote the points| 
by the same letters as the corresponding points of S). Let a and b be} 
any two distinct points of S. We take a copy of S, which we call S,,,? 
and attach it, at its point b, to the point a of S. We do this for every | 
ordered pair of distinct points a, b. 
We now treat each S,,, in the same manner, by attaching fresh copies | 
of S at each point, except at 6; and we go on like this indefinitely. _| 
In order to see that the space S* thus constructed is homogeneous, 

consider first the configuration S, obtained as follows. Take a collection 
+ A space is perfectly normal if, for any two disjoint closed sets A, B in 8, | 
there exists a continuous real function on S with f(A) 0, f(B) l and | 
0 <f(p) <1 elsewhere. 
} 


Quart. J. Math. Oxford (2), 5 (1954), 304-11. 
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{S,} of disjoint S-spaces (i.e. copies of S), one for each point c of S. In 
each S,, take the point c and identify all these ‘diagonal’ points into a 


| single point. 


Returning now to S*, if a, is a fixed point of S, then the various 


| S-spaces passing through ay are the S,,, (b Aa) and S itself, which 


~~ 


ly) 


etric)| 


Oomo- 


ed 


in 


s the} 


ed 


in 


erties! 


pomo-| 


. | se¢ 


space 


tion. 
) 


oint 


pace 


h an) 


pints | 
b be! 


Sup 


ver 


ypie 


’ 


YI 


, 


) 


j 
-OUS, 
} 


tion 


in S, 


ant 


| 


may be thought of as S,,,,. We therefore have a bundle of S-spaces 
through a), homeomorphic to the above S,. To every point other than 
a, of every one of these S-spaces there are attached new S-spaces, and 
soon. This picture is the same for every point of S*, which is therefore 
homogeneous. 5 


3. We are now going to prove the theorem. Let S be the given space. 
We construct the embedding space S* as follows. 
Consider the group G generated by all points a of S with the defining 


ations ‘ . 
rela s a®=1 (a€S8). 


Every element g of G can be expressed uniquely by a normal word 
(empty for the unit 1) 


g = 4,a,...a, (n >0), 


i.e. one in which a; 4 a;,, throughout. The sign = is meant to imply 
that the right-hand side is a normal word. I shall call the a; the 
coordinates of g. 

Those elements g for which nis even form asubgroup E of G of index 2. 
The coset G—£E consists of all elements of G with odd n. We now put 
S* = G—E and we shall presently introduce a topology in S* by 
defining neighbourhoods of points. 

(The connexion with the intuitive description given in § 2 is as follows. 
The space S,,, of § 2 is the set abS in the present notation. The point 6 
of S,, is attached to the point a of S because abb = a.) 

I shall call a neighbourhood field (or a field) any correspondence NV 
assigning to each element 

d = 4,4...dy-, (k >1) 
of S* a neighbourhood N(d) in S of its last coordinate. Thus, for a given 
N, N(d) is determined by d and is a neighbourhood of a,,_,; in S. For 
the sake of convenience we shall assume that in S the neighbourhoods 
of a point are the open sets containing it. 

For every field N we denote by Ky the set of all points 


€ =A, 4q...dq, (1 > 0) (3.1) 
of E such that 
Ay; € N(a,@q...dg;-,) (it = 1, 2.,..., l). (3.2) 
3695.2.5 x 
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We now define as neighbourhoods in S* of a point p of S* all the sets|(y 
pky, where N is any field. Ww 


4. In order to prove that S* has now been made into a topological 
space we have to show that the neighbourhood axioms are satisfied by} gi 
the sets pK,. n 

(i) Obviously any point has neighbourhoods. Also pe pKy, since 
1 ¢ Ky for every NV; 1] = 0 in (3.1) and (3.2). 

(ii) If pKy,, pKy, are neighbourhoods of p, we form the field JX, 


defined by: N,(d) = N,(d)N N,(d) for every de S*. Clearly N 
pKy, = pKy, pKy,. P 

(iii) Given a neighbourhood p&,, and a point q ¢ pKy, we have to} » 
show that some neighbourhood q¢K,. is contained in pKy. gi 
Let g = pe where th 
e€ Ky, € =A, y...Ag,, (m > 90). (4.1) | 7 

al 


We define a field N’ by 
N'(d) = N(ed) (de S*). 


We have to show first that N’(d) is a neighbourhood of the last coordinate | ? 
of d. This is clear in case the last coordinate of ed is that of d. The only | ™ 
other case is when all the coordinates of d cancel out in the product ed, | 
ie. when al 





d = gm Gom-y---A; (1 <j < Mm). ol 
We then have ed = A, 4q...9;_), 

and N(ed) is a neighbourhood of a,;_,. By (4.1) we have | th 
Ay; € N(a,Qq...dg;_,) = N(ed). | 
0 

As an open set containing a,;, the set N(ed) is a neighbourhood of a,,, | 
i.e. of the last coordinate of d. = 
We shall now prove that gK,.cpK,. Let ge’ be any point of qKy,, i.e. of 

e”’ = G. Ge.. Mis 8 > 0), 
1“2 2s ( a ) } te 


, y , , , Ld 6 » 
where Qe; € N'(a,aq...dg,_ 1) (¢ = 1, 2.,..., 8). 


We have ge’ = pee’ and we want to prove that ee’ € Ky. 
, ° : ~ 7 ) 
In the product ee’ = a, dy...d9,, 4, 43...45, a certain number ¢ (> 0) of | ta 
coordinates at the end of e cancel out with ¢ coordinates at the beginning 


of e’. We therefore have 


, , ’ , 
ee Ay Ay. .Agm 4444 1444 9++-gg 


SC 


| 





sets 


zical 


d by 


ince 


e to 


(4.1) 


nate 
only 
t ed, 


Ay. | 


, Le. 


)) of 


ning 
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(where the a,’s and/or the a's may be missing). On the right-hand side 
we have, for every a,; (2 < 2i < 2m—), 
Ay; € N (a, ag...d9;_1) 
since ¢€ Ky, and for every a3; (t+1 < 2i < 2s), which is an even- 
numbered coordinate of ee’, 
Ao; € N' (aj a9...€5;_1) = N (ea; a3...09;_ 4) 
, , , , 
= N (a, Ag.+-Agm 4444 1 iy , 9---g;_4)- 

We therefore have ee’ € Ky, as required. 


5. S* has been shown to be a topological space and we shall now see 
that S is embedded in S*. Since S<cS*, we have to show that the 
relative topology of S as a point set in S* coincides with that originally 
givenin S. For this it suffices to prove that for any a € S the neighbour- 
hoods of a in S are exactly all the sets aK, 9 S, where N is any field. 
This follows from the fact that the point ae (a € S, e € Ky) lies in S if 
and only if either e = 1 or e = aa’ (a’ € N(a)—{a}), and therefore 
akyN S = N(a). 

6. S* isa homogeneous space. In fact, for any fixed e ¢ £, the mapping 
pep of S* onto itself is an automorphism of S* since it carries a 
neighbourhood pK,, into the neighbourhood epA,, and vice versa. 

If now po, YJ are given points in S*, the mapping p — q) po 'p is an 
automorphism of S* carrying p, into qy. This proves the homogeneity 
i of S*. 





} 7. Suppose now that S is 7, or 7,. We shall prove that S* then has 
| the same property. 
Let us assume first that S is J, and let p, q be any two distinct points 


Poe . 
of S*. We put = p lg A, Ay...Ag) (Z > 0) 


- and consider the two distinct points a,, a, of S. We have at least one 
' of the following cases: 
(i) There exists a neighbourhood U; of a, in S, with a, ¢ U,. Then we 
} take a field N, such that N,(a,) = U, and we have 
q = pe = pa, Qy...dy ¢ pKy,. 

(ii) There exists a neighbourhood U, of a, in S with a, ¢ U,. Then we 

_ take a field N, such that N,(@)@y)_,...dg) = U, and we have 
p = ge Gy, Ay 1-0, € GKy,,. 


Thus S* is 7). By considering case (i) only we can see that, if S is 7, 


1 


80 is S*, 
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that any point g of S*—S has a neighbourhood disjoint from 8S. We have 





qd = AA, M..dy (1 > 0). 
If we determine J, as in (ii), then, as may easily be verified, SN qKy, = 0, 
which proves our assertion. 


: 


8. Let now S be Hausdorff. We shall prove that S* is then Hausdorff. 


Let p, g, e and the a; be as in§ 7. We take a field NV such that ; 
N (a, dg...dg,_;) 1 N(ay) = 0 (8.1)} 
and show that we then have pK, 9 qKy = 0. 
Indeed, let ge’ be any point of gA,, and put 
, , ’ ~ } 
e’ = A, 4g...dg, (m > 0). 
We shall show that ge’ ¢ pKy. We have | 
ge’ = pee’ = p(a, dg...dg))(A, @5...45m)- 
Here two cases may arise: : 
(i) €e’ = Ay Ag...Ag, A; Ag...Agm- ) 
Then we have, by (8.1), a ¢ N (a, d9...dy_,) and therefore ge’ ¢ pKy. 
(ii) a4; = ay. Then 
a, € N(a,) = N(aq); (8.2) 
By (8.1) this implies a, ~# a,_, and so 
ce’ = A, Ag...Ag)_1 Ag 1g...Aom- 
Here, by (8.1), (8.2), a, € N(a,ay...dy,_,), which again gives ge’ ¢ Ky. 
Thus S* is Hausdorff. 
9. We next take S to be a regular space and prove that S* is then} 
regular. 
Let p be any point of S* and pK, any neighbourhood of p. We have 
to find a neighbourhood pK, of p such that its closure pKy,, is con- 
tained in pKy. 
We take a field N’ such that 5 
N’(d) < N(d) (9.1)] 
for every d of S*. In order to prove pKy © pK, we have to show that | 


therefore q ¢ pK,. Then we have g = pe, where e is such that in its 
normal expression some a@,,; does not satisfy the relation 


) 
any point outside pK, has a neighbourhood disjoint from pKy.. ‘ 
, 
Ay; € N(a,dy...a9;_)). 

} 


We shall also show here that, if S is 7,, it is closed in S*. This means} W 


'wW 


oe 


| If 


F cc 
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pansy We put (as contraction of the normal expression) 


“ e=e'abe" (e',e"€ E;a,beS8), 
| where b ¢ N(e’a). 
",) By (9.1), the point 6 has a neighbourhood U, in S such that 
U,N N’(e'a) = 0. (9.2) 


rif. Take a field N, such that N,(e”1b) = U,. (Note that 6 is the last co- 
ordinate of e”-1b.) I shall show that qKy, contains no point of pKy.. 
Let qe, be any point of gKy,. We have 


— 


st 


qe, = pee, = pe’abe’e,. 
If b does not cancel out in the product ee,, then the point ge, cannot lie 
in pK, as b ¢ N(e’a) and a fortiort b ¢ N’(e’a). We therefore have to 
| consider only the case 
e, =e" ba'e, (a’ ES, e, € EB) (9.3) 

(contracted as above) and 

qe, = pe’abe” .e”—"ba’'e, = pe’aa’e’. (9.4) 
Since ge, € gKy,, we have, in (9.3), a’ € N,(e”-'b) = U,. Therefore, by 
(9.2), a’ ¢ N’(e’a). This applied to (9.4) shows that ge, ¢ pAy.. We have 

thus proved that qKy, 9 pKy, = 0, as required. 


ee 


8.2) 
10. Let now S be normal. We shall prove that S* is normal. 
Let A, B be any closed disjoint sets in S*. We shall define a con- 


tinuous real function f(p) on S* such that 
Ky. f(p)=0o0nA, f(p)=1lonB, O<f(p) <1 elsewhere. (10.1) 


Suppose that f has been defined and satisfies (10.1) for all points with 
hen} less than 2k coordinates (k > 0). For each e = a, @9...d,, we define f on 
| the normal set eS so that it is continuous, satisfies (10.1), and (if k > 0) 
ave! agrees with f, as previously defined, at the point ea,,. It is easily seen 
on-? that the last condition can be fulfilled. (Here we have to make use of 
| the fact that ‘normal’, in our sense, includes ‘7;’.) 
} The function f thus defined by induction on the whole of S* satisfies 
(10.1) and is single-valued, for the various sets eS above can have only 
points with less than 2k coordinates in common. To prove its con- 
hat) tinuity we argue as follows. If f(p) lies in the open real interval J, so 
does f(pK,,) for some neighbourhood pK,.. We fix p and choose N so 
that, ifd = a, dy...dg,4y,,, (1 > 0) and f( pda, ,,) € I, then f(pdN(d)) < I. 
This can be done since f(pda) is continuous in a (ae 8). It is now 
easily verified that f(pK,) ¢ J. 
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11. Let S be completely normal. In order to prove that S* is com- 
pletely normal it is sufficient to show that any open set G in S* is normal, 
The proof is the same as in § 10, except that 

(i) A, B are now disjoint subsets of G, closed relative to G; 

(ii) f is defined on G and has to satisfy (10.1) there; 

(iii) the field NV is subjected to the additional condition: if pday,,, € G, 
then pdN(d)cG@. 

On the other hand, if we substitute 0 < f(p) < 1 for 0 <f(p) <1 
in (10.1), we can prove exactly as in § 10 that, if S is perfectly normal, 
so is S*., 





12. We now prove that, if S is connected or locally connected, so is S*,} 

Let us take the locally connected case first and let p be any point of} 
S* and pKy any neighbourhood of p. We can determine the field N’ so} 
that V’(d)< N(d) throughout and every N’(d) is connected. Then pKy; 
is a connected neighbourhood of p contained in pK,.. For, if a, € S, the 
set pa, N’(a,) is a connected subset (since it is homeomorphic to N’(a,)) 
of pK, and contains p; it therefore lies in that component C,, of pKy, 
which contains p. Next, if a,a,a, = a,a,a, and a, € N(a,), the set 
pa,a,a, N’(a,a,a3) is a connected subset of pK, and contains Pay Ay; } 
it therefore lies in that component of pK, which contains pa, dg, i.e. in C,,. | 
Continuing in this way we can show that the whole of pKy, lies in C,:} 
in other words pK,, = C,, and is connected. 

By taking every N(d) = N’(d) = S in the above we prove that, if 8 
is connected, so is S*. 

This completes the proof of Theorem 1. 


13. THEOREM 2. Any metric space S can be isometrically embedded 
in a metrically homogeneous space S’, so that S is closed in S’. 





t 
(Without the latter condition the theorem follows from the known | 
fact that any metric space may be isometrically embedded in a Banach? 
space [see (2) 316]). 
We define G, =, and £ as in § 3 and consider again S’ = G—E. (The j 
topology of 8’, however, will not be that of S*.) We introduce a metric p' | 


i S’ t 4 , 
7 P'(Ps4) = p(4,42)+ p(4g, 44) +--+ P(Gax—1 Vax)» 


where pq = a, ay..dy, (k > 0) 


and p is the metric given in S. 
In order to show that the triangle axiom holds for p’, consider a third } 


point r and let qr = b,by...by (1 > 9). 
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Then 
por = p-q.qr = a, dg...do,, 5, bg...ba, 


Ay Ag...Agy 6 b544 O549..-Dy (8 > 0). 
If s is even, we obviously have 
p'(p.T) < p'(p,g)+p'(9.7)- (13.1) 
Otherwise we have a,,_,,, = 6, and therefore 
P(G2~—s5 9541) < P(Aax—gs Vax—s+1) + (Oy, 541), 
and (13.1) follows again. 

The other axioms are obviously true for p’. 

14, S’ has been shown to be a metric space. Clearly S is isometrically 
embedded in S’, for, if a, 6 are distinct points of S, we have 

ab = ab = ab, 
and so p’(a,b) = p(a,b). 
Also S is closed in S’, for, if 
P = 4,4y...dy_, (l > 0) 
is any point of S’—S, then p is at the positive distance p(p,a,) from S, 
as can easily be verified. 

15. S’ is metrically homogeneous since, for any e € E, 

(ep)-l.eq = pe-leq = pq, 
p’(ep,eq) = p'(P,q), 
which proves that the mapping p — ep is isometric. 

This completes the proof of Theorem 2. 

It may be noted that the space S’ is not necessarily locally connected 
when S is. A counter-example is given by the case where S is the segment 
0<t< 1 with the pr*ts 3, 4, },... removed and with the usual metric. 
On the other hand - ««sily shown, as for S*, that, if S is connected, 


so is S’. 


I should like t~ express my gratitude to Dr. A. H. Stone for his help 


and encouragement during the preparation of this paper. The paper was 
written while I was a British Council scholar at Manchester University. 
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RIEMANN EXTENSIONS OF AFFINE 
CONNECTED SPACES 
By Z. AFIFI (Liverpool) 
[Received 10 April 1954] 


1. Introduction 
RIEMANN extensions have been defined by Patterson and Walker (4), 
who have shown how a Riemannian structure can be given to the 
2n-dimensional tangent bundle of an n-dimensional manifold with given 
non-Riemannian structure. By this means it is possible to relate the 
properties of a non-Riemannian n-space with those of certain Rieman- 
nian 2n-spaces. An example of this, given by Patterson (2), led to the 
definition of a harmonic affine connected space. Further examples will 
be given in the present paper, particularly in relation to symmetric and 
recurrent spaces. 

We shall be concerned mainly with local properties, although it will 
become evident that some of our results hold in the large. We shall also 
assume that the space and tensor fields are of class C” or C”, 


2. Riemann extensions of order r 
A Riemannian space R*”" of 2n dimensions will be called a Riemann 
extension if it admits a parallel null n-plane and if, for some integer 
r > 1, the vectors} 4/,, of any given basis of the n-plane satisfy the 
relations 
Ratipr pape) Met, Mea) ARE) = 0 % ecco ) (1) 


Cy Migeso, @ = 8, ...., 2 


where R,,;, is the curvature tensor of R*" and the comma denotes 


covariant differentiation with respect to the Christoffel symbols of R?". | 


If r is the least integer for which these relations are satisfied, we shall 
say that the extension is of order r. 

It follows at once that: 

(i) a flat Riemannian 2n-space is a Riemann extension of the first 
order since R,;;, = 0; 

(ii) a symmetric Riemannian 2n-space which admits a parallel field 
of null n-planes is a Riemann extension of the first or the second 
order since R,;i,, = 0. 

+ In the present paper, Latin suffixes take values 1, 2,..., 2, unprimed Greek 


suffixes take values 1, 2,..., , and primed Greek suffixes take values n+ 1,..., 2n 
with the convention that a’ = a+n. 


Quart. J. Math. Oxford (2), 5 (1954), 312-20. 
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It will now be shown that, for a Riemann extension of order r, a 
coordinate system (#*,&,) (€, = x**") exists in terms of which the 
metric takes the form 

(ds)? = gyg dx%dx®+-2dxdé,, 
where é 
Jap = Cap— 2S Ep, + Teel bo, Eps te t+ Teepe bo, Soar py 
Here Cy, Py» and —* (v = 2, 3,...,r) are independent of the é’s and 
are symmetric in a and 8. Conversely R?” with metric of this form is a 
Riemann extension of order r provided that 7’, are not all zero. 
Thus (2) is a canonical form for the metric of a Riemann extension of 
order r. 

To derive this form we use the fact [Walker (7) | that, for a Riemannian 
2n-space R?” admitting a parallel field of null n-planes, there is a co- 
ordinate system (x*,é,) in terms of which the metric of R?”" takes the 


form (ds)? = gyg(x, £) dx%dx8 4-2 dxdé,, (3) 
a basis for the null plane being given by 8}, (a’ = n-+l,..., 2m). For 
this metric, the Christoffel symbols 

fo) fi) 

\@ BY a’ BY 


are zero, and it follows that 


Rypyyvi = 0, Ry priv = 0, Ry pyvivivs = 0, 
Hence Ry pyri = 39 By.0'vi> 
and, for any s, Rupyiviva.v = Wpya'viviws (4) 


where the full point denotes partial differentiation. Substituting in 
(1) and remembering that the basis for the null n-plane is 8/,-), we see 


that i 
IBy.0'v “> 


Hence g,¢ is a polynomial of at most degree r in the ¢’s and the metric 
(3) is of the form (2). 

Conversely, consider the R2” given by the metric (2). We have from 
Walker’s canonical form that the space with metric (2) admits a parallel 
null n-plane with basis vectors 8/,,. This is an extension of order r if 

Rugyivi,.vs 'O, R =@ (¢< ¢). 
This follows from (4) since g,g in (2) is a polynomial of degree r in the €’s. 

The coefficients c.g, ['%,, and Texfs-Ps (1 < s < r)in the expression for 
Jag in (2) may be any functions of the coordinates x*. These coordinates 
can be taken to define a point of an n-dimensional space M" on which 


a’ Byvi,v2...¥7 
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the c.g, Ds, and Tepes (1 <8 <r) then define a structure of some kind. 
For M” to be defined uniquely by R?", it is necessary for this structure 
to be preserved by all the transformations which leave invariant a pre- 
scribed form for the metric of the Riemann extension. This prescribed 
form will be a particular case of the general canonical form (2). 
The most general transformation that leaves the metric (2) formally 
invariant is given by 
. , of ., . - 
#* == f %(z), i. = aan {Set np()}, (5) 
0z 
the f’s being functions with non-vanishing Jacobian. The effect of this 
transformation on the metric is to replace g,g by 7,3, where 
(€,+,)- (6) 


0E% OF CF *CXP 


‘ 5 a Dd a2 
On, Ong\ Cx” OX” OXY 
6x = xv 


JuB — (0,3 oe 
The transformation (5) may be restricted so that (6) gives some desired 
transformation of a structure defined on M". For example, taking ng = 0 
in (5), the coefficients I, are transformed as connexion coefficients while 
Cyg and T's" (1 <8 <r) are transformed as tensor components. In 
this case, therefore, there is defined in M” a symmetric affine connexion 
PY, together with the tensors Cup) — (i <2 = #). 

When r = 2, the quantities c,, and 71’ may be chosen so that I”, 
are transformed as connexion coefficients of a conformal Riemannian 
n-space | Patterson and Walker (4)]. 

The case r = 1 is of special interest since ['%g transform as connexion 
coefficients under the transformation (5) and thus define a symmetric 
affine connexion in M". 

The remainder of the present paper will be concerned with this case. 
By ‘a Riemann extension of an affine connected space A”’ we mean a 
Riemann extension R?” given by the canonical form 


(ds)* = Jug dx%dx® +2 dxdé, | 





Jap = Cap— 21 OBSp j , 
where c,g = Cg, are any functions of the coordinates x* and ['%, = I}, 


are the connexion coefficients of A”. The extension will be described as } 
restricted when the c,g are taken to be zero. 


3. The curvature tensor of R?" 
From (7), the independent components of the Christoffel symbols 
which do not vanish identically are 


fo) jf R\_ cu om 2. a _9 1p 
UB hha of TBAB yf — Mite t Sart Oora— Mae Ph) 
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It follows by direct calculation that, if B3,3 are the components of the 
curvature tensor of A", the independent components of the curvature 
tensor R,,;,, of R®" which are not identically zero are given by 
Ry ys = Bays» (8) 
Ry gs 7 3 Sga5y + €p( Besy;g+ Bb 8:0) + 
m 
“T 3 (Gyo Boys +Ius hey +Guy Bsag+9ys Beg): (9) 
where 
. Bady = €y8:yB 1 ©By:5a — Cary;58 — ©BS:ya — pa Bhs — "pp Besy (10) 
and the semi-colon denotes covariant differentiation with respect to P%3,. 
If R?” is flat, then R,,;;, = 0, and it follows that Bays = 0, i.e. that 
A" is flat. Also the c’s satisfy 
SyBys == §), 
which must clearly be the conditions, in the case of a flat A”, that the 
c’s can be ‘transformed away’ by a transformation of the form (5). Con- 
versely, R®” is flat when A” is flat and c.g satisfy S,,,5 = 0. 
In the following section we shall seek conditions under which c,g can 
be transformed away without assuming that A” is flat. 


4. Transformation of c,, 

When », = 0 in (5), the c,g are transformed as tensor components 
in A". If, therefore, the c,g are to be transformed away, it is sufficient 
to consider a transformation of the form 


ge = ge, €&, = €&,+7,(2). (11) 
This leaves By unaltered but c,g is replaced by ¢,g, where 

Cup = €yB— NosB— NB:a: 
Consequently c,g can be transformed away if we can find », to satisfy 


the equations ¢ 
Na:zBT NBixa = Cap: (12) 


Writing ‘bag = Na:B— DB:a° 
and using the Ricci identities 
Na:By— NaiyB — Np Beg, 
we find that the system of equations (12) is equivalent to the mixed 
system of partial differential equations for y,, ¢,g given by 


Na;B $ (Cag +8) (13) 
P By: cat CaBry —CyasB— 2 Np Begy (P) (14) 
pap t+pa = (15) 
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The conditions of integrability arising from (13) are satisfied identi- 
cally because of (14) and (15). Those arising from (14) are found to be 


2Np D8 py t+%ou ES NByt SSaBy == @, (16) 
where S;,, is given by (10), 
Pay = Bp n— Be py 


and Egnpy = 9% Bgg,+8s Bl .s—dy Be.s—ds Big, 
Further conditions arise when we differentiate (16) covariantly and 
substitute from (13) and (14). 

A case of particular interest arises when the system (P) is completely 
integrabie, i.e. when conditions (16) are satisfied identically as a con- 
sequence of (15). The conditions for this are 


D§.py = 9, Ssapy = 9, (17) 
and Ee By = ES py: (18) 


Contracting » and 6 in (18), we get 
1 
Be py = a—!1 (36 Bg, — 3h By. — 266 Bg,), (19) 


where Bg = b,g+Pag is the contracted curvature tensor Bfg, of A" 
and bap, Bap are its symmetric and anti-symmetric parts. Contracting 


p and a in (19) and using the fact that BP,g = 2Bz,, we get B,g = 0, ie. 


Big = Bay. 
Hence (19) becomes 
Bepy + (05 Bya—8p Bug) = 0. (20 
In the case of a space A” in which 8,3, = 0, the left-hand side of (20) is 
the component W£g,, of the Weyl tensor. It is known [(1) § 34] that, if 
this tensor vanishes, then A" (n > 2) is projectively flat. If n = 2, the 
conditions for A” to be projectively flat are B,g., = B,,.g, and these are 
satisfied because of the first equation in (17). For n > 2, therefore, A" 
is projectively flat. Also, as in the present case, if 8g = 0 a coordinate 
system (x) can be chosen so that the connexion coefficients of A” take 
the form 


Tg, = 83y,+8%%—g, ty = & (21) 


ex 

for some function (2). 
It can be verified that the curvature tensor of the affine space given 
by the connexion (21) satisfies the equations Df, = 0 and also equa- 


tions (18). 
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To see what the conditions S;,2, = 0 mean geometrically, consider the 


conformal tensor C,,;;, of R?" given by 


, ; 1 
Crise = Raine t+ 2(n— jy Bas dint Riz Inj— Rae Gis— Big Ine) + 


“a R 
Y Sm —1)2n— fp (Ine Fis Ins Gin) 
where F,; are the components of the Ricci tensor of R?” and R its scalar 
aaetiaiinte. From (7), (8), and (9) 

Ryp = 0 =— Ryg: Ryg — B,p+ Baa =— 2b.8, R — 0. (22) 
Thus the independent components of C,,;;, which do not vanish identically 


are (23) 


Cypys = Fys> 

( apy ‘ Dp xyd T 5 Seasy T 

T 3 (Gycx Fost Iup Fe sy t+ Iuy Foup +9 Fra.) (24) 
where Sg,5, is given by (10), 
p p p 
DBxys Bey 8:a— Byys;p> 

yk a , l x x 

Feys — Bays 7 (87 p5—2s Op). 


Now, if R*” is conformally flat, C,;;, = 0 and, from (23), F3,3 = 
Contract « and 8; then 8,; = 0, so that Fs is the Weyl tensor of A”. : 
can also be shown that 6,.. = 6,,.g. Thus, for n > 2, A” is projectively 
flat with connexion coefficients of the form (21) in a suitable coordinate- 
system. It follows at once from (24) that Sg,,3 = 0, and hence the con- 
ditions of integrability of the system (P) are satisfied identically; i.e. the 
c,g can be transformed away. Conversely, we have that, if A” is projec- 
tively flat and if the c,g can be transformed away, then R?" is conformal 
to a flat space. We thus have the followingt 


THEOREM |. If the Riemann extension of A" is conformally flat, then 
Cg can be transformed away and A" is projectively flat with connexion of 
the form ep 

Ya S av x 
Dey °B bh, +85 bp, pa = 


ex 


in some suitable coordinate system and for some function x(x). These 
conditions are sufficient. 


+ This theorem was given by Walker (8). 
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Under the conditions of this theorem there exists a coordinate system 


(x*,€,) in terms of which the metric of R?” takes the form 
(ds)? = (—20 2g, ) dxdab + — 


Putting £, = e-*¥€,, we get 
(ds)? = 2e% daxdt,. 


This exhibits the metric of R*” in a conformally flat form. 


5. Cartan-symmetric extensions 

Consider the Riemann extension R?”" given by the metric (7) and let 
Ry ijx, be the covariant derivative of the curvature tensor R,,;;,. It can 
be verified that the independent components of R,,;;,, which do not 


vanish identically are given by 
Rupys.p = Bbys:p: (25) 
Ra py8,o = Dbayss (26) 


Ry py3.p ia Spas) ett (Dhay8;p— TY, Doxy3—B P Bays) + 
+3(Gux Boys:p +9. Brsy:ptIpy Beapip+I.3 Bypasp) — 
—#(¢ pp Bby5+ Coup Biby+Couy Byapt pus BY ax): (27) 
where Days = Bbysia+ Bosy.p: Coe, = Opusn—Cpecys 
and 
Arias — = oe Bays+ Br. pvB Bayt ) Byag+ BE vd By Ba 
= DhBa:ys Bi pa;8y + B pyb:Ba — Poy8;08 (28) 
because of the Ricci identities. 
Suppose that R*” is Cartan-symmetric. Then R,;;,, = 0, and it follows 
from (25) that Boy38;p = 0, i.e. A" is symmetric. Hence 
Dos = 9, Bt gays = 0. 
Substituting in (27), we get 
Spadyip— (Copa Bby5+Cpup Bsy + Copy Byap+e, ys BYp.) = 0. (29) 
It is interesting to note that, in the case of a symmetric A", equation 
(29) is the next set of conditions of integrability of the system (P) in 
§ 4, obtained by differentiating (16) covariantly and substituting from 
(13) and (14). Consequently, if equations (16) are algebraically com- 
patible, then c,g can be transformed away. However, equations (16) are 
not necessarily compatible. To illustrate this, consider [3 = 0 and 


Y 
C4g = x%x8 in (7), giving a symmetric Riemann extension of a flat A". 
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In this case equations (16) are not compatible and the c,g cannot there- 


fore be transformed away. 
When c,g = 0 in (7), conditions (29) are identically satisfied and we 


i have 
THEOREM 2. Jf the Riemann extension of A" is symmetric, then A” is 
symmetric. Conversely, if A” is symmetric, the restricted extension of A” 


is symmetric. 





let 
can 
not 


VS 


6. Recurrent Riemann extensions_ 
Suppose now that R?” is recurrent [Ruse (5)], so that 


Rrijza = Rnige 
for some non-zero vector x, called the vector of recurrence. It is known 
that [Walker (6)] «x, is a gradient of some function «x(x, €). From (8) and 


(25), 


BB 8:p = Bays Kp; (30) 
and hence A" is recurrent.t From (30) we deduce that x, is a function 


of the first x coordinates only; and, since R,,5,, = 0, it follows that 


ky = 0, i.e. « is a function of the x* only. Hence, from (26), 


Bb yi; + Bhsy-p = 0. (31) 


Conversely let A” be recurrent with a gradient vector of recurrence 
Ky = €x«(x)/éx%, and let the covariant derivative of its curvature tensor 


satisfy (31). From (28) we get 
Bopays = Bhpaly:s—* sry) + Boys(*pia—Kasp) = 0. 


Because of this equation and (31), it follows at once from (8), (9), (25), 
(26), and (27) that the restricted extension of a recurrent A” is recurrent. 











Also the first n components of its vector of recurrence are the components 
of the vector of recurrence of A” while the last n components are zero. 


Thus we have 

THEOREM 3. Jf the Riemann extension of A” is recurrent, then A" is 
recurrent, its vector of recurrence is a gradient, and its curvature tensor 
satisfies (31). Conversely, if A” is recurrent with a gradient vector of 
recurrence and if the curvature tensor of A" satisfies (31), then the restricted 
extension of A” is recurrent. 


+ A recurrent A” has been defined by Wong (9). It is to be understood that 


in the present paper A” is not flat. 
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7. Ricci-recurrent spaces 
A Riemannian space of more than two dimensions is called Ricci- 
recurrent | Patterson (3)| if its Ricci tensor satisfies 
Ry F 9, Rijn = Rizr; 
for some non-zero vector x,. It can be verified that for the Riemann 
extension of A” the components of R;;, are given by 


RB. pa 2bapip> Rap = 0, R= 0. 


xt.) 
Hence, if R?" is Ricci-recurrent, then from (22) and (32), 

b.8.9 = = bag ky, (33) 
where «; (x, = 0) is the vector of recurrence of the Ricci tensor. Con- 
sequently we say that A” is Ricci-recurrent if the symmetric part bg of 
its contracted curvature tensor B xp satisfies 


big F 9, bypip = bag Kk 
for some non-zero vector «,. 
From (22), (32), and (33) we have 
THEOREM 4. The Riemann extension of A” is Ricci-recurrent if and 
only if A” is Ricci-recurrent. 


It should be noted that in this theorem the Riemann extension is not 
restricted. We have also, as a corollary, that the unrestricted Riemann 
extension of a recurrent A” is Ricci-recurrent; the converse is not how- 
ever true. 
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